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The mortar finite element method is a special domain decomposition method, which can handle the situation
where meshes on different subdomains need not align across the interface. In this article, we will apply
the mortar element method to general variational inequalities of free boundary type, such as free seepage
flow, which may show different behaviors in different regions. We prove that if the solution of the original
variational inequality belongs to H 2(D), then the mortar element solution can achieve the same order error
estimate as the conforming P1 finite element solution. Application of the mortar element method to a free
surface seepage problem and an obstacle problem verifies not only its convergence property but also its great
computational efficiency. © 2007 Wiley Periodicals, Inc. Numer Methods Partial Differential Eq 24: 476–503, 2008
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I. INTRODUCTION

Free boundary value problems have been an important topic in the field of computational science
because many physical and engineering problems such as fluid flow in porous media, obstacle
problems, elastic problems, and lubrication phenomena fall under this category. These problems
can usually be transformed into variational inequalities. Reference 1 provided a detailed theoret-
ical analysis about regularity of the solution and the free boundary. Meanwhile, different kinds
of numerical methods are proposed to solve general free boundary problems, see [2–7] and the
references therein. Among those methods, finite element method (FEM) is the most popular one.
It is shown in [8,9] that limh→0 ||uh−u|| = 0 where uh and u are the finite element solution and the
original analytic solution, respectively. Therefore, the finite element solution can be considered as
a good approximation to the analytic solution of the variational inequality when the mesh size h

is small enough. Meanwhile, finite element method is also applied in solving application-oriented
problems of free boundary type, such as Stefan or Hele–Shaw moving boundary problems, see
[10, 11] for the error analysis.
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In the last two decades, nonoverlapping domain decomposition (DD) finite element method
has been successfully applied to solve linear partial differential equations, see [12–14] and the
references therein. In [15, 16], we apply the nonoverlapping DD method to solve the variational
inequality where a robin boundary condition is utilized on the common boundary between those
subdomains. We show that at the continuous and discrete levels, the sequences of the approximate
solutions based on domain decomposition converge to the original or the finite element solution,
respectively.

The nonoverlapping DD methods proposed in [15, 16] assume the quasi-uniform meshes on
the whole domain. However, the actual situation is perhaps very complicated and we may have
different requirement in different parts of the domain. For example, in the subregion, which con-
tains the free boundary, we may wish to apply the finer grid so as to catch the free boundary more
precisely, while in the subdomain far away from the free boundary, the coarser grid would be a
better choice. In [17], the nonmatching grid technique has been used to solve a free seepage flow
problem so that better numerical performance has been observed than conforming methods on
uniform meshes. Therefore, nonmatching grid technique, such as mortar element method, is well
suited for our problem.

Mortar finite element method was introduced in [18, 19] in the last decade and since then it
has been used extensively to solve linear partial differential equations (PDE). See [20–25] and
the references therein. Meanwhile, it has also been applied to solve some kinds of variational
inequalities, such as unilateral contact problems or Bingham fluids, where either the inequality of
the problem is concentrated on the boundary (see [26]) or a nonlinear gradient term |∇u| appears
in the inequality (see [27]).

In this article, we shall apply mortar element method to variational inequalities of free boundary
type. The major difference between PDE and variational inequality of free boundary type is that
the solution of variational inequality is required to be nonnegative (or generally, not less than an
obstacle function) while PDE has no such restriction. Therefore, we shall enforce nonnegativity
for the function values in the domain. We will show that the mortar element method can achieve
the same order error estimate as conforming P1 element.

This article is organized as follows. In Section II, the variational inequality is formulated for
general free boundary problem. The mortar finite element method is then applied to discretize the
original domain into multiple subdomains and P1 mortar element solution {uh} is formulated. In
Section III, the error estimate between the mortar solution uh and the analytic solution solution u

is provided. In Section IV, the mortar element method is applied to solve a typical free seepage
problem and an obstacle problem. Comparison with conforming finite element method shows its
great computational efficiency. In Section V, conclusion of the article and some future efforts are
given.

II. PROBLEM FORMULATION

Let us consider a general free boundary problem:
Find an open set � ⊂ D and u(x) ∈ H 2(D) with x = (x1, x2), such that

(−�u + c(x)u − f (x)) · u(x) = 0 in D,
u ≥ 0 in D,
−�u + c(x)u − f (x) ≥ 0 in D,
u = g(x) on ∂D,
� = {x ∈ D|u(x) > 0},

(2.1)
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FIG. 1. The original free boundary problem.

where D is a bounded, polygonal 2D domain whose boundary is denoted by ∂D. c(x) ≥ 0,
c(x) ∈ Cα(D), f (x) ∈ Cα(D), g(x) ∈ C2+α(D), g(x) ≥ 0 on ∂D, and ∂D is in C2+α . Here
Cm+α(D) denotes the space of functions whose derivatives up to order m are Holder continuous
with 0 < α < 1 (Fig. 1). (2.1) also implies

−�u + c(x)u = f (x) in �. (2.2)

Friedman [1] showed that the free boundary Problem (2.1) is equivalent to the following variational
inequality:

Find u ∈ V = {u : u ∈ H 1(D), u = g(x) on ∂D, u ≥ 0 in D}, such that

a(u, v − u) ≥ f (v − u) ∀v ∈ V (2.3)

where

a(u, v) =
∫

D

[
2∑

i=1

∂u(x)

∂xi

∂v(x)

∂xi

+ c(x)u(x)v(x)

]
dx,

f (v) =
∫

D

f (x)v(x)dx.

With u determined in D, we can define � = {(x1, x2) ∈ D : u(x1, x2) > 0}.

Lemma 2.1 [1]. Problem (2.3) has a unique solution u(x) ∈ W 2,p(D) for any p < ∞.

Since there is no general formula for the solution u(x) of (2.1) or (2.3), different numerical
methods have been developed for the approximate solution of (2.3). Since the major concern is
to catch the free boundary, we shall apply the mortar element method to solve (2.3). That is, the
finer grids will be constructed in the area close to the free boundary while the coarser grids will
be constructed in the area far away from the free boundary.

To this end, let us decompose the domain D into several nonoverlapping subdomains Dk ,
1 ≤ k ≤ N ,

D =
N⋃

k=1

Dk ,
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where each subdomain Dk has a regular quasi-uniform triangulation �hk
, hk is the maximum

of the diameters of the triangles in �hk
and h = max1≤k≤N hk . For simplicity, we consider the

geometrical conforming situation where the common boundary between any two different sub-
domains ∂Dk ∩ ∂Dl , k 
= l is either empty, or a vertex, or a common interface. The set of vertices
of all triangles in Dk is denoted by Nk , while N 0

k denotes those inside Dk . In each subdomain Dk ,
the conforming P1 finite element space P1(Dk) is defined

P1(Dk) = {v : v|τ ∈ P1(τ ) ∀τ ∈ �hk
, v is continuous at p ∈ Nh,

v(p) = g(p) at p ∈ Nh ∩ ∂D}.

Since �hk
is both regular and quasi-uniform in Dk , there exists constants α1 > 0 and α2 > 0

such that for any τ ∈ �hk
, hτ

ρτ
≤ α1 where ρτ is the diameter of the largest inscribed circle inside

τ , and hτ

hk
≥ α2. The inverse inequality holds within each Dk from the above assumption.

It is obvious that the restriction of �hk
on the common interface of each pair of neighboring

subdomains may not match. The mortar finite element method is characterized by introducing
Lagrange multiplier space on these common interfaces. To this end, the common interface of the
neighboring Dk and Dl is denoted by �kl for Dk and �lk for Dl , respectively. Meanwhile, �kl

denotes the restriction of �hk
on �kl , and �lk the restriction of �hl

on �lk . Nkl and Nlk denote the
set of nodes on �kl and �lk . It is obvious that �kl and �lk are different partitions for the common
interface. We define a function as follows:

δ(k, l) =
{

1 Dk and Dl has a common interface
0 otherwise

where 1 ≤ k, l ≤ N , k 
= l. Therefore, δ(k, l) = δ(l, k).
The skeleton composed of the common interfaces of all neighboring subdomains in D,

S = ⋃N

k=1 ∂Dk\∂D can be decomposed as

S =
N⋃

k=1

⋃
δ(l,k)=1

�kl ,

where each interface appears twice in the above expression. For each common interface, we may
select either �kl or �lk as the master side (called mortar) and the other as the slave side (called
nonmortar). Then the union of either all mortar sides or all nonmortar sides will form a unique
decomposition of the skeleton S. In this article, we assume the ratio of mesh sizes between any
neighboring subdomains is uniformly bounded by a constant C > 1:

If δ(k, l) = 1, hk ≤ hl , then
hl

hk

≤ C. (2.4)

For each subdomain Dk , 1 ≤ k ≤ N , we define M(k) = {1 ≤ l ≤ N : �kl is a mortar} and
S(k) = {1 ≤ l ≤ N : �kl is a nonmortar}, then l ∈ M(k) ⇐⇒ k ∈ S(l). S will then have the
following decomposition by all nonmortar sides:

S =
N⋃

k=1

⋃
l∈M(k)

�lk .
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Define the unconstrained product space as follows:

Xh =
N∏

k=1

P1(Dk),

whose norms are defined as

‖vh‖2
1,h =

N∑
k=1

‖vh‖2
1,Dk

, |vh|21,h =
N∑

k=1

|vh|21,Dk
, ‖vh‖2

0,h =
N∑

k=1

‖vh‖2
0,Dk

, vh ∈ Xh.

It is obvious that Xh is not a suitable discretization of V in (2.3) due to discontinuity across the
interface and lack of nonnegativity on the whole domain. We will follow [18, 19] to construct a
mortar element method where the jump of the function value is orthogonal to a modified function
trace space on the common interfaces and the function is continuous across the vertices of all
subdomains. To this end, let T denote the union of all vertices of Dk , 1 ≤ k ≤ N . Meanwhile, We
will also enforce nonnegativity for the function values at all active nodes, which include nodes
from the mortar sides and nodes inside all subdomains, due to the fact that the function values
on the remaining inactive nodes from the nonmortar sides can be uniquely determined from the
corresponding mortar side for each common interface based on the jump orthogonality condition.
In fact, Theorem 3.6 will show that the mortar element solution converges to u pointwisely on
S. Therefore, the nonnegative constraint will also be satisfied on the nonmortar sides when h is
small, see Remark 3.2.

The Lagrange multiplier space for the nonmortar sides is introduced as follows:

Mh =
N∏

k=1

∏
l∈M(k)

Mh(�lk),

where

Mh(�lk) = {v ∈ C0(�lk) : v = w|�lk
, w ∈ P1(Dl),

v|e = P0(e), e is an edge containing an end point of �lk}
is the modified restriction of P1(Dl) on �lk .

Then the discretization space of V can be defined as

Vh =
{
v ∈ Xh : b(v, µ) = 0, ∀µ ∈ Mh, v is continuous on T ,

v(P ) ≥ 0, P ∈ N 0
k or P ∈

⋃
l∈M(k)

Nkl , 1 ≤ k ≤ N

}
(2.5)

where

b(v, µ) =
N∑

k=1

∑
l∈M(k)

∫
�lk

[v]µds

and [v] = v|Dl
− v|Dk

.
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The nonconforming mortar finite element formulation for (2.3) is given as follows: Finduh ∈ Vh

such that

a(uh, vh − uh) ≥ f (vh − uh) ∀vh ∈ Vh, (2.6)

where a(u, v) = ∑N

k=1

∫
Dk

[∇u · ∇v + cuv]dx and f (v) = ∫
D

f vdx.
The following Lemma shows the well-posedness of (2.6).

Lemma 2.2. Problem (2.6) has a unique solution uh.

Proof. It is straightforward that a(u, v) and f (v) are continuous on Vh, which is a closed
and convex subspace of Xh and a(u, v) satisfies

a(uh, vh) ≤ M‖uh‖1,h · ‖vh‖1,h, ∀uh, vh ∈ Vh,

where M > 0 is a constant. Meanwhile, it can be shown similarly as in ([18], Sec.2.3) that a(·, ·)
is Vh-elliptic, i.e.,

a(vh, vh) ≥ α‖vh‖2
1,h, ∀vh ∈ Vh.

Therefore, Lions–Stampacchia’s theorem (see [28]) immediately implies the existence and
uniqueness of the solution uh from (2.6).

Let I h
k denote the Lagrange interpolation operator of order one on �hk

. The following error
estimate is given in [29]:∥∥v − I h

k v
∥∥

Hl(Dk)
≤ Chm−l

k ‖v‖Hm(Dk), ∀v ∈ Hm(Dk) (2.7)

where 0 ≤ l ≤ 1 ≤ m ≤ 2. From now on, we assume C and C1, C2, . . . are generic constants
independent of the mesh size hk , 1 ≤ k ≤ N .

The mortar projection is a basic tool for the analysis of the error estimate in [18,19]. For each
nonmortar side, the mortar projection is given by 
lk : H 1(�lk) → Wh(�lk),


lkv(a) = v(a) and 
lkv(b) = v(b), a, b are extremities of �lk ,∫
�lk

(v − 
lkv)µds = 0, ∀µ ∈ Mh(�lk), (2.8)

where Wh(�lk) = {v ∈ C0(�lk) : v = w|�lk
, w ∈ P1(Dl)} is the restriction of P1(Dl) on �lk .

It is shown in [18] that 
lk is L2, H
1
2

00 and H 1
0 stable: for Y = L2(�lk), H

1
2

00(�lk) or H 1
0 (�lk),

‖
lkv‖Y ≤ C‖v‖Y , ∀v ∈ H 1
0 (�lk). (2.9)

In Section III, we will show that the mortar element solution uh of (2.6) can achieve the
same error estimate as conforming P1 finite element method, i.e., u − uh = O(h) where
h = max1≤k≤N hk .
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III. ERROR ESTIMATE

The following lemma is an extension of Falk’s Lemma [29] to the nonoverlapping case.

Lemma 3.1. Suppose u ∈ V and uh ∈ Vh be solutions to (2.3) and (2.6), respectively, and
u ∈ H 2(D), then

‖u − uh‖2
1,h ≤ C

(
inf

vh∈Vh

{
‖u − vh‖2

1,h + ‖u − vh‖0,h +
N∑

k=1

∑
l∈M(k)

∣∣∣∣∫
�lk

∂u

∂nl

[vh]ds

∣∣∣∣
+

N∑
k=1

∣∣∣∣∫
∂Dk∩∂D

∂u

∂nk

(u − vh)ds

∣∣∣∣
}

+ inf
v∈V

{
‖v − uh‖0,h +

N∑
k=1

∣∣∣∣∫
∂Dk∩∂D

∂u

∂nk

(v − uh)ds

∣∣∣∣
}

+
N∑

k=1

∑
l∈M(k)

∣∣∣∣∫
�lk

∂u

∂nl

[uh]ds

∣∣∣∣
)

. (3.1)

Proof.

‖u − uh‖2
1,h ≤ 2‖u − vh‖2

1,h + 2‖uh − vh‖2
1,h ∀vh ∈ Vh. (3.2)

Vh−ellipticity of a(·, ·) from Lemma 2.2 implies

α‖uh − vh‖2
1,h ≤ a(uh − vh, uh − vh)

= a(uh − u, uh − vh) + a(u − vh, uh − vh)

= a(uh, uh − vh) + a(u, v − uh) − a(u, v) + a(u, vh)

+ a(u − vh, uh − vh) ∀v ∈ V . (3.3)

From (2.3), we have

−a(u, v) ≤ −a(u, u) − f (v − u) ∀v ∈ V . (3.4)

Similarly, (2.6) implies

a(uh, uh − vh) ≤ f (uh − vh) ∀vh ∈ Vh. (3.5)

Putting (3.4) and (3.5) into (3.3), we obtain

‖uh − vh‖2
1,h ≤ 1

α
{f (uh − vh) + a(u, v − uh) − a(u, u) − f (v − u)

+ a(u, vh) + a(u − vh, uh − vh)}

= 1

α
[a(u, v − uh) − f (v − uh)] + 1

α
[a(u, vh − u) − f (vh − u)]

+ 1

α
a(u − vh, uh − vh). (3.6)
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By applying Green formula to the first pair of square brackets of (3.6), we have

a(u, v − uh) − f (v − uh) =
N∑

k=1

∫
Dk

∇u · ∇(v − uh) + cu(v − uh)dx −
∫

D

f (v − uh)dx

=
N∑

k=1

(∫
∂Dk

∂u

∂nk

(v − uh)ds +
∫

Dk

(−�u + cu)(v − uh)dx

)

−
∫

D

f (v − uh)dx

=
N∑

k=1

∑
l∈M(k)

∫
�lk

∂u

∂nl

[v − uh]ds +
N∑

k=1

∫
∂Dk∩∂D

∂u

∂nk

(v − uh)ds

+
∫

D

(−�u + cu − f )(v − uh)dx,

where ∂u

∂nk
stands for the outward normal derivative of u on Dk and it is obvious that ∂u

∂nk
+ ∂u

∂nl
= 0

on �lk .
By noticing [v] = v|Dl

− v|Dk
= 0 on �lk , we have

|a(u, v − uh) − f (v − uh)| ≤
N∑

k=1

∑
l∈M(k)

∣∣∣∣∫
�lk

∂u

∂nl

[uh]ds

∣∣∣∣
+

N∑
k=1

∣∣∣∣∫
∂Dk∩∂D

∂u

∂nk

(v − uh)ds

∣∣∣∣ + C‖v − uh‖0,h. (3.7)

By taking care of the second pair of square brackets of (3.6) similarly, we get

|a(u, vh − u) − f (vh − u)| ≤
N∑

k=1

∑
l∈M(k)

∣∣∣∣∫
�lk

∂u

∂nl

[vh]ds

∣∣∣∣
+

N∑
k=1

∣∣∣∣∫
∂Dk∩∂D

∂u

∂nk

(u − vh)ds

∣∣∣∣ + C‖u − vh‖0,h. (3.8)

Applying Cauchy–Schwarz inequality to the last term in (3.6) yields

1

α
|a(u − vh, uh − vh)| ≤ M

α
‖u − vh‖1,h‖uh − vh‖1,h

≤ 1

2
‖uh − vh‖2

1,h + M2

2α2
‖u − vh‖2

1,h. (3.9)

Putting (3.7), (3.8), and (3.9) into (3.6), where 1
2‖uh − vh‖2

1,h from (3.9) will be annihilated by the
left hand side of (3.6), generates an upper bound of ‖uh − vh‖2

1,h. Then by putting it into (3.2) and
noticing arbitrariness of v ∈ V and vh ∈ Vh, we prove (3.1) immediately by taking the infimum
over v ∈ V and vh ∈ Vh.
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The right hand side of (3.1) contains three terms

I1 = C inf
vh∈Vh

{
‖u − vh‖2

1,h + ‖u − vh‖0,h +
N∑

k=1

∑
l∈M(k)

∣∣∣∣∫
�lk

∂u

∂nl

[vh]ds

∣∣∣∣
+

N∑
k=1

∣∣∣∣∫
∂Dk∩∂D

∂u

∂nk

(u − vh)ds

∣∣∣∣
}

,

I2 = C inf
v∈V

{
‖v − uh‖0,h +

N∑
k=1

∣∣∣∣∫
∂Dk∩∂D

∂u

∂nk

(v − uh)ds

∣∣∣∣
}

,

and

I3 = C

N∑
k=1

∑
l∈M(k)

∣∣∣∣∫
�lk

∂u

∂nl

[uh]ds

∣∣∣∣ ,

where I1 is the approximation error, while I2 and I3 are the consistency errors. In the remainder
of this section, we will show that Ii ≤ Ch2, i = 1, 2, 3.

Remark 3.1. The similarity and difference between the analysis of the linear equation and our
variational inequality lie in the following facts: 1. The first term in I1 corresponds to the approx-
imation error of the linear case while I3 and the third term in I1 are similar to the consistency
error for the linear case; 2. The terms with L2-norm in I1 and I2 are generated by the nonlinear
constraint and don’t apply to the linear case. Meanwhile, the boundary terms in I1 and I2 have
no counterparts for the linear case where homogeneous boundary conditions are assumed for
simplicity. 3. The construction of vh ∈ V and v ∈ V should keep the nonnegative constraint so
that we can not apply the discrete harmonic extension operator as in the linear case. Instead, a
jump term needs to be constructed in the neighborhood of each nonmortar side.

A. Approximation Error

Firstly, let us estimate I1. Construct vh ∈ Xh as follows: for all nodes P of �hk
, 1 ≤ k ≤ N ,

vh(P ) =


u(P ) P ∈ N 0

k

u(P ) P ∈ ⋃
l∈M(k) Nkl

g(P ) P ∈ ∂D

(
klI
h
l u)(P ) P ∈ ⋃

l∈S(k) Nkl

(3.10)

It can be seen that vh = I h
k u holds at all the nodes of �hk

except on the nonmortar sides where
the function values are defined as the mortar projection of those from the corresponding mortar
sides. Figure 2 shows the mortar decomposition of D where the dashed lines denote the mortar
sides. Here, �lk stands for the mortar side, while �kl is the nonmortar side. The dotted region Skl

denotes the union of all the triangles whose intersection with �kl is either an edge or an interior
node. The boundary of Skl is then composed of �kl and δkl , which is the portion inside Dk . Then
vh = I h

k u in any τ ∈ �hk
outside Skl .
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FIG. 2. Mortar decomposition of the domain.

It can be verified from (3.10) that vh ∈ Vh. Therefore,

‖u − vh‖2
0,h =

N∑
k=1

‖u − vh‖2
0,Dk

≤ C

(
N∑

k=1

∥∥u − I h
k u

∥∥2

0,Dk
+

N∑
k=1

∥∥I h
k u − vh

∥∥2

0,Dk

)

≤ C

(
N∑

k=1

h4
k‖u‖2

2,Dk
+

N∑
k=1

∑
l∈S(k)

∥∥I h
k u − vh

∥∥2

0,Skl

)
. (3.11)

The last term in (3.11) can be taken care as follows.∥∥I h
k u − vh

∥∥2

0,Skl
=

∑
τ∈Skl

∫
τ

(
I h
k u − vh

)2
dx

≤
∑
τ∈Skl

∥∥I h
k u − vh

∥∥2

0,∞,τ
·
∫

τ

1dx

≤
∑
τ∈Skl

∥∥I h
k u − vh

∥∥2

0,∞,τ∩�kl
· C1h

2
k

≤
∑
τ∈Skl

(
h−1

k

)∥∥I h
k u − 
klI

h
l u

∥∥2

0,2,τ∩�kl
· C1h

2
k

= C1hk · ∥∥
kl

(
I h
k u − I h

l u
)∥∥2

0,�kl
, (3.12)

where the second inequality holds since I h
k u − vh is a linear polynomial on any element τ ∈ Skl

and I h
k u − vh = 0 on δkl then maxτ |I h

k u − vh| can only happen at nodes on �kl , while the third
inequality holds based on the inverse inequality.
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By applying (2.9), the trace theorem [30], (2.7), and the mesh size uniformity assumption (2.4)
to the last term on the right hand side of (3.12), successively, we have∥∥
kl

(
I h
k u − I h

l u
)∥∥2

0,�kl
≤ C2

∥∥I h
k u − I h

l u
∥∥2

0,�kl

≤ C2

(∥∥u − I h
k u

∥∥2

0,�kl
+ ∥∥u − I h

l u
∥∥2

0,�kl

)
≤ C2

(∥∥u − I h
k u

∥∥2
1
2 ,Dk

+ ∥∥u − I h
l u

∥∥2
1
2 ,Dl

)
≤ C2

(
h3

k‖u‖2
2,Dk

+ h3
l ‖u‖2

2,Dl

)
≤ C2h

3
k . (3.13)

Combination of (3.12) and (3.13) yields∥∥I h
k u − vh

∥∥2

0,Skl
≤ C3h

4
k . (3.14)

Putting (3.14) into (3.11) yields an upper bound for the second term in I1.

‖u − vh‖0,h ≤ Ch2, (3.15)

where C and Ci stand for generic constants independent of the mesh size h. Then the first term
in I1 proceeds as below.

‖u − vh‖2
1,h = ‖u − vh‖2

0,h +
N∑

k=1

|u − vh|21,Dk

≤ ‖u − vh‖2
0,h +

N∑
k=1

∣∣u − I h
k u

∣∣2

1,Dk
+

N∑
k=1

∣∣I h
k u − vh

∣∣2

1,Dk

≤ C1h
4 + C2h

2‖u‖2
2,D + C3

N∑
k=1

h−2
k

∥∥I h
k u − vh

∥∥2

0,Dk
, (3.16)

where (3.15), (2.7) and the inverse inequality are applied. The last term in (3.16) can be estimated
based on (3.14) as follows.

N∑
k=1

h−2
k

∥∥I h
k u − vh

∥∥2

0,Dk
=

N∑
k=1

h−2
k

∑
l∈S(k)

∥∥I h
k u − vh

∥∥2

0,Skl

≤ C4

N∑
k=1

h−2
k

∑
l∈S(k)

h4
k

≤ C4

N∑
k=1

h2
k

≤ C4h
2. (3.17)
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Combination of (3.16) and (3.17) yields

‖u − vh‖2
1,h ≤ Ch2. (3.18)

As to the third term in I1, for 1 ≤ k ≤ N , l ∈ M(k), we apply (2.8) to obtain∣∣∣∣∫
�lk

∂u

∂nl

[vh]ds

∣∣∣∣ =
∣∣∣∣∫

�lk

∂u

∂nl

(

lkI

h
k u − I h

k u
)
ds

∣∣∣∣
=

∣∣∣∣∫
�lk

∂u

∂nl

((
I h
l u − I h

k u
) − 
lk

(
I h
l u − I h

k u
))

ds

∣∣∣∣
=

∣∣∣∣∫
�lk

(
∂u

∂nl

− ψ

) ((
I h
l u − I h

k u
) − 
lk

(
I h
l u − I h

k u
))

ds

∣∣∣∣ ∀ψ ∈ Mh(�lk)

≤ min
ψ∈Mh(�lk)

∥∥∥∥ ∂u

∂nl

− ψ

∥∥∥∥
(H

1
2

00 (�lk))′
· ∥∥(

I h
l u − I h

k u
) − 
lk

(
I h
l u − I h

k u
)∥∥

H

1
2

00 (�lk)

,

(3.19)

where (H
1
2

00(�lk))
′ stands for the topological dual space of H

1
2

00(�lk).
It is shown in [19] (Lemma 4.1, p. 37) that

min
ψ∈Mh(�lk)

∥∥∥∥ ∂u

∂nl

− ψ

∥∥∥∥
(H

1
2

00 (�lk))′
≤ C1h

∥∥∥∥ ∂u

∂nl

∥∥∥∥
H

1
2 (�lk)

. (3.20)

Meanwhile, applying (2.9), the trace theorem and (2.7) to the last term in (3.19) yields∥∥(
I h
l u − I h

k u
) − 
lk

(
I h
l u − I h

k u
)∥∥

H

1
2

00 (�lk)

≤ ∥∥I h
l u − I h

k u
∥∥

H

1
2

00 (�lk)

≤ ∥∥u − I h
l u

∥∥
H

1
2

00 (�lk)

+ ∥∥u − I h
k u

∥∥
H

1
2

00 (�lk)

≤ ∥∥u − I h
l u

∥∥
H1(Dl )

+ ∥∥u − I h
k u

∥∥
H1(Dk)

≤ C2h‖u‖H2(D). (3.21)

By putting (3.20) and (3.21) into (3.19), we obtain∣∣∣∣∫
�lk

∂u

∂nl

[vh]ds

∣∣∣∣ ≤ Ch2. (3.22)

The last term in I1 involves integrals on the boundary of D, γk = ∂DK ∩ ∂D for 1 ≤ k ≤ N .
Define pk ∈ L2(γk) as edge-wise constants on γk such that pk|σ = 1

|σ |
∫

σ

∂u

∂nk
ds for every edge

σ ⊂ γk and |σ | denotes the length of σ . Triangle inequality implies that∣∣∣∣∫
γk

∂u

∂nk

(u − vh)ds

∣∣∣∣ =
∣∣∣∣∫

γk

∂u

∂nk

(
u − I h

k u
)
ds

∣∣∣∣
≤

∣∣∣∣∫
γk

(
∂u

∂nk

− pk

) (
u − I h

k u
)
ds

∣∣∣∣ +
∣∣∣∣∫

γk

pk

(
u − I h

k u
)
ds

∣∣∣∣ . (3.23)
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By applying Cauchy–Schwarz inequality, (2.7) and the trace theorem to the first term on the right
hand side of (3.23), we have

∣∣∣∣∫
γk

(
∂u

∂nk

− pk

) (
u − I h

k u
)
ds

∣∣∣∣ ≤
∥∥∥∥ ∂u

∂nk

− pk

∥∥∥∥
0,γk

· ∥∥u − I h
k u

∥∥
0,γk

≤ C1 · h
1
2
k

∥∥∥∥ ∂u

∂nk

∥∥∥∥
H

1
2 (γk)

· h
3
2
k ‖u‖

H
3
2 (γk)

≤ C1h
2
k‖∇u‖1,Dk

‖u‖2,Dk

≤ C1h
2. (3.24)

Meanwhile, applying the trapezoidal integration rule to the last term in (3.23) yields

∣∣∣∣∫
γk

pk

(
u − I h

k u
)
ds

∣∣∣∣ =
∣∣∣∣∣∣
∑
σ⊂γk

∫
σ

pk

(
u − I h

k u
)
ds

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑
σ⊂γk

pk

∣∣∣∣∣∣
σ

∫
σ

(u − I h
k u)ds|

≤
∑
σ⊂γk

∣∣∣∣ 1

|σ |
∫

σ

∂u

∂nk

ds

∣∣∣∣ ·
∣∣∣∣∫

σ

uds −
∫

σ

I h
k uds

∣∣∣∣
≤

∑
σ⊂γk

1

|σ |
∫

σ

∣∣∣∣ ∂u

∂nk

∣∣∣∣ ds · C2|σ |3

≤ C2h
2
k

∫
γk

∣∣∣∣ ∂u

∂nk

∣∣∣∣ ds

≤ C2h
2. (3.25)

By replacing the two terms on the right hand side of (3.23) with (3.24) and (3.25), we have

∣∣∣∣∫
γk

∂u

∂nk

(u − vh)ds

∣∣∣∣ ≤ Ch2. (3.26)

Combination of (3.15), (3.18), (3.22), and (3.26) implies that

I1 ≤ Ch2. (3.27)
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B. Consistency Error

Next, let us consider the consistency errors I2 and I3. I3 is estimated as follows. For 1 ≤ k ≤ N ,
l ∈ M(k), ∣∣∣∣∫

�lk

∂u

∂nl

[uh]ds

∣∣∣∣ =
∣∣∣∣∫

�lk

∂u

∂nl

(uh,Dl
− uh,Dk

)ds

∣∣∣∣
=

∣∣∣∣∫
�lk

(
∂u

∂nl

− ψ

)
(uh,Dl

− uh,Dk
)ds

∣∣∣∣ ∀ψ ∈ Mh(�lk)

≤ min
ψ∈Mh(�lk)

∥∥∥∥ ∂u

∂nl

− ψ

∥∥∥∥
(H

1
2 (�lk))′

‖uh,Dl
− uh,Dk

‖
H

1
2 (�lk)

≤ Ch

∥∥∥∥ ∂u

∂nl

∥∥∥∥
H

1
2 (�lk)

‖uh,Dl
− uh,Dk

‖
H

1
2 (�lk)

≤ Ch‖∇u‖1,Dl

(‖u − uh,Dl
‖

H
1
2 (�lk)

+ ‖u − uh,Dk
‖

H
1
2 (�lk)

)
≤ Ch(‖u − uh‖1,Dl

+ ‖u − uh‖1,Dk
),

where (2.8) and the trace theorem are applied and the infimum is also bounded as in [18] (Sec. 4,
p. 277). (H

1
2 (�lk))

′ stands for the topological dual space of H
1
2 (�lk).

By putting it into the expression of I3, we have

I3 ≤ Ch‖u − uh‖1,h

≤ Ch2 + 1

4
‖u − uh‖2

1,h, (3.28)

where the last term 1
4‖u − uh‖2

1,h will be annihilated by ‖u − uh‖2
1,h on the left hand side of (3.1).

To evaluate I2, we need to construct a particular function v(x) ∈ V , which is close enough to
uh under L2 norm. It is obvious that uh,Dk

∈ P1(Dk) ⊂ H 1(Dk) for every 1 ≤ k ≤ N . However,
uh may not be continuous across each interface �kl and uh = I h

k g 
= g on γk = ∂Dk ∩ ∂D.
Therefore, v should be defined based on proper modification of uh in the neighborhood of �kl and
γk , as shown in Fig. 3. Skl and δkl have been specified in Fig. 2. The starred region Skk denotes the
union of all triangles whose intersection with γk is either an edge or a node. The boundary of Skk

is composed of γk and δkk , which is the portion inside Dk .
For every nonmortar side �kl in D, 1 ≤ k ≤ N , l ∈ S(k), we define vkl ∈ H 2(Skl) as the

harmonic function in Skl:

�vkl = 0 in Skl

vkl = uh,Dl
− uh,Dk

on �kl

vkl = 0 on δkl

(3.29)

Similarly, for every γk , 1 ≤ k ≤ N , we define vkk ∈ H 2(Skk) as the harmonic function in Skk:

�vkk = 0 in Skk

vkk = g − I h
k g on γk

vkk = 0 on δkk

(3.30)
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FIG. 3. Neighborhood of �kl and γk .

v(x) is now defined as follows: for 1 ≤ k ≤ N ,

v|Dk
=


uh,Dk

+ vkl in Skl , l ∈ S(k)

uh,Dk
+ vkk in Skk

uh,Dk
otherwise .

(3.31)

Lemma 3.2. v defined in (3.31) satisfies v ∈ V .

Proof. It is obvious that both vkl from (3.29) and vkk from (3.30) belong to H 1(Dk)

under the assumption that they are set to zero outside Skl and Skk , respectively. Meanwhile,
uh,Dk

∈ P1(Dk) ⊂ H 1(Dk). Then (3.31) implies that v|Dk
∈ H 1(Dk). Furthermore, v|Dk

= v|Dl

on �kl for every pair of neighboring subdomains. Therefore, v ∈ H 1(D).
Since uh,Dk

is a piecewise linear polynomial on Skl and thus achieves its minimum on one of
its nodes on ∂Skl . The maximum principle [30] implies that vkl achieves the minimum on ∂Skl as
well. Therefore, v = uh,Dk

+ vkl achieves its minimum on ∂Skl where either v = uh,Dk
≥ 0 on δkl

or v = uh,Dl
≥ 0 on �kl , i.e., v ≥ 0 in Skl .

Similarly, v ≥ 0 in Skk . In the other part of Dk , v = uh,Dk
≥ 0. Then v ≥ 0 in Dk for

1 ≤ k ≤ N .
Finally, (3.30) and (3.31) imply v = g on γk for 1 ≤ k ≤ N . Therefore, v ∈ V holds.

The following lemmas reveal some important properties of vkl(x) in Skl and vkk(x) in Skk .

Lemma 3.3. Suppose D = [0, a] × [0, h] is a 2D rectangle region and u(x) ∈ H 1(D) satisfies
u(x1, 0) = 0, 0 ≤ x1 ≤ a, then

‖u‖0,D ≤ Ch|u|1,D .
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Proof.

‖u‖2
0,D =

∫ a

0

∫ h

0
u(x1, x2)

2dx2dx1

=
∫ a

0

∫ h

0
(u(x1, x2) − u(x1, 0))2dx2dx1

=
∫ a

0

∫ h

0

(∫ x2

0

∂u

∂x2
(x1, η)dη

)2

dx2dx1

≤
∫ a

0

∫ h

0

(
x2

∫ h

0

(
∂u

∂x2
(x1, η)

)2

dη

)
dx2dx1

≤
∫ a

0

(∫ h

0

(
∂u

∂x2
(x1, η)

)2

dη

)
dx1 ·

∫ h

0
x2dx2

≤ 1

2
h2|u|21,D

Therefore,

‖u‖0,D ≤
√

2

2
h|u|1,D .]

In fact, Lemma 3.3 can be extended to a general strip where the width is O(h) and u = 0 holds
along its bottom side, just as vkl(x) in Skl and vkk(x) in Skk .

Lemma 3.4.

‖vkl‖H1(Skl )
≤ C‖vkl‖

H
1
2 (�kl )

, ‖vkk‖H1(Skk) ≤ C‖vkk‖
H

1
2 (γk)

.

Proof. Application of Lemma 3.3, Green formula, and the trace theorem yields

‖vkl‖2
H1(Skl )

≤ (1 + Ch2)|vkl|2H1(Skl )

= C

(∫
∂Skl

∂vkl

∂n
vklds −

∫
Skl

�vkl · vkldx

)
= C

∫
�kl

∂vkl

∂n
vklds

≤ C

∥∥∥∥∂vkl

∂n

∥∥∥∥
(H

1
2 (�kl ))

′
· ‖vkl‖

H
1
2 (�kl )

≤ C
(‖vkl‖2

H1(Skl )
+ ‖�vkl‖2

L2(Skl )

) 1
2 · ‖vkl‖

H
1
2 (�kl )

= C‖vkl‖H1(Skl )
· ‖vkl‖

H
1
2 (�kl )

,

i.e.,

‖vkl‖H1(Skl )
≤ C‖vkl‖

H
1
2 (�kl )

.

The second inequality can be proved similarly.
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Finally, let us consider I2. For such v ∈ V defined in (3.31), we have

‖v − uh‖2
0,h =

N∑
k=1

‖v − uh‖2
0,Dk

=
N∑

k=1

∑
l∈S(k)

‖v − uh‖2
0,Skl

+
N∑

k=1

‖v − uh‖2
0,Skk

=
N∑

k=1

∑
l∈S(k)

‖vkl‖2
0,Skl

+
N∑

k=1

‖vkk‖2
0,Skk

. (3.32)

Lemma 3.3, Lemma 3.4, Cauchy-Schwarz inequality, and the trace theorem imply that

‖vkl‖2
0,Skl

≤ Ch2|vkl|2H1(Skl )

≤ Ch2‖vkl‖2

H
1
2 (�kl )

= Ch2‖uh,Dl
− uh,Dk

‖2

H
1
2 (�kl )

≤ Ch2

(
‖u − uh,Dl

‖2

H
1
2 (�kl )

+ ‖u −h,Dk
‖2

H
1
2 (�kl )

)
≤ Ch2

(‖u − uh‖2
1,Dl

+ ‖u − uh‖2
1,Dk

)
. (3.33)

Similarly, we have

‖vkk‖2
0,Skk

≤ Ch2|vkk|2H1(Skk)

≤ Ch2‖vkk‖2

H
1
2 (γk)

= Ch2
∥∥g − I h

k g
∥∥2

H
1
2 (γk)

≤ Ch4‖g‖2

H
3
2 (γk)

≤ Ch4‖u‖2
2,Dk

. (3.34)

Putting (3.33) and (3.34) into (3.32), we obtain

‖v − uh‖2
0,h ≤ Ch4 + Ch2‖u − uh‖2

1,h,

i.e.,

‖v − uh‖0,h ≤ Ch2 + Ch‖u − uh‖1,h. (3.35)

From the definition of v in (3.31), we can see that the second term in I2 is the same as the last
term in I1, which has been taken care in (3.26), i.e.,∣∣∣∣∣

N∑
k=1

∫
γk

∂u

∂nk

(v − uh)ds

∣∣∣∣∣ ≤ Ch2. (3.36)
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Therefore, (3.35) and (3.36) imply

I2 ≤ Ch2 + Ch‖u − uh‖1,h

≤ Ch2 + 1

4
‖u − uh‖2

1,h, (3.37)

where the last term 1
4‖u − uh‖2

1,h will be annihilated by ‖u − uh‖2
1,h on the left hand side of (3.1).

Combination of (3.27), (3.28), (3.37), and Lemma 3.1 yields the main result of this article as
in Theorem 3.5.

Theorem 3.5. Suppose u ∈ V and uh ∈ Vh be solutions to (2.3) and (2.6), respectively, and
u ∈ H 2(D). Then for h = max1≤k≤N hk ,

‖u − uh‖1,h ≤ Ch.

The following theorem shows pointwise convergence of the mortar solution uh toward u on
the skeleton S.

Theorem 3.6. Suppose u ∈ V and uh ∈ Vh be solutions to (2.3) and (2.6), and u ∈ H 2(D).
Then for the common interface �kl between any neighboring Dk and Dl ,

‖uh,Dk
− u‖0,∞,�kl

≤ Ch
1
2 .

Proof. Triangle inequality implies that

‖uh,Dk
− u‖0,∞,�kl

≤ ∥∥u − I h
k u

∥∥
0,∞,�kl

+ ∥∥I h
k u − uh,Dk

∥∥
0,∞,�kl

. (3.38)

By applying the inverse inequality, the trace theorem, the interpolation error estimate on �kl ,
Theorem 3.5, and the fact C ≤ hk

h
≤ 1 based on the uniformity assumption (2.4) to the second

term on the right hand side, successively, we obtain

∥∥I h
k u − uh,Dk

∥∥
0,∞,�kl

≤ C1h
− 1

2
k

∥∥I h
k u − uh,Dk

∥∥
0,�kl

≤ C1h
− 1

2
k

(∥∥u − I h
k u

∥∥
0,�kl

+ ‖u − uh,Dk
‖0,�kl

)
≤ C1h

− 1
2

k

(
h

3
2
k ‖u‖

H
3
2 (�kl )

+ ‖u − uh‖1,Dk

)
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≤ C1hk‖u‖
H

3
2 (�kl )

+ C1h
− 1

2
k · h

≤ C1h
1
2 .

Similarly,

∥∥u − I h
k u

∥∥
0,∞,�kl

≤ C2h
3
2
k h

− 1
2

k ‖u‖
H

3
2 (�kl )

≤ C2hk‖u‖2,Dk

≤ C2h
1
2 .

Putting the above two estimates into (3.38) yields the desired result.

Remark 3.2. Based on Theorem 3.6, we can show uh also satisfies the nonnegative constraint on
the nonmortar sides when h is small enough. In fact, if the node P on nonmortar side �kl is located
within � where u(P ) > 0, then uh,Dk

(P ) > 0 holds when h is small enough; If P is located in
D\�, since limh→0 uh,Dk

(P ) = 0 and uh,Dl
≥ 0 on the mortar side �lk , the orthogonality condition

will imply uh,Dk
(P ) ≥ 0 on �kl as well. As to the free seepage example in Section IV, we can

always observe satisfaction of the nonnegative constraint on the whole domain for the provided
mesh sizes.

IV. NUMERICAL EXAMPLES

A. Free Surface Seepage Example

As the first example of the mortar element method, we consider the problem of free surface
seepage (Fig. 4): find the free surface in a steady, two-dimensional seepage through a rectangular
dam.

FIG. 4. Free boundary seepage problem.
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In this study, the free surface, whose position is not known in advance, is to be found. In the
seepage region � with (x1, x2) = (x, y), the velocity potential φ must satisfy the following:

φ = 0 in �

φ = y1 on [af ]
φ = y2 on [bc]
φ = y on [cd]
φ = y on f̂ d

φη = 0 on f̂ d

φη = 0 on [ab], (4.1)

where y1 and y2 are the heights of the water on the left and right sides, respectively. φη is the
normal derivative of φ on ∂�. The flow domain � is not known since the location of the free
surface f̂ d needs to be found. Define D to be D = {(x, y) : 0 < x < x1, 0 < y < y1} and define
φ as an extension of φ as follows:

φ =
{
φ(x, y) in �

y in D − � = �ext.
(4.2)

Using the Baiocchi transformation [3], a new variable is defined as

w(x, y) =
∫ y1

y

[φ(x, η) − η]dη. (4.3)

FIG. 5. Nonmatching decomposition of D.
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FIG. 6. Uniform mesh of D.

Then w satisfies

�w = χ� in D

w = 0 in D − � (4.4)

with the associated boundary conditions

w(0, y) = 1

2
(y1 − y)2 on [af ]

FIG. 7. Numerical results.
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TABLE I. Free surface approximation.

x 0.083 0.167 0.250 0.333 0.416 0.500 0.583

|ymortar − yexact| 3.28 E −3 3.09 E −3 2.84 E −3 4.09 E −3 3.03 E −3 5.96 E −3 5.48 E −3
|yconforming − yexact| 3.28 E −3 3.09 E −3 2.84 E −3 4.09 E −3 3.03 E −3 5.96 E −3 5.48 E −3

w(x, 0) = y2
1

2
− y2

1 − y2
2

2x1
x on [ab]

w(x1, y) = 1

2
(y2 − y)2 on [bc]

w(x, y) = 0 on [ce] ∪ [f e]. (4.5)

(4.4) and (4.5) are equivalent to the following variational inequality problem:
Find w(x, y) ∈ H = {u : u ∈ H 1(D), u|∂D satisfies (4.5)} such that∫

D

∇w · ∇(v − w)dxdy ≥
∫

D

−(v − w)dxdy ∀v ∈ H . (4.6)

The sample seepage problem has the following data: y1 = 1.00, y2 = 1
6 , x1 = 2

3 . To apply the
mortar element method to solve (4.6), we decompose D into four equal nonoverlapping regions
with different mesh sizes, as shown in Fig. 5. Since the free boundary is mainly located in D3

and D4 and far away from D1 with possible intersection with D2, a finer mesh is constructed in
D3 and D4 to catch the free boundary more accurately and a coarser mesh is constructed in D1

for computational efficiency, while the mesh size of D2 is between those of the finer and coarser
meshes. To this end, the mesh sizes of D1, D2, D3, and D4 are set to 1

24 , 1
36 , 1

72 , and 1
72 , respectively.

The mortar is defined as the union of �21, �24 from D2 and �31, �34 from D3.
With the discretization space Vh constructed in (2.5), the mortart element solution wh ∈ Vh

satisfies:

4∑
k=1

∫
Dk

∇wh · ∇(vh − wh)dxdy ≥ −
∫

D

(vh − wh)dxdy, ∀vh ∈ Vh. (4.7)

We shall apply the relaxation method ([5], Chapter 5) to solve the discretized variational
inequality in (4.7). The main idea of the relaxation method is to consider all active mesh nodes
Pi , which include the internal nodes from all subdomains and the nodes on all mortar sides,
sequentially at each step n. As we go through each active node Pi , we need to solve the following
equation (4.8) for wn

h(Pi). When we solve wn
h(Pi), all the wn

h values at other nodes are temporarily
fixed. Then, we use the projected value max(wn

h(Pi), 0) as the final choice of wn
h(Pi) at step n.∫

D

∇wn
h · ∇�Pi

dxdy =
∫

D

−�Pi
dxdy, (4.8)

where �Pi
is the nodal basis function of Vh such that �Pi

(Pj ) = δij .

TABLE II. Performance comparison.

Number of unknowns Number of iterations Time spent (seconds)

Mortar element method 1964 386 252
Conforming FEM 3337 717 1582
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TABLE III. Free surface approximation errors by mortar element method.

Mesh sizes { 1
12 , 1

18 , 1
36 , 1

36 } { 1
24 , 1

36 , 1
72 , 1

72 } { 1
48 , 1

72 , 1
144 , 1

144 }
Free surface error 5.91 E −3 2.89 E −3 1.88 E −3

Convergence is determined when

max
Pi

∣∣wn+1
h (Pi) − wn

h(Pi)
∣∣ < ε,

where ε = 1 × 10−5 is some fixed positive constant.
The free surface is taken as the first mesh point with a value of wn

h that is less than 1 × 10−6

when you move in the vertical direction for a fixed x. The final free surface location based
on (4.7) is shown in Fig. 7 along with the exact solution reported by Crank [3], attributed to
Polubarinova–Kochina.

To show the computational advantage of the mortar element method, we also solve (4.6) with
conforming finite element method on the uniform mesh in D, as shown in Fig. 6. The approxi-
mated free surface location by conforming FEM is also reported in Fig. 7. The difference between
the exact location of the free surface and the approximated ones by the mortar and conforming
element methods are reported in Table I. We can see that the mortar element method has reached
the same accuracy as conforming finite element method in approximating the exact solution of
the seepage problem. These two programs are written with Matlab and run on Dell E520 Desktop
with Intel Core(TM)2 Duo 1.86 GHz CPU and 1G RAM.

FIG. 8. Nonmatching meshes.
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Table II compares the total number of unknowns (which is the same as number of active
nodes), number of iterations required to reach the tolerance, and the time spent for both meth-
ods. We can see that the mortar element method can achieve the required precision with
much less computational effort than conforming FEM due to its economical nonmatching
technique.

Table III reports the discrete L2-error between the exact location of the free boundary and the
approximated location by mortar element method for different mesh sizes. The discrete error is

defined as
√∑16

i=0 |ymortar(xi) − yexact(xi)|2�x, where �x = 1
24 and xi = i × �x. We can

observe its linear dependence on decreasing mesh size h. Since w is constructed by the Baiocchi
transformation and has no explicit formula within �, it is not convenient to evaluate ‖w−wh‖H1(�)

with different mesh sizes. To this end, an obstacle problem is provided as the second numerical
example where the exact solution has an explicit formula so that we can compare ‖u − uh‖H1(�)

with respect to different values of h.

FIG. 9. Exact solution u.
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B. Obstacle Problem

We consider the following obstacle problem with a constant obstacle χ = 0 on the domain
� = (−1, 1) × (−1, 1):

Find u ∈ K = {v ∈ H 1(�)|v ≥ 0 in �, v = g on ∂�} such that

a(u, v − u) ≥
∫

�

f (v − u) dxdy, (4.9)

where a(u, v) = ∫
�

∇u · ∇v dxdy, Dirichlet boundary value is g(x, y) = (x2 + y2 − r2
0 )2 with

r0 = 0.2, and

f (x, y) =
{−8

(
2x2 + 2y2 − r2

0

)
x2 + y2 > r2

0

−8r2
0

(
1 + r2

0 − x2 − y2
)

x2 + r2 ≤ r2
0 .

FIG. 10. Mortar solution uh.
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The exact solution to (4.9) reads

u(x, y) = (
max

{
x2 + y2 − r2

0 , 0
})2

.

To apply the mortar element method to solve (4.9), we decompose � into nine equal nonover-
lapping regions shown in Fig. 8 where the mesh size of the central region (− 1

3 , 1
3 ) × (− 1

3 , 1
3 ) is

only half of that of the other regions, since the free boundary x2 + y2 = r2
0 is only located within

the central region.
We apply the same relaxation method as in the previous seepage problem with the stopping

criterion ε = 1 × 10−5. The mesh sizes of the central region and the other regions are set to
h1 = 1

48 and h2 = 1
24 , respectively. Figures 9 and 10 show the graphs of the exact solution u and

the mortar element solution uh, while Fig. 11 reports the error |u(x, y) − uh(x, y)| within �.
Finally, Table IV shows that ‖u − uu‖H1(�) linearly depends on decreasing mesh size h, i.e.,

‖u − uu‖H1(�) = O(h), which conforms with the rate of convergence proved in Theorem 3.5.
It is also interesting to notice that ‖u − uh‖L2(�) = O(h2), which holds for conforming FEM
as well. This indicates that the mortar element method can achieve the same error estimates as
conforming FEM for general free boundary problems.

FIG. 11. |u(x, y) − uh(x, y)| in �.
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TABLE IV. H1 and L2 errors for obstacle problem.

Mesh sizes {h1, h2} { 1
12 , 1

6 } { 1
24 , 1

12 } { 1
48 , 1

24 }
‖u − uu‖H1(�) 66 E −2 3.2 E −2 1.6 E −2
‖u − uu‖L2(�) 3.0 E −2 9.4 E −3 2.5 E −3

V. CONCLUSION AND FUTURE WORK

In this article, we applied the mortar finite element method with standard Lagrange multiplier
proposed in [18,19] to solve the variational inequality of free boundary type. The original domain
is split into multiple nonoverlapping subdomains, which are discretized arbitrarily with different
mesh sizes. We showed that the mortar finite element method can yield the same error estimate
as conforming P1 element.

Mortar element method allows the coupling of different discretization schemes in different
subregions and thus is superior in solving both linear and nonlinear heterogeneous problems. A
large amount of work have been reported in the literature to solve linear problems with mortar
element method while our work is concerned with nonlinear problems. Based on the work from
this article, we will apply mortar element method to a wide range of nonlinear differential equa-
tions and variational inequalities, such as the problems with moving interface or boundaries. The
error estimate of higher order mortar finite element methods for the variational inequalities will
be considered. Meanwhile, we will investigate the possibility of applying mortar nonconforming
finite element methods (such as Crouzeit–Raviart), which have less continuity requirement and
thus provide more freedom of computation to those nonlinear problems.
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