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Abstract

The paper applies a conforming P1 finite element method to general variational inequalities derived from free boundary problems.
The domain of the free boundary problem can be properly split into two non-overlapping subdomains where the free boundary is located
in only one subdomain. The variational inequality is reduced to a partial differential equation in the subdomain which does not contain
the free boundary but still keeps its original form in the other subdomain. Therefore, the original variational inequality can be discretized
separately with P1 finite element in different subdomains. A non-overlapping domain decomposition method is introduced to solve these
two discretized sub-problems by P1 finite element method iteratively while a Robin type boundary condition is utilized for the data trans-
fer on the common boundary. We show that the sequence of such finite element solutions converges to the discretized solution of the
original problem. Application to a free seepage problem verifies the theory.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Free boundary value problems have been an important
topic for mathematicians and engineers for a long time
because many physical and engineering problems such as
fluid flow in porous media, obstacle problems, elastic prob-
lems and lubrication phenomena fall under this category.
These problems can usually be transformed into varia-
tional inequalities. Friedman [10] provided detailed theo-
retical analysis about regularity of the solution and the
free boundary. Meanwhile, different kinds of numerical
methods are proposed to solve general free boundary prob-
lems, see [3,6,8,11] and the references therein. Among those
methods, finite element method is the most popular one. It
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is shown in [2,9] that limh!0kuh � uk = 0 where uh and u

are the finite element solution with mesh size h and the ori-
ginal analytic solution, respectively. Therefore, the finite
element solution can be considered as a good approxima-
tion to the analytic solution of the variational inequality
when the mesh size h is small enough.

In recent years, overlapping domain decomposition
(DD) methods have been combined with finite element
method to solve variational inequalities in order to
improve computational performance under a parallel com-
puting environment. The basic idea is to split the original
domain into several overlapping subdomains and solve
the variational inequality on each subdomain iteratively
via data transfer from the common area between those sub-
domains. The authors in Refs. [4,1,12,16,18] and their ref-
erences provide many variants of this approach. The key
idea of these methods is to construct a sequence fun

hg satis-
fying limn!1kun

h� uhk1 ¼ 0 where n = 1,2, . . . is the itera-
tion step and h is the mesh size. The advantage of this
approach is that un

h can be solved more efficiently on paral-
lel computers while solving for uh on the whole domain is
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very time and resource consuming, especially when the
domain is irregular.

However, for many practical problems in the engineer-
ing and industrial fields, it is much easier and more con-
venient to split the original domain into two or more
non-overlapping subdomains and then take care of the
problems in each subdomain where the original problem
may show different behavior. The non-overlapping DD
method has been successfully applied for partial differential
equations, see [7,14,15,17] and their references, but it has
seldom been used to solve variational inequalities. In [13],
we applied the non-overlapping DD method to solve the
above variational inequality problem where the domain is
split into two non-overlapping subdomains and the free
boundary is only located in one subdomain. A robin
boundary condition is utilized on the common boundary
between these two subdomains. We show that at the
continuous level limn!1un = u where {un} is a sequence
of approximate analytic solutions based on the domain
decomposition and u is the original analytic solution.
Therefore, the non-overlapping DD method shows its great
potential to solve variational inequality problems numeri-
cally, especially under a parallel environment.

In this paper, we will construct a discretized version of
non-overlapping DD method to approximate uh, the finite
element solution, instead of the analytic solution u. That is,
we will split the original domain into two non-overlapping
subdomains and construct a sequence of finite element
solution fun

hg
1
n¼1 which will converge to uh when n!1.

This paper is organized as follows. In Section 2, the
general free boundary problem is reformulated as a varia-
tional inequality and is discretized with conforming P1

finite element method. A non-overlapping DD algorithm
is then introduced for the construction of fun

hg in different
subdomains. In Section 3, convergence analysis of fun

hg
towards uh is given. In Section 4, we provide the imple-
mentation details of the new DD method and apply this
method to solve a free surface seepage problem. The
numerical result confirms the theory. Conclusion of the
paper and some future efforts are provided in Section 5.

2. Problem formulation

Let D be a domain in R2, whose boundary will be
denoted by oD, and D = D1 [ D2 [ C0, D1 and D2 are open
Fig. 1. The original free boundary problem.
sets, D1 \ D2 = /. C0 ¼ D1 \ D2 is the common boundary
between D1 and D2. C1 ¼ oD \ D1 and C2 ¼ oD \ D2 repre-
sent the boundary of D (see Fig. 1). The general free
boundary problem is formulated as follows:

Find an open set X2 � D2 and u(x) 2 H2(D) with
x = (x1,x2), such that

�Duþ cðxÞu ¼ f ðxÞ in X ¼ D1 [ X2 [ C0;

ð�Duþ cðxÞu� f ðxÞÞ � uðxÞ ¼ 0 in D;

u P 0 in D;

�Duþ cðxÞu� f ðxÞP 0 in D;

u ¼ gðxÞ on oD;

D2 � X2 ¼ fx 2 DjuðxÞ ¼ 0g;

8>>>>>>>><>>>>>>>>:
ð2:1Þ

where c(x) P 0, cðxÞ 2 CaðDÞ, f ðxÞ 2 CaðDÞ, gðxÞ 2
C2þaðDÞ, g(x) P 0 on C1 and g(x) = 0 on C2, and oD is in
C2+a. Here CmþaðDÞ denotes the space of functions whose
derivatives up to order m are Holder continuous with
0 < a < 1.

Friedman [10] showed that the free boundary Problem
2.1 is equivalent to the following variational inequality:

Find u 2 H = {u : u 2 H1(D), u = g(x) on oD, u P 0 in
D}, such that

aðu; v� uÞP hf ; v� ui 8v 2 H ; ð2:2Þ

where

aðu; vÞ ¼
Z

D

X2

i¼1

ouðxÞ
oxi

ovðxÞ
oxi
þ cðxÞuðxÞvðxÞ

" #
dx;

hf ; vi ¼
Z

D
f ðxÞvðxÞdx:

With u determined in D, we can define X2 = {(x1,x2) 2
D2 : u(x1,x2) > 0}.

Lemma 1 (Solution Uniqueness, [10]). Problem (2.2) has a

unique solution u(x) 2W2,p(D) for any p <1.

However, there is no exact formula for the solution u(x) of
(2.1) or (2.2) generally. How to find its approximate solution
efficiently is the concern of the computational scientists. Sev-
eral different numerical methods have been developed for the
numerical solution of (2.2) and finite element method is the
most popular one because it can be implemented very easily
and can achieve high-order precision.

To define the finite element solution of (2.2), we start
with finite element partition of the domain D. Let Rh be a
quasi-uniform triangular partition of D with mesh size h.
Meanwhile, let Nh denote the set of all element nodes of
Rh in the interior of D and Ch denote the element nodes of
Rh on the boundary of D. Then Sh � C0(D), the conforming
P1 finite element space over Rh is defined as follows:

Sh ¼ fv : vjs 2 P 1ðsÞ 8s 2 Rh; v is continuous at p 2 Nh;

vðpÞP 0 at p 2 Nh and vðpÞ ¼ gðpÞ at p 2 Chg; ð2:3Þ



Fig. 2. Finite element meshes.
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where, if we can define f/pgp2Nh
as the nodal basis func-

tions of Sh with respect to Nh, then v 2 Sh can be written as

v ¼
X
p2Nh

vðpÞ/p: ð2:4Þ

In addition, for any v 2 Sh, its discrete H1 norm is defined
as kvk2

1;h ¼
P

s2Rh
kvk2

1;s and its discrete semi-norm is defined
similarly.

Based on the above notations, the finite element solution
of (2.2) is shown below:

Find uh 2 Sh such that

ahðuh; vh � uhÞP hf ; vh � uhi 8vh 2 Sh; ð2:5Þ

where

ahðuh; vhÞ ¼
X
s2Rh

asðuh; vhÞ

¼
X
s2Rh

Z
s

X2

i¼1

ouhðxÞ
oxi

ovhðxÞ
oxi

þ cðxÞuhðxÞvhðxÞ
" #

dx:

ð2:6Þ

It is shown in [2,9] that (2.5) has a unique solution which
has the following error estimate:

Lemma 2. (Error Estimate, [2])

kuh � uk1;h ¼ OðhÞ:

Lemma 2 states that the finite element solution uh of (2.5)
can be considered as a good approximation to the original
analytic solution u. Therefore, how to obtain uh efficiently
is important and necessary. In [2,5,9], conforming P1 finite
element method is applied to solve (2.5) on the whole
domain D, no matter how complicated the domain is.

However, we notice that the original problem shows dif-
ferent behavior in two subdomains D1 and D2 (see Fig. 1),
i.e., the free boundary is only located in D2. Therefore, it is
reasonable to split the original problem into two sub-prob-
lems and solve them in D1 and D2 under a parallel comput-
ing environment, respectively. In this way, we can generate
a more efficient numerical method than traditional finite
element methods.

In [13], we proposed a new non-overlapping DD method
to the original problem (2.1) and showed that the sequence
funðxÞg1n¼1 constructed by DD method converges to u(x)
when n!1. The algorithm is shown as below where un

i

and ui stand for the restriction of un(x) and u(x) in Di,
i = 1,2:

Algorithm 1

Let g1
1 ¼ g1

2 ¼ 0 on C0 and n = 1.
Step 1. Solve un

1 2 H 1ðD1Þ and un
2 2 H 1ðD2Þ such that

a1ðun
1; vÞ þ

Z
C0

un
1vds ¼ hf ; vi1 þ

Z
C0

gn
1v ds

8v 2 H 1ðD1Þ; vjC1
¼ 0; ð2:7aÞ
a2ðun
2; v� un

2Þ þ
Z

C0

un
2ðv� un

2Þds

P hf ; v� un
2i2 þ

Z
C0

gn
2ðv� un

2Þds 8v 2 H 2: ð2:7bÞ
Step 2. Define

gnþ1
2 ¼ 2un

1 � gn
1; gnþ1

1 ¼ 2un
2 � gn

2; ð2:7cÞ
and repeat Step 1 with n replaced by n + 1.

Lemma 3. (Continuous Convergence, [13])

lim
n!1
kun

1 � u1k1;D1
¼ lim

n!1
kun

2 � u2k1;D2
¼ 0:

Lemma 3 shows that the non-overlapping DD method is
very promising in solving free boundary value problems, at
least at the continuous level. In this paper, we will construct
a new sequence of discrete functions fun

hg
1
n¼1 � Sh in order to

approximate the finite element solution uh of (2.3). To this
end, we need to investigate the behavior of uh in D1 and D2

as the basis for the construction of un
h. For simplicity, assume

the finite element mesh coincide with the common boundary
C0 between D1 and D2 so that no triangle crosses over C0, see
Fig. 2. This can be realized easily so that Rh restricted in each
subdomain is still a quasi-uniform finite element mesh. Let
R1h and R2h denote the restriction of Rh on D1 [ C0 and
D2 [ C0, N1h and N2h denote the sets of element nodes of
R1h and R2h, respectively. Then N1h and N2h both contain
the element nodes on C0 in addition to the nodes in their sub-
domains. Sih � C0(Di) is the conforming P1 finite element
space over Rih, correspondingly. For any v 2 Sih, its discrete
H1 norm is defined as kvk2

1;Di ;h
¼
P

s2Rih
kvk2

1;s and the same
for its discrete semi-norm.

Let C0h denote the element nodes of Rh on C0, and for
each p 2 C0h, define

Gp
1 ¼ �a2hðu2;h;/pÞ þ hf ;/pi2;

Gp
2 ¼ �a1hðu1;h;/pÞ þ hf ;/pi1;

(
ð2:8Þ

where ui,h is the restriction of uh in Di, aihðu; vÞ ¼P
s2Rih

asðu; vÞ, and hf ; vii ¼
P

s2Rih

R
s fv dx, i = 1,2.

fGp
1gp2C0h

and fGp
1gp2C0h

are then two real number arrays
whose dimensions are equal to the number of element
nodes on C0.

Lemma 4. For any v 2 S1h satisfying vjC1
¼ 0, u1,h satisfies

a1hðu1;h; vÞ ¼ hf ; vi1 þ
X
p2C0h

Gp
1vðpÞ:
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Proof. Since the free boundary is located in D2 only and
u1;h ¼ uhjD1

, then u1,h(p) > 0 for any p 2 N1h, which is the
set of element nodes on D1 [ C0. Therefore, for given v 2
S1h with vjC1

¼ 0, we can always choose a > 0 which is so
small that

ðu1;h þ avÞðpÞ > 0 and ðu1;h � avÞðpÞ > 0 8p 2 N 1h

hold at the same time. We then define

vh ¼
u1;h þ av in D1;

u2;h in D2

(
ð2:9Þ

and it is obvious that vh 2 Sh. Putting vh into (2.5), and
noticing that u1h = u2h = uh on C0, we have

a1hðu1;h; avÞ þ a
X
p2C0h

a2hðu2;h;/pÞvðpÞ

P hf ; avi1 þ a
X
p2C0h

hf ;/pi2vðpÞ;

where a2h(u2,h,vh � u2,h) is reduced to the second term of
the left hand side since (2.9) implies that in D2,

ðvh � u2;hÞðpÞ ¼
0 p 2 N 1h � C0h;

avðpÞ p 2 C0h;

�
and hf,vh � u2,hi is reduced to the second term on the right
hand for the same reason. Therefore, dividing the last
inequality by a yields

a1hðu1;h;vÞþ
X
p2C0h

a2hðu2;h;/pÞvðpÞP hf ;vi1þ
X
p2C0h

hf ;/pi2vðpÞ:

ð2:10Þ
Similarly, if we define

vh ¼
u1;h � av in D1;

u2;h in D2

(
ð2:11Þ

and put it into (2.5), we obtain

a1hðu1;h; vÞ þ
X
p2C0h

a2hðu2;h;/pÞvðpÞ

6 hf ; vi1 þ
X
p2C0h

hf ;/pi2vðpÞ: ð2:12Þ

Combination of (2.10) and (2.12) finishes the proof. h

Lemma 4 implies that u1,h satisfies a PDE in D1 where
there is no free boundary. However, u2,h should satisfy
a variational inequality in D2 which contains the free
boundary.

Lemma 5. For any v 2 S2h, u2,h satisfies

a2hðu2;h; v� u2;hÞP hf ; v� u2;hi2 þ
X
p2C0h

Gp
2ðv� u2;hÞðpÞ:

Proof. Define

vh ¼
v in D2;

u1;h in D1;

(
ð2:13Þ
then v 2 Sh. Putting it into (2.5), and noticing that u1h =
u2h = uh on C0, we have

a2hðu2;h; v� u2;hÞ þ
X
p2C0h

a1hðu1;h;/pÞðv� u2;hÞðpÞ

P hf ; v� u2;hi2 þ
X
p2C0h

hf ;/pi1ðv� u2;hÞðpÞ;

i.e.,

a2hðu2;h; v� u2;hÞP hf ; v� u2;hi2 þ
X
p2C0h

Gp
2ðv� u2;hÞðpÞ: �

From Lemmas 4 and 5, we can see that u1,h and u2,h

show different behaviors in D1 and D2 where an additional
term involving either Gp

1 or Gp
2 appears. The following

Lemma will reflect the relationship between Gp
1 and Gp

2

for p 2 C0h.

Lemma 6. For each p0 2 C0h,

Gp0
1 ¼ �Gp0

2 :

Proof. The proof follows the same logic as Lemma 4. Since
uh(p) > 0 for any p 2 N1h, for the given /p0

, we can always
choose a so small that ðuh � a/p0

ÞðpÞ > 0 for any p 2 N1h.
If we define vh ¼ uh þ a/p0

then vh 2 Sh. By inserting it into
(2.5), we obtain

a1hðu1;h; a/p0
Þ þ a2hðu2;h; a/p0

ÞP hf ; a/p0
i1 þ hf ; a/p0

i2;
i.e.,

a1hðu1;h;/p0
Þ þ a2hðu2;h;/p0

ÞP hf ;/p0
i1 þ hf ;/p0

i2: ð2:14Þ

Similarly, choosing vh ¼ uh � a/p0
yields

a1hðu1;h;/p0
Þ þ a2hðu2;h;/p0

Þ 6 hf ;/p0
i1 þ hf ;/p0

i2: ð2:15Þ

Combination of (2.14) and (2.15) gives

a1hðu1;h;/p0
Þ þ a2hðu2;h;/p0

Þ ¼ hf ;/p0
i1 þ hf ;/p0

i2;

i.e.,

Gp0
1 ¼ �Gp0

2 : �

By comparing Lemmas 4, 5 with Algorithm 1, we found
that Lemma 4 has the same structure as (2.7a) of Algo-
rithm 1 while Lemma 5 has the same structure as (2.7b)
of Algorithm 1. Therefore, based on Lemmas 4–6 which
relate the additional terms in Lemmas 4 and 5, we propose
the following discrete non-overlapping DD method in
order to construct two sequences fun

1;hg
1
n¼1 � S1h and

fun
2;hg

1
n¼1 � S2h to approximate u1,h and u2,h as follows:

Algorithm 2

Let g1
1ðpÞ ¼ g1

2ðpÞ ¼ 0 for p 2 C0h and n = 1.
Step 1. Solve un

1;h 2 S1h and un
2;h 2 S2h such that

a1hðun
1;h; vÞ þ

X
p2C0h

un
1;hðpÞvðpÞ

¼ hf ; vi1 þ
X
p2C0h

gn
1ðpÞvðpÞ 8v 2 S1h; vjC1

¼ 0; ð2:16aÞ
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a2hðun
2;h; v� un

2;hÞ þ
X
p2C0h

un
2;hðpÞðv� un

2;hÞðpÞ

P hf ; v� un
2;hi2 þ

X
p2C0h

gn
2ðpÞðv� un

2;hÞðpÞ 8v 2 S2h:

ð2:16bÞ

Step 2. Define

gnþ1
2 ðpÞ ¼ 2un

1;hðpÞ � gn
1ðpÞ;

gnþ1
1 ðpÞ ¼ 2un

2;hðpÞ � gn
2ðpÞ for p 2 C0;h ð2:16cÞ

and repeat Step 1 with n replaced by n + 1.

The
P

p2C0h
term from Algorithm 2 can be considered

as the discrete version of the
R

C0
term from Algorithm 1.

It will be shown in Section 4 that the easy form of
P

p2C0h

term can greatly reduce the computational burden by
avoiding numerical integration on C0. In Section 3, we will
show that limn!1un

i;h ¼ ui;h; i ¼ 1; 2.

3. Convergence analysis of non-overlapping DD method

In order to show that un
i;h ! ui;h as n!1, we need to

investigate the relationship between gn
i terms associated

with un
i;h from Algorithm 2 and Gp

i terms associated with
ui,h from Lemmas 4 and 5.

Define en
i;h ¼ un

i;h � ui;h in Di, and egn
i ðpÞ ¼ gn

i ðpÞ�
ðui;hðpÞ þ Gp

i Þ for p 2 C0h. Then for p 2 C0h, we haveegnþ1
2 ðpÞ ¼ gnþ1

2 ðpÞ � ðu2;hðpÞ þ Gp
2Þ

¼ 2un
1;hðpÞ � gn

1ðpÞ � u2;hðpÞ � Gp
2

¼ 2un
1;hðpÞ � 2u1;hðpÞ � gn

1ðpÞ þ u1;hðpÞ þ Gp
1

¼ 2ðun
1;hðpÞ � u1;hðpÞÞ � ½gn

1ðpÞ � ðu1;hðpÞ þ Gp
1Þ�

¼ 2en
1;hðpÞ � egn

1ðpÞ ð3:1Þ
by applying (2.16c), the fact that u1,h(p) = u2,h(p) on C0,
and Lemma 6, respectively.

Similarly,egnþ1
1 ðpÞ ¼ 2en

2;hðpÞ � egn
2ðpÞ for p 2 C0h: ð3:2Þ

Therefore, if we define

kegnþ1k2
C0
¼
X
p2C0h

jegnþ1
1 ðpÞj

2 þ jegnþ1
2 ðpÞj

2
h i

;

we have

kegnþ1k2
C0
¼
X
p2C0h

½2en
1;hðpÞ � egn

1ðpÞ�
2 þ

X
p2C0h

½2en
2;hðpÞ � egn

2ðpÞ�
2

¼ kegnk2
C0
þ 4

X
p2C0h

ðen
1;hðpÞ � egn

1ðpÞÞen
1;hðpÞ

þ 4
X
p2C0h

ðen
2;hðpÞ � egn

2ðpÞÞen
2;hðpÞ: ð3:3Þ

Furthermore, subtraction of (2.16a) by the equation in
Lemma 4 yields

a1hðen
1;h; vÞ þ

X
p2C0h

un
1;hðpÞvðpÞ

¼
X
p2C0h

ðgn
1ðpÞ � Gp

1ÞvðpÞ 8v 2 S1h; vjC1
¼ 0;
i.e.,

a1hðen
1;h; vÞ ¼

X
p2C0h

ðegn
1ðpÞ � en

1;hðpÞÞvðpÞ 8v 2 S1h; vjC1
¼ 0:

ð3:4Þ
Since en

1;h ¼ un
1;h � u1;h 2 S1h and en

1;hjC1
¼ 0, we replace v by

en
1;h in (3.4) and obtainX

p2C0h

ðen
1;hðpÞ � egn

1ðpÞÞen
1;hðpÞ ¼ �a1hðen

1;h; e
n
1;hÞ: ð3:5Þ

Finally, let us estimate en
2;h in D2. Since un

2;h 2 S2h, we can
replace v by un

2;h in Lemma 5 and have

a2hðun
2; u

n
2;h � un

2ÞP hf ; un
2;h � un

2i2 þ
X
p2C0h

Gp
2ðun

2;h � u2;hÞðpÞ:

ð3:6Þ
Similarly, since u2,h 2 S2h, by replacing v by u2,h in (2.16b)
of Algorithm 2, we obtain

a2hðun
2;h; u

n
2 � un

2;hÞ þ
X
p2C0h

un
2;hðpÞðu2;h � un

2;hÞðpÞ

P hf ; un
2 � un

2;hi2 þ
X
p2C0h

gn
2ðpÞðu2;h � un

2;hÞðpÞ: ð3:7Þ

Adding (3.6) and (3.7) yields

�a2hðen
2;h; e

n
2;hÞP

X
p2C0h

ðGp
2 þ un

2;hðpÞ � gn
2ðpÞÞen

2;hðpÞ

¼
X
p2C0h

ðen
2;hðpÞ � egn

2ðpÞÞen
2;hðpÞ;

i.e.,X
p2C0h

ðen
2;hðpÞ � egn

2ðpÞÞen
2;hðpÞ 6 �a2hðen

2;h; e
n
2;hÞ: ð3:8Þ

By replacing the last two terms on the right hand side of
(3.3) with (3.5) and (3.8), we have

kegnþ1k2
C0
6 kegnk2

C0
� 4a1hðen

1;h; e
n
1;hÞ � 4a2hðen

2;h; e
n
2;hÞ: ð3:9Þ

From (3.9),

a1hðen
1;h; e

n
1;hÞ þ a2hðen

2;h; e
n
2;hÞ 6

1

4
ðkegnk2

C0
� kegnþ1k2

C0
Þ:

ð3:10Þ
Summation of (3.10) from n = 1 to N yieldsXN

n¼1

a1hðen
1;h;e

n
1;hÞþa2hðen

2;h;e
n
2;hÞ

h i
6

1

4
ðkeg1k2

C0
�kegNk2

C0
Þ6 1

4
M :

This holds for arbitrarily large N, where M ¼ keg1k2
C0

is a
constant. Therefore,

lim
n!1
½a1hðen

1;h; e
n
1;hÞ þ a2hðen

2;h; e
n
2;hÞ� ¼ 0:

Since both terms in the above limit are non-negative, we
have

lim
n!1

a1hðen
1;h; e

n
1;hÞ ¼ 0 ð3:11Þ
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and

lim
n!1

a2hðen
2;h; e

n
1;D2;h
Þ ¼ 0: ð3:12Þ

To prove ken
1;hk1;h ! 0, we should consider the following

two cases:

Case 1. c(x) P C0 > 0, then

a1hðen
1;h; e

n
1;hÞ ¼

X
s2R1h

Z
s
ren

1;hren
1;h dxþ C0

Z
s

en
1;hen

1;h dx
� �

P minð1;C0Þken
1;hk

2
1;D1;h

:

Then (3.11) yields ken
1;hk1;D1;h

! 0. Similarly, ken
2;hk1;D2;h

! 0.
This verifies the convergence of Algorithm 2.

Case 2. c(x) P 0. Then

a1;hðen
1;h; e

n
1;hÞP jen

1;hj
2
1;D1;h

:

Eq. (3.11) yields only jen
1;hj1;D1;h

! 0. Similarly, j en
2;hj1;D2;h

!
0. However, since en

1;hjC1
¼ 0, the inverse inequality will

imply ken
1;hk1;D1;h

! 0. Similarly, ken
2;hk1;D2;h

! 0. This also
makes Algorithm 2 convergent. Combining the above
two cases, we obtain the following theorem for the con-
vergence of non-overlapping DD method.

Theorem 7. Suppose fun
1;hg, fun

2;hg are obtained from Algo-

rithm 2, u1,h and u2,h are the restriction of uh in D1 and D2,
then

lim
n!1
kun

1;h � u1;hk1;D1;h
¼ lim

n!1
kun

2;h � u2;hk1;D2;h
¼ 0: ð3:13Þ

Theorem 7 shows that when the domain is complicated,
we can split the domain into two or more non-overlapping
subdomains and apply the finite element method to solve
the corresponding discrete sub-problems iteratively. The
sequence of the finite element solutions will converge to
the original discrete solution uh. It provides us an easy
way to approximate uh in a parallel computing environ-
ment. In Section 4, we will provide the implementation
details of Algorithm 2 and apply the method to solve a free
seepage problem.
4. Numerical example

In this Section, we will provide the implementation
details of the non-overlapping DD Algorithm 2. That is,
how to transform (2.16a) and (2.16b) into an explicit for-
mula which can compute un

i;h values at both the internal ele-
ment nodes and the nodes on C0. To clarify the idea, we
consider the problem of free surface seepage as a working
example (see Fig. 3): find the free surface in a steady,
two-dimensional seepage through a rectangular dam. In
this study, the free surface, whose position is not known
in advance, is to be found. In the seepage region X with
(x1,x2) = (x,y), the velocity potential / must satisfy the
following:

D/ ¼ 0 in X;

/ ¼ y1 on ½af �;
/ ¼ y2 on ½bc�;
/ ¼ y on ½cd�;
/ ¼ y on cfd ;

/n ¼ 0 on cfd ;

/y ¼ 0 on ½ab�;

ð4:1Þ

where y1 and y2 are the heights of the water on the left and
right sides, respectively and n is the outward normal direc-
tion of cfd . The flow domain X is not known since the loca-
tion of the free surface cfd needs to be found. Define D to be
D ¼ fðx; yÞ : 0 < x < x1; 0 < y < y1g and define / as an
extension of / as follows:

/ ¼
/ðx; yÞ in X;

y in D� X ¼ Xext:

�
ð4:2Þ

Using the Baiocchi transformation, a new variable is de-
fined as

wðx; yÞ ¼
Z y1

y
½/ðx; gÞ � g�dg: ð4:3Þ

Then w satisfies

Dw ¼ vX in D;

w ¼ 0 in D� X;
ð4:4Þ

with the associated boundary conditions

wð0; yÞ ¼ 1

2
ðy1 � yÞ2 on ½af �;

wðx; 0Þ ¼ y2
1

2
� y2

1 � y2
2

2x1

x on ½ab�;

wðx1; yÞ ¼
1

2
ðy2 � yÞ2 on ½bc�;

wðx; yÞ ¼ 0 on ½ce� [ ½fe�:

ð4:5Þ

Eqs. (4.4) and (4.5) are equivalent to the following varia-
tional inequality problem:
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Find w(x,y) 2 H = {u : u 2 H1(D), ujoD satisfies (4.5)}
such thatZ

D
rw � rðv� wÞdxdy P

Z
D
�ðv� wÞdxdy 8v 2 H :

ð4:6Þ
Fig. 4. Domain decomposition.

Fig. 5. Triangulation.

Fig. 6. Numer
If we can solve (4.6) for w, the following quantities can be
obtained:
X ¼ fðx; yÞ : ðx; yÞ 2 D;wðx; yÞ > 0g;
/ ¼ y � wy in X:
In order to apply the non-overlapping Algorithm 2 to solve
(4.6), we decompose D into two non-overlapping regions
D1 and D2 with common boundary C0 (see Fig. 4) such that
D2 is the region containing the free surface. The sample
seepage problem has the following data: y1 ¼ 1:00; y2 ¼
1
6
; x1 ¼ 2

3
. The triangulation with uniform horizontal and

vertical mesh size Dx = Dy = h = 0.0069 is applied to the
whole domain D, where each small square of size h is split
diagonally from upper left to lower right into two triangles.
Fig. 5 only shows part of the triangulation in D1 where P1,
P2, P3, P4, P5, P6 are the internal mesh nodes and P7, P8,
P9 are the nodes on C0. When applying Algorithm 2, we
are concerned with solving (2.16a) and (2.16b) iteratively.
Since S1h and S2h have finite dimensions, we apply the
relaxation method for the variational inequality [11,
Chapter 5] here for (2.16a) and (2.16b). The main idea of
the relaxation method is to consider all the mesh nodes
Pi sequentially at each step n. Let us consider D1 here
and we can take care of D2 in the same way. As we go
through each Pi which is either an internal mesh node in
D1 or a node on C0, we need to solve the following (4.7a)
for un

1;hðP iÞ when Pi is an internal node or solve (4.7b) when
Pi is on C0. When we solve un

1;hðP iÞ, all the un
1;h values at

other nodes are temporarily fixed. Then we use the
projected value maxðun

1;hðP iÞ; 0Þ as the final choice of
un

1;hðP iÞ.
ical result.
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Z
D1

run
1;h � r/P i

dxdy ¼
Z

D1

�/P i
dxdy; ð4:7aÞZ

D1

run
1;h � r/P i

dxdy þ un
1;hðP iÞ

¼
Z

D1

�/P i
dxdy þ gn

1ðP iÞ; ð4:7bÞ

when Pi is an internal mesh node, for example P5, (4.7a)
can be simplified as

un
1;hðP 5Þ ¼

1

4
½un

1;hðP 2Þ þ un
1;hðP 4Þ þ un

1;hðP 6Þ þ un
1;hðP 8Þ � h2�;

ð4:8aÞ
and when Pi is on C0, for example, P8, (4.7b) becomes

un
1;hðP 8Þ ¼

1

6
½un

1;hðP 7Þ þ un
1;hðP 9Þ þ 2un

1;hðP 5Þ þ 2gn
1ðP 8Þ � h2�;

ð4:8bÞ
convergence on D1 and D2 is determined when

max
P i
junþ1

1;h ðP iÞ � un
1;hðP iÞj < � and

max
P i

junþ1
2;h ðP iÞ � un

2;hðP iÞj < �;

respectively, where � = 1 · 10�5 is some fixed positive
constant.

The free surface is taken as the first mesh point with a
value of w that is less than � when you move in the vertical
direction for a fixed x. The final free surface location is
shown in Fig. 6 along with the numerical result by the
traditional finite element method as in [11] and the exact
solution reported by Crank [6], attributed to Polubari-
nova-Kochina. We can see that the new DD method is as
good as the traditional finite element method in approxi-
mating the exact solution of the seepage problem. The total
number of iteration steps to reach the tolerance by our DD
method is 47, while the traditional finite element method
requires 60 steps to reach the same tolerance.

5. Conclusion and future work

In this paper, we studied the finite element solution of
variational inequalities arising from free boundary prob-
lems. We applied a non-overlapping DD method to split
the original domain into two subdomains where the free
boundary is only located in one subdomain and thus in
the other subdomain only a partial differential equation
needs to be considered. This domain decomposition tech-
nique generates a sequence of discrete functions which con-
verges to the finite element solution of the problem. Each
function from this sequence can be obtained more efficiently
by parallel computation than the original finite element
solution. Therefore, our DD technique improves numerical
performance for general free boundary problems.
In our future work, we will apply popular non-matching
grid techniques, especially mortar finite element method, to
solve general free boundary problems and the associated
variational inequalities. Since the major concern in this
field is the determination of the free boundary, we will
apply the fine grid in the neighborhood of the free bound-
ary while apply the coarse grid away from the free bound-
ary. This effort can achieve better precision for the free
boundary while still maintain computational efficiency on
the whole domain.
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