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Abstract

Purpose — To provide an excellent numerical method to simulate an important industrial
process — wet chemical etching problem.

Design/methodology/approach — A mathematical model describing the wet chemical etching
process is formulated in terms of a parabolic variational inequality and a non-overlapping domain
decomposition (DD) method is proposed in the etching region, where a partial differential equation is
treated in one sub-domain, while a variational inequality is considered in the second sub-domain. A
Robin boundary condition with a parameter whose optimal value is to be found is enforced on the
common boundary between these two sub-domains. Finite difference technique with projection and
the Crank-Nicholson scheme for the time discretization are the major numerical tools utilized in this
paper.

Findings — The proposed numerical method has achieved the best numerical performance for the
famous wet chemical etching process among all the numerical schemes applied to this problem. It also
shows the great computational power of domain splitting technique.

Research limitations/implications — Lack of parallel supercomputer system limits the authors to
perform further numerical tests with extremely large data. This will be done in the future.
Practical implications — This is a very useful paper for the academic researchers and industry
engineers who wish to develop more advanced numerical methods to simulate various kinds of
industry processes along the research direction from this paper.

Originality/value — This paper provides a new and promising version of DD method in the field of
moving boundary problems and offers a practical way to simulate wet chemical etching process for the
engineers and scientists in the related field.

Keywords Variational techniques, Chemical technology, Finite difference methods
Paper type Research paper

1. Introduction

Wet chemical etching is an important industrial process (Kuiken, 1984, 1990; Kuiken
et al., 1986; Notten et al., 1986). In this process, an impermeable mask is placed on the
surface of the body to be etched. Caustic fluids are then allowed to come into contact
with the body and etch into the body wherever the mask is not present. As time goes



on, the body will be cut away gradually by the fluids. Thus, this problem can be
regarded as a moving boundary problem. During this process, undercutting of solid
material from under the mask occurs and it can cause short-circuits and other serious
problems. Thus, it is important to describe this behavior by predicting the profile of the
moving boundary over time.

Moving boundary problems can be represented by a parabolic variational
inequality. Its numerical simulation via the finite element method has been considered
and the error estimate between the true solution and the numerical solution is provided
in several places (Glowinski et al., 1980; Johnson, 1976; Vuik and Cuvelier, 1990 and the
references provided therein). Meanwhile, Vuik and Cuvelier (1985) presented a
representative example of an etching problem of this type. Its variational inequality
formulation was set-up in a fixed domain. Then this fixed domain problem was solved
numerically along with a projection operator.

Bruch et al. (1993) found that this etching problem could be parallelized extremely
well. A domain splitting technique 1s utilized there to reproduce the results of Vuik and
Cuvelier (1985) with reasonable accuracy. The advantage of this method is that it can
be parallelized on multiple CPU’s very easily.

The non-overlapping domain decomposition (DD) method has shown its robustness
and convenience in the field of computational science (Lions, 1990 and Deng, 1997).
Recently, Jiang et al. (2006) applied a new version of non-overlapping DD method to the
general free boundary problem and showed both its convergence property and
numerical stability through the free surface seepage problem. In this paper we will
apply this non-overlapping DD method to the etching problem. The etching region is
split into two sub-domains where a partial differential equation is treated in one
sub-domain while a variational inequality is considered in the second sub-domain. On
the common boundary of these two sub-domains, a Robin boundary condition with a
parameter is enforced. Meanwhile, the Crank-Nicholson scheme is utilized for the
discretization of the time variable. The numerical results show the advantage of this
method. Finally, we will determine the range of the parameter from the Robin
boundary condition and the relaxation parameter in the successive over-relaxation
(SOR) algorithm in order to achieve the best numerical performance.

The outline of the paper is as follows: in Section 2, we shall formulate the
mathematical model of the physical problem. In Section 3, the new numerical algorithm
is described and numerical results are presented. In Section 4, we conclude the paper
and point out some new research directions.

2. Formulation of the problem
In this section, we formulate the wet chemical etching problem that was considered by
Vuik and Cuvelier (1985) and Bruch ef al (1993). Following their physical model, we
shall place two photo-resist layers (masks) onto a flat plate of length L (Figure 1). We
shall allow a gap of length 2a between the two layers and caustic fluid to flow on top of
the plate. The thickness of the mask is infinitely thin and L is large in comparison with
a. Therefore, we can regard this problem as two dimensional, and only the cross section
(Figure 2) is considered.

The following notations are introduced in order to better understand this problem.
Let D; be a square region in the caustic fluid which is large enough so that increasing
the size of D; will not change the etching process. Let D5 be a rectangular region in the
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Figure 1.
The physical problem

Figure 2.
The mathematical view
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plate’s cross section such that all the etching will occur in Dy for ¢ € [0, T']. Therefore,
the domain of the problem, D, is the union of D; and D,. Let I's be the slit of length 24
where the flow moves down slowly, I'; be the upper and lower surfaces of the mask
that are exposed to the caustic fluid, I'; be the boundary of D; that is not along the
mask and I'; be the boundary of Ds that is not along the mask. Finally, let Q(¢) be the
wet region within D at time £. Then Q(0) = D; and €(f) is expanding gradually with
S(#) denoted as the moving boundary. The dry area within D is D Q(?).

The problem can now be formulated as follows:

Find the concentration function C = C(x, y, f) in Q(#) and the moving boundary S(¢)
such that:

% —AC=0 in Qo= {0y € Qb),t €O D)} 2.1

with the following initial and boundary conditions:

Clx,,00=1 in Dy = Q) (2.2)

Cx,yv,t)=1 on I';=T1%x(0,7) 2.3)



C
S50 on Ty = {6y, D) €T3t € O, T} 2.4)
C=0 on S« =iy 0Hl(xy) € St),1 € 0,T)) 25)
£ = —Bv, on Sit) (2.6)
on

where 7 denotes the unit normal vector on I's(¢) pointing outward with respect to €)(?),
vy, 18 the normal velocity of the boundary S(f) and B is a constant related to the etching
process.

To eliminate the difficulty of dealing with moving boundary S(#), the following fixed
domain method using a Baiocchi type transformation has been used to transform the
moving boundary problem into a fixed boundary one.

Define an extension C of C to a domain @p = D X (0, T') by:

- C(-x7y7 t) in QQ
Corh=110 in Q- Qo @n

We can also define g(x, v, t) and Cy(x,y) as follows:

1 on I'y;
gy )= {0 on DX (0, T)) — Iy, 28
1 in D1
Cox,y) = 0 in Dy (2.9)
Then, C will satisfy:

aC A ixa .
C=g on aDx(0,T)—TI'y (2.11a)
%: =0 on I'y (2.11b)

on

Cx,y,0) = Co(x,y) in D (2.12)

where xq is defined to be the characteristic function for Qq in @p. Then we define the
following Baiocchi transformation:

t
wx,y,t) = / Cex,y,ndr (x,y) €D, t€(0,T) (2.13)
0

and w should satisfy:
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3 Aw = Co(x,9) + B(xa(x,5,0) — xa(x,y,1)). (2.14)

This leads to the following parabolic variational inequality:

Z—?—Aw—fzo in @p (2.15)
w=0 in Qp (2.16)
ow .
(E — Aw —f)w =0 in @p 217
t
wx,y,t) = /g(x,y, dr=G({) on dDX(0,T)—TI'y (2.18a)
0
ow
— =0 on I'y (2.18b)
n
w(x,y,00=0 1in D (2.19)
where based on equations (2.9) and (2.14),
1 in D1
J@.y) = Co@.y) + Blxa,y,00 =1 5 . D, (2.20)

If w is a solution of equations (2.15)-(2.19), then C(x,y, ) = dw/dt solves the original
problem.

From equations (2.15)-(2.19), we can see that within Qq (wet region), w > 0.
Therefore, the equality part of equation (2.15) holds. Since, D; C ), we have the
following equation instead of inequality:

1_”; —Aw-1=0 in Qp, 2.21)

while in @p,, the following equation holds:

aw_

w<§ Aw +B) =0 in QD27 (222)

which means that in D,, w satisfies either:

ow
——A B=0
o7 w +
in the wet region or w = 0 in the dry region.
Equations (2.21) and (2.22) show that the original etching problem has a
different behavior in the two sub-regions D; and D». Therefore, it is natural to construct



a DD algorithm to solve these two different sub-problems separately, as shown in
Section 3.

3. Numerical schemes and results
In this section, we introduce a new numerical algorithm and apply it to the etching
problem.

Since, D is the union of two non-overlapping regions D; and D, and D; is a region
not containing the free surface, it is natural to construct an algorithm which can solve
these two sub-problems, respectively.

We may have noticed that D is symmetric along the y-axis. Therefore, for pure
computational purposes, we may focus on the right half region of D from now on. That
is, D; and D, stand for the right upper and lower half region, respectively.

The fact that both equations (2.21) and (2.22) have a ow/9¢ term prompts us to
discretize the term via the implicit Crank-Nicholson scheme which guarantees
numerical stability for any time step size. Equations (2.21) and (2.22) are discretized as
follows:

Find a sequence {w(kAt) = w(x,y,kAt)}, wherek = 1,2, ... . K = T /At with At as
the time step size, such that:

w(kAd) - ‘fo(k —Dah %(Aw(km‘) 4 AWk - DA —F =0 in Dy

w(kAt) — »Zi(k — DAY %(Aw(km‘) + Aw((k — 1)A?)) —f) =0 in Dy

w(kAL) (

kAt on I';

w(kAt) = G(kAT) { 0 on T,
Since, D1 N Dy =T'y U I's, how to compute the values of w(kAt) = w(x,y, kAt) on I'
and then transfer the values between D; and D, interactively becomes our major
concern. To this end, we will apply the efficient non-overlapping DD method from
Jiang et al. (2006) to this etching problem at each time step % and construct a new
algorithm as follows:

Assume wi((k — DAY = wi(x,y, (k — DAY and wo((k — 1)AL) = wo(x,y, (k —
1)A?) are given from the previous time step & — 1. Let g% = g% =0 on I's. For the
initial iteration, w®(kAf) = 0 in Dy; w(kAt) = 0 in Dy. Find {w}(kAt) = w!(x,y, kAt)}
and {wj(kAt) = wy(x,y,kAD)}, n=1,2,... such that

Problem 3.1

Wy (RAD = ”X;((k —ban %(Aw’f(kAt) +Aw((k—DAD)—F=0 in Dy (3.1)

ouw (kAL
wi( )+

o aw|(kAt) =g} on I's (3.1a)
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7
WikAD _ o on 1, (31b)
an
wi(RAt) = kAt on I'y (3.1¢)
Problem 3.2.
n — —
wh(kAL) <w2 (k20 Z}i«k DA _ %(Awg(km‘) +Awa((k— DAL — f ) =0 inD,
(3.2)
(kA
%ﬁﬁ—i— awy (kA =gy onI'; (3.2a)
QA _ ) on Ty (3.2b)
n
wy(kRAH=0 on Iy (3.2¢)
Problem 3.3. Compute:
g = 20ul(RAY) — g8, @i = 20w (RAt) — g} on T3 (3.3)

and then solve Problem 3.1 and 3.2 iteratively with # replaced by »n + 1.

Remark 3.1. g% and g4 perform like a combination of the normal derivative and the
function value. For each iteration, they are updated by equation (3.3) which is only
concerned with the function value instead of the normal derivative. « is a parameter
which can be set to any positive real value. We will conduct a series of numerical tests
to choose the optimal value for the best performance.

We notice that in equations (3.1) and (3.2), we still have the continuous operator
Aw. In order to obtain the full numerical scheme to the etching problem, we will apply
the 2nd-order finite difference scheme to Aw and obtain the discrete formula for
equation (3.1) as follows:

(wl)?j,k - (wl)ij,k—l . 1 (wl)ﬁ-lj,k + (wl)?_u,k - 2(1/01)?17»7,6

At 2 h?
n @171+ (wll/)j;,jfl,k — 21 n (W1is1-1+ (Wl);‘—zl,j,kfl —2W0ijk-1 (3.4)
2
n W1)ijs1p-1+ (Wl)Z;Lkﬂ =211 Fir=0 in Dy

where D; is divided into a rectangular mesh with mesh size Ax = Ay =1h,i,J
are the row and column mesh point numbers, respectively. (w1);;;, 1 =1 =1,
1=j=/;, 1=k=K stands for the w; values at time step % on all the mesh
points (;, j) where (0, 0) means the upper right corner of D; and ([3, /;) means



the lower left corner of D;. [; and J; will later be specified based on the actual size
of Dl.

Similarly, the boundary conditions equations (3.1a)-(3.1c) can also be discretized
using the forward finite difference scheme on I'; U I's as follows:

(Wl);ﬂl_jﬁk - (WI)Z;}@

7 + a (wl)wk = (gl)w on I'3 (3.4a)
(wl)"’U*kh— W05k =0 on Iy (3.4b)
(wl)?.j?k =kAt on I (3.4¢)

We take care of equations (3.2) and (3.2a)-(3.2c) in Dy in a similar way and obtain:

W2)7 = Wa)ijp-1 1] W)y @2)ly j, = 2w2)
(w 2)1 ik - _§ - -

At h?
(“’2)w SRR () LI 2(@02)”;e W2is1jp-1+W2)i-10-1 = 2W2ije-1 (35
72 h?
(W2)11+1k 1+(w2)2,2 1k-1 Z(Wz)z’.f}k—l} _fz'.j,k> =0 inD,
(W11 — W2);!
2 +1-],kAt 2 ,/k_‘r_ (w2)1+1]k (g;)z,/ on FS (353.)
n o)
W21 — W2, =0 on Ty (3.5b)
At

where D is divided into a rectangular mesh with mesh size Ax = Ay = &, (w2); 1,
l=i=1,,1=j7=]5 1= k=K stands for the w- values at time step % on all the
mesh points (¢, 7)) where (0, 0) means the upper right corner of Dy and (I5, />) means the
lower left corner of Ds. I and J, will later be specified based on the actual size of Ds.

By using the above schemes, we can carry out our computation at each time step %
as follows:

At first we scan through D; point-wisely from right to left and top to bottom. As
mentioned above, D; stands for the upper right half region due to symmetry with the
y-axis, and D, stands for the lower right half region. At each internal mesh point,
equation (3.4) is used to compute (w)};,. When we reach the common boundary
I's U I'3, equations (3.4a) and (3.4b) are then used for (wy);, values. Meanwhile, we
also scan through D, from left to right and top to bottom. Slmllarly, the (w»)?; , values
on the common boundary need to be found from equations (3.5a) and (3.5b) Wﬁlle those
from the internal mesh points will be computed from equation (3.5), whose
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EC implementation is different from equation (3.4) and will be specified shortly. This
233 finishes one iteration at time step .
’ Next update g} and g4 on I'; from equation (3.3) and repeat to scan through D, and
D, as before. The iteration will stop at each time step k% if the convergence criterion is
met when:

246 max| (w1} — @), and max|(ws)"}
i i

ik ik — (wo)! RS (3.6)

where € is some fixed positive constant.

During the computation, finite difference SOR is utilized in D; where a partial
differential equation holds, while in D, which contains the moving boundary part,
finite difference SOR with projection is used to make sure the w, value at each point is
always non-negative.

Therefore, when applying the SOR in D;, equation (3.4) becomes:

n—(1/2) _ <i 2) {(wl)z,;k 1+ l(wl):112k+(w1)l 14,k
2

Wik A At h?

(Wl)u+1k+(wl)z; 1k (w1)z+1,;/e 1+ @)1 p-1 =211 (3.72)

h? h?
(w1)1,7+1k 1+(w1)lhjz1k 1 Z(Wl)i,j,k1:| + fz'.j.,k}
(1) = it + B = @) (3.7h)

where @ is the relaxation parameter.
Similarly, when applying the SOR with projection in Ds, equation (3.5) becomes:

n—(1/2) _ (1 2) {(WZ)Z k-1 l(w2)1+11,/,k+ (W2) 1
—+ +5

@02);j A2 Al g

+(w2);,7+1k+(w2)z J—1k (w2)z+1,;k 1+ @2)i—1p—1 =221 (3.82)

h? h?
(WZ)z,H-lk 1+(w2)2721k 1 2(7/02){,;‘,1@—1} n fl,‘]_.’k}
(w2)f = max (0, Qo) + (e = et )) (3.8b)

The following data is used for the numerical example:

Let a =1, Ax = Ay =h=0.0125, [, = 321, and J; = 321 for D;, I, = 161, and
Jo =161 for Ds. Therefore, the whole upper right and lower right regions have the
size of 4 X 4 and 2 X 2, respectively. Meanwhile, the middle slit opening I's has
the size of 1, the etching constant B = 10, time step size Af= 0.25, relaxation
parameter B = 1.75 and the tolerance is €= 1x10"%. The free surface is defined



at time f to be the first value less than the above tolerance moving in a direction
outward from Q(t) in Ds,.

Figure 3 shows the moving boundary for ¢t = 2, 4, 8, 16, 20 in D, obtained through
the new algorithm. It exactly matches the numerical results from Bruch et al (1993).

However, the combination of the new non-overlapping DD method in the etching
region and the Crank-Nicholson scheme generates a better performance than those
from Bruch et al. (1993). Table I shows the required number of iterations at each time
t=2,4,38, 16, 20 for our current algorithm and the algorithm from Bruch et @/ (1993).
We can see that the performance has been improved over Bruch et al. (1993).

The above numerical test uses the default value @ = 1 which means the normal
derivative and the function value are treated with the same weight from the Robin
boundary condition. It provides the most convenient computation but doesn’t
guarantee the best numerical performance. Next, we will conduct a series of numerical
tests to pick up the best range of a with which the algorithm will converge with the
minimum number of iterations.

We solve the above problem with the same numerical scheme but with different «
values. By conducting numerous tests, we find that the best numerical performance can

-0 T
t=2.0
-0.2 t=4.0
t=8.0
-0.4
-0.6
t=16.0
t=20.0
-0.8
1k 4
0 0‘2 0‘4 OIG OI.8 1‘ 1‘2 1I4 1‘6 1.8
Time (¢) Current algorithm Algorithm of Bruch et al. (1993)
2 656 790
4 637 786
8 631 789
16 691 807
20 704 818
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Figure 3.
Moving boundary at
various times

Table 1.

Comparison of required
number of iterations to go
fromt — 025 to ¢
between the two
algorithms
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be achieved when 2 < a < 50. When « is out of this range, the performance becomes

233 poor. Therefore, only with moderate « values, the normal derivative and the function
’ value can both make a good contribution towards the Robin boundary condition on the
common boundary. The good performance can then be achieved due to the balance of
these two factors. A too large or too small « value will significantly reduce the effect of
either the normal derivative or the function value in the Robin boundary condition,
248 which then leads to poor numerical performance. The result is verified from Table II
where the numerical performance is compared when o = 0.5, 1, 2, 10, 50, 60.
The following numerical tests also show that relaxation parameter 0 < 8 < 2in the
SOR algorithm can be set to 1.85 or its neighboring values for the best
numerical performance. Table III compares the performance data for B =
0.5,0.90,1.50,1.75,1.85 where a = 1 is used.
Finally, let us discuss briefly the Crank-Nicholson scheme whose implicity
guarantees numerical stability for any time step size At. Since, the numerical error of
Crank-Nicholson scheme is O(At)? + /2, smaller Af may generate smaller numerical
error and thus faster convergence at each time step. However, it requires more time
steps to reach the designated time, such as ¢ = 8, 16, 20 in our problem. Therefore, our
computation will not benefit from smaller Af. This can be verified in Table IV where
At =0.25,0.125,0.0625,0.03125. We can see that when Af is reduced, the required
number of iterations at each time step is also reduced significantly. However, the total
number of required iterations will not be reduced at all due to the increased number of
time steps.
Time (2) a=05 a=1 a=2 a=10 a =50 a =60
Table II. 2 831 656 545 545 545 1,500
Comparison of required 4 809 637 541 541 540 1,346
number of iterationstogo 8 827 631 541 541 541 1,467
from ¢ — 0.25 to ¢ for 16 887 691 550 550 550 1,609
different o values 20 910 704 555 556 556 1,680
Time () B =050 B=090 B=150 =17 B=185
Table III. 2 1,851 1,915 1,140 656 427
Comparison of iterations 4 1,927 1,963 1,099 637 416
numbers to go from 8 2,756 2,018 1,090 631 417
t — 0.25 to ¢ for different 16 3,439 2,443 1,223 691 452
relaxation parameters 20 3,538 2,528 1,256 704 462
Time (/) At=025 At =0125 At = 0.0625 At = 003125
2 656 332 179 106
Table IV. 4 637 322 177 118
Comparison of iterations 8 631 332 197 132
numbers to go from 16 691 363 214 145

t — At to t for different At

20 704 370 219 149




4. Conclusion

In this paper, we solved the chemical etching problem by using a new non-overlapping
DD method and a finite difference technique with projection in a fixed domain and the
implicit Crank-Nicholson scheme for the time discretization. The numerical results
have shown the advantage of this approach. Because the original problem can be
solved in its two sub-domains, respectively , we can easily implement the parallelized
version of this numerical method on multiple CPU’s and gain further improvement.
Our future work will be concerned with providing a convergence analysis for the
non-overlapping DD method applied to the parabolic variational inequality, which has
not been reported in the literature.
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