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1. Introduction

In this paper, we consider coupling between surface and
groundwater flows, one of the most important environmental is-
sues in the world. It includes how the pollution from the lakes
and rivers makes its way into the water supply. This coupling is
also important in technological applications involving filtration.
The mathematical and numerical analysis of the model for the
coupled problem has been well established in recent years
[3,8,13,15,17]. The model consists of the Navier-Stokes equation
for the fluid region coupled across an interface with the Darcy
equation for the filtration velocity in the porous medium. However,
most of the numerical algorithms are sequential methods and can-
not fully utilize the parallel computing resources to improve their
numerical performance. The objective of this paper is to construct a
new iterative parallel algorithm based on a recently developed
non-overlapping domain decomposition (DD) methodology to
model the coupling problem accurately and efficiently. Meanwhile,
the performance of the new algorithm will not be affected by
parameter variations.

First, let us quickly review the related research in this field. In
[13], Layton et al. consider a formulation based on the Beavers—
Joseph-Saffman interface conditions, prove the existence and
uniqueness of a weak solution, and analyze a continuous finite ele-
ment scheme coupled with a mixed finite element method. In [17],
Riviere and Yotov employ the mixed finite element method for the
Darcy region and the discontinuous Galerkin method for the Stokes
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region. In [15], Mardal et al. apply finite element method to solve a
singularly perturbed Stokes problem with Darcy flow as a limiting
case. Other interesting computational studies of the coupled prob-
lem can be found at Gartling et al. [8], Salinger et al. [18], and
Galvis and Sarkis [7]. All these approaches use various ad hoc inter-
face decoupling strategies. However, no parallel algorithms are
constructed therein.

Most recently, Discacciati et al. [3-6] solved the coupled prob-
lem where the Darcy equation is replaced by a scalar elliptic prob-
lem for the sole piezometric head ¢. Several sequential DD
methods of either Dirichlet-Neumann or Robin-Robin types based
on the choice of the fluid normal velocity across the interface were
proposed and analyzed such that the number of required iterations
for convergence is independent of the mesh parameter h, for suit-
able conforming finite element approximations of the coupled
problem. In order to utilize parallel computing power to solve
the problem, a parallel DD method was proposed in [6]. The
numerical results showed that although the number of iterations
is indeed independent of the mesh size h, it can still become very
large when the viscosity v tends to small values. An Aitken acceler-
ation technique was then applied to this DD method so that better
convergence results were observed for the improved method when
v is small.

In this paper, we will propose a new parallel algorithm based on
the non-overlapping DD method with Robin conditions on the
interface to solve the coupled Stokes and Darcy flows. Convergence
of this new algorithm needs to be set up from both analytic and
discrete levels. The number of iterations for convergence should
be independent of the fluid viscosity v and the porous medium
conductivity tensor K without using any Aitken acceleration
technique, which will complicate the algorithm and also prevent
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us from setting up an explicit formula for the error reduction
factor.

This paper is organized as follows. In Section 2, we set up the
formulation of coupling of surface and groundwater flows. In Sec-
tion 3, a new parallel non-overlapping DD algorithm is then intro-
duced at the analytic level. Error estimate of the iterative solutions
towards the original solution shows that the convergence rate is
independent of the parameter variation. In Section 4, finite element
discretization of the analytic problem is set up and the discretized
DD method achieves a similar error estimate. In Section 5, the DD
algorithm is applied to solve a model problem of coupled Stokes
and Darcy flows. The numerical result confirms the theory. Com-
parison with the parallel DD algorithm from [6] shows that our
new algorithm has a better numerical performance. In Section 6,
conclusion of the paper and some future research highlights are
given.

2. Problem formulation

Let us set up the mathematical model at first. Let Q be a
bounded domain in R?, d = 2,3 decomposed in two non-intersect-
ing sub-domains & filled by a fluid and @, formed by a porous
medium which are separated by an interface I', shown in Fig. 1.
The other parts of the boundaries of ©; and @, are denoted by
I's =09\ I and I'y = 92, \ I, respectively. Let u; and p; denote
the fluid velocity and pressure in & and ¢ =z + % denote the pie-

zometric head with z the elevation height, p, the pressure and
P, > 0 density of the fluid in 2,. The flow in the domain & satisfies
the Stokes equation and the flow in the domain @, satisfies the
Darcy equation as follows:

-V T(u,p;) =f in &,

A Uy =0 in .Qf, (l)
us =0 on Iy

{—V (Vo) = 0 in Q, 2)
¢ = 0 on I,

where T(uf,p;) = —psl +2vD(1y) is the stress tensor with
D(uf) = 3 (Vu; + Vuf) the strain tensor. v is the viscosity of the fluid,
ky is the hydraulic conductivity of the homogeneous porous media
whose conductivity tensor is K = diag(ky, ..., kp).

These equations are coupled with proper interface conditions.
To ensure the continuity of the normal velocity and the normal
component of the normal stress across I', we have

—(kyVp) -n=us-n
r 3
{g¢ —n (Tp)m T )
[¢
Qr
[¢ le
Np
| — 0 7]
Ne
|_D |_p
Op
Mo

Fig. 1. Coupled fluid and porous media regions.

where n = ny denotes the default normal direction to I" and thenn, = —n.
Meanwhile, Beavers—Joseph-Saffman friction condition [10] implies

—et; (T(ur,pp) - my), j=1,....d-1,

where € represents the characteristic length of the porous medium
pores and 7;, j=1,...,d — 1 are linearly independent unit tangen-
tial vectors to I'. Since € is usually much smaller than other quanti-
ties, let us simplify the above condition as follows:

j=1,...,d-1, onT. (4)
The coupled system (1)-(4) has the following weak formulation

which yields a unique solution based on Brezzi's theory [1].
Find (u;, py) € Hy x Qy, ¢ € H, such that

VUp - Tj = 0[11—‘7

Uf-Tj:07

ar(up, v) + Dby(v.p) +8a,(¢.¥) + [ 8b(v-n) — [, gY(us - 1)
= fof~ v YveH;, yeH,
be(ur,q) = 0 VqeQy,
(5)

where
Hy = {ve H (@) : 0|, =0,0-7], =0,1<j<d -1},
Qr =L* (%),
H,={y eH(Q,):y=0o0nT,},

ar(u,v) = 2v [, D(u) : D(v), by(v,q) =~ [, qV - v,

a(9.0) = fo, pV- VY.

In this paper, we will construct a robust parallel DD method whose
number of iterations is insensitive to the parameters v and k. In fact,
such a non-overlapping DD method was successfully applied to
solve free seepage fluid flow in porous media in [11,12], where con-
vergence of the iterative solutions towards the original solution was
provided at both analytic and discrete levels. We are then motivated
to apply this DD method in solving coupled groundwater and surface
flows, which is much more complicated than free seepage problem.

3. Parallel domain decomposition algorithm
3.1. Old parallel DD algorithm

Before introducing our new parallel algorithm, let us review a
Robin-Robin DD method constructed by Discacciati et al. [6],
which is the only reported parallel DD algorithm in solving coupled
system of Stokes and Darcy flows.

Algorithm 0. Let u' = 0 be an assigned trace function on I', and let
71, ¥ be two positive parameters; then, repeat the following three
steps for k = 1,2,... until convergence.

Step 1. Solve (uf,pf) € Hy x Q and ¢" € H, such that
a(uf, v) +be(v,pf) =7, [r(uf -n)(v-n)

= [ W(v-n) +fgff-v Vv € Hy,
by(uf,q) = Vq € Qy,

and
ap(¢", 1) +% s 1 / wy e H,

Step 2. Compute G* = u}‘ n+kpVeh-n=uf-n+L(ge*+ 1)
on I'. Then, solve (uf pf) € Hf x Qf and Pk e H such that

(uf7 v) + bs(v, pf) +72 Jr( uf'n )(v-n)
ol 4wem) VoeH,
be(tif,q) = 0 vq € Qy,
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and

7k l gk ~k Y H
ap(p ,¢)+V 1g¢> Y= lO’l// ¥ € Hp.

S Jr ,

Step 3. Seton I’

pet = pk— 0fn - (T(if, p) - n) + g6
= pk = 0[,(6* — f - n) + g¥),
where 0 > 0 is a further acceleration parameter.
It should be noted that Step 2 performs like a correction step for

Step 1 in each iteration. Our new algorithm is developed based on
Algorithm 0 and will be introduced in next subsection.

3.2. New algorithm construction

The new parallel DD algorithm is stated as follows.

Algorithm 1. Let 17, =} = 0 be two assigned trace functionson I',
and f > 0 be the parameter which will be determined later based
on v and k, for uniform convergence; then repeat the following
two steps for k= 1,2, ... until convergence.

Step 1. Solve (uf,pf) € Hy x Q; and ¢* € H, such that

as(uf, v) +be(v,pf)  +P [r-(uf -n)(v-n)

:frnj’f(v-n)Jerff-v Vv € Hy, (6)
bf(ujqu):O VqEva
and
k kg, k
pop(ot)+ [ adu = [y v e, ()

This corresponds to imposing the following interface conditions for
the Stokes and Darcy equations on I':

{n -(T(uf,pf) -n) + puf -n nf,
—Blkp V") -1+ g" =
Step 2. Seton I’

17];;+1 :zﬁu}( -n _”Ij’"(,
{ it =y - 29

8)

9)

Remark 1. As a parallel Robin-Robin DD method, Algorithm 1 is
similar to Algorithm 0. Their distinction lies as follows: (1) Algo-
rithm 1 utilized two interface functions #; and 7, for data exchange
versus only one in Algorithm 0; (2) For each iteration, Algorithm 1
needs to solve Stokes and Darcy equations only once while Algo-
rithm O needs twice. Therefore, Algorithm 1 only requires half of
the iterative variables and arrays as in Algorithm O and thus has
a simpler programming structure and needs less memory usage;
(3) Algorithm 1 provides a specific error bound independent of v
and k, as will be shown in Theorem 13, while Algorithm O has
no such error estimate, even for its improved Aitken acceleration
method. Comparison of numerical performance between these
two algorithms conducted in Section 5 will show that Algorithm
1 outperforms Algorithm 0 when either v or k, tends to be small.

Let us show that Algorithm 1 is a good approximation of the
coupling problem in the sense that once {u}ﬂp}‘, $*} converge as
k — oo, they will converge to the original analytic solution

{uf7pf7 ¢}'

Lemma 1. Assume {u}‘, p}‘, ¢*} converge. Then they will converge to
{uf-,pp ¢}

Proof. Suppose {uf,pf} — {i,p} in Hy x Q; and {¢*} — ¢ in H,,
respectively. Then taking the limits of (6) and (7) when k — oo yields

as (i, v) + bg(v,p) +p [-(i-n)(v-n)

= Jrif(v-n)+ Jo f-v VveH, (10)
bf(ﬂq):() quva
and
ﬁap($:¢)+/Fg&n//:/rf7p¢ Yy € H, (11)

where by taking the limits of (8),
L
{wgmm

Tp = lim 15

n-(T(Q,p) -n)+pit-n

. N onl. (12)
~BkyV ) -n+g¢

By putting the expressions of #j; and #, in (12) into (10) and (11),
respectively, we obtain

{af(ih v)+bs(v,p) = [rn-(T(W,p)-n)+ Jo f-v VveH,
by(it, q) = 0 vq € Qy,

and

ay($,1) = / ~(kyVd)-ny V€ Hy.

r

Integration by parts immediately implies that {ii, p} and ¢ solve (1)
and (2), respectively. Meanwhile, taking the limits of two equations
in (9) yields

iy =2pi-n—iy
{ N =1p— Zg;/’-
By putting (12) into (13) and noticing that g > 0, we can show that
n-(T(a,p)-n)+gp = (k,V$)-n+i-n=0 onT.

(13)

Therefore, {il, p} and {¢} satisfy the interface condition (3). Mean-
while, 1 € Hy satisfies (4) automatically from the definition of H;.
We conclude that {u}ﬂp’& #*} will converge to the original analytic
solution if they are convergent. In other words, Algorithm 1 is a well
defined iterative method to solve the original coupling problem (1)-
(4. O

3.3. Associated operators

In the following, we will show that the iterative solutions
{u}‘,p}‘,qﬁ"} converge to the analytic solution {uf,p;, ¢} where the
convergence rates are insensitive to v and k,. To this end, let us
introduce two Steklov-Poincaré operators T, and T; from
A= Héo(l“) to its dual space A'.

Firstly, we define T, : 4 — A’ as follows: given y € 4,

LY

T = g on

)

where R,y € H, satisfies

ARy, ¥) =0 Vi € Ho()
(14)
Roy=1ux onl.
Then T, satisfies the following weak formulation:
1
(Tpy, ) = gap(RplvaH) Vi e A (15)

Since H(%)O(F) will be used frequently in the rest of our paper, let us
relview its definition (Chapter 1, [9]) here. At first, the Hilbert space
HZ(I') is assigned with the norm
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2 3
W15, (nwfz(m [ %dmv),

where d = 2,3 is the dimension of the domain Q and dy stands for
the line or surface integral along I'.

In order to define the subspace HE,O( I) of H%(F), let us introduce
the distance function d(x) to the boundary oI of I':

d(x) =dist(x,0I'), Vxel.

The space H:?)O(F) is then endowed with the norm

T AT
H‘/’||H§0<r> = <”w1-r§(r) AT dy) : (16)

Secondly, We define Ty : 4 — A’ in a similar way. Given y € 4,
T;(x)=n- (TR 1. Ri 1) - 1),

where (Rf z,R}x) € Hy x Q; satisfies

Vv € (Ho(2y)"

a; (R}, v) + by (v, R7 y) =

by(Rj1.q) =0 vgeQ (17)
Riy-n=y on TI.

Then T; satisfies the following weak formulation:

Tyt 1) = 6 Ry Rag) + by (Rupt, Re 7). Vpe e 4, (18)

where R; is any possible continuous extension from A to Hy such
that (Ryp) -n=ponT.
T, and Ty are both continuous and coercive as follows.

Lemma 2 (Lemma 2, Section 4.1 of [4]). Tf: A — A’ is a linear
continuous and coercive operator satisfying

[Ty, 1] < Cevllxllall el 4
Te ) = vl

where Cr > 1
sure of Q.

> ¢; > 0 are generic constants depending on the mea-

Lemma 3. T, : A — A’ is a linear continuous and coercive operator
satisfying

(Tots )] < Cokepl 1Ll all -

(Tox. 0y = Cp’%”%”iv

where C, > 1 > ¢, > 0 are generic constants depending on the mea-
sure of Q,.

Proof. Eq. (14) implies that R,y can be regarded as a harmonic
extension of y, then there exists a positive constant C; > 0 inde-
pendent of k, [14] such that

IRs X111 @y < Call 2l -

This inequality together with Cauchy-Schwarz inequality yields

1
ap(Rp/v Rp1t)

I<
<§p IRy Ml @, [Rp el g,

(Tox 10| =

¢
<Ep(cl)2nxnwmu

<CokpllZILall el 4,

where C, = max % 1) > 1. Meanwhile, by noticing R,y = 0 on I'y,
we can apply Poincaré inequality [2] and the Trace theorem [14] to
obtain

1
=—a,(R,¥,R

g p(Ro X, Ro )

kp

T2 )
Ry 21

g
k
g‘%czuRpanl @)
Sk

> (C2Cslxl,)°
>CPkP”X”i’

where ¢, = m1n(C2C3 <1, O

3.4. Error estimates

Let us set up the error estimates based on the operators T, and
Ty. Firstly, define the error terms ek = ¢ — ¢ inQy, e = uf —uy and

=pf —pr in @, and iy = 5 — [k, 55 +8¢] and 7f = nf — [n-
(T(ug, py) - n) + pug - n] on I'. Since {uy, p;} and ¢ satisfy Stokes Eq.
(1) and Darcy Eq. (2), respectively, we apply integration by parts
to (1) and (2) and obtain

as(uy, v) + bp(v,py) + B [1-(ur - ) (v - n)ds
= [r[n- (T(us,pf) - n) + pus - nj(v n)ds+fgff- vdx Vv e Hy,
be(ur,q) =0 Vg e Qy,
(19)

pas(o.0)+ [ gowds = [ ( e, 20

By subtracting (19) from (6) and (20) from (7), respectively, we ob-
tain the following lemma.

+g¢>> yds Yy eH,  (20)

Lemma 4. Those error terms satisfy the following equations:

ar(ek, v) + by (v,ek) +p [.(ek-n)(v-n)ds
= [pif(v-n)ds Vv eH, (21)
bf(eﬁvq): quQfa
and
pay( e¢, /ged)l//dS*/?’]p!ﬂdS Yy € Hp. (22)

In fact, with the help of the operators T, and Ty, (21) and (22)
can be interpreted as follows:

Trel - n + pel - n = iff,
BTogel + gely = iy,

which implies e - n and ej) can be expressed as follows.

Lemma 5
ek -n=(T;+p)'7f in4 (23)
gek = (BT, + )"k in 4, (24)

where I : A — A’ is defined by using Riesz representation theorem: Gi-
ven n € A, In € A’ such that

N8,y =(n) Vied,

with (-,-) , denoting the inner product of A'. Then ||In|| , = |11l -

Meanwhile, the definition of 7f, the formula of #f in Algorithm
1, and the interface condition (3) yield
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it =ngtt — - (T(up,py) - 1) + Bug -]
:[n"—2g¢>"]—{ 8¢~ Fky ﬂ

_< [ p "’+g¢D—2(g¢>"fg¢)

:np - 2ge¢. (25)
Similarly, we obtain
iy =2pes-n— . (26)
Puttmg (24) into (25) and (23) into (26) yields
it =iy — 28T, + 1) '
=[(BT, +1) = 20)(BT, + 1)1
=(BTy = (BT, + )11y,
and
et =2B(Ty + BI)~'igf — if

=[2p1 - (Ty + /”)](Tf + B ilf
=(BI = Ty) (B +Ty) ' f.
Then 7 and 77§ have the following iterative relations.

Lemma 6. If we define two operators in A', S, = (BTp — ) (BT, + n!
and Sy = (Bl — Ty)(BI + Tf) ", then

{ﬁ}‘“ — S = S
= S =SS

Therefore, if we can show that S¢S, and S,S; are contractive opera-
tors in A’ such that ||S¢|| - |Sp|| < p < 1 uniformly for any values of
v and kj, we can conclude that ||7ff||, and |7}, converge to zero
with the convergence rates independent of both v and k,.

Theorem 7. The operators S, S, : A" — A’ satisfy

.0 < | 122 ooky + B - Gk,
PN 280k + p2-C2KE T
I < |2 2By GV
e B> +2B- v+ Civ2
Proof
ISoll% _ 11GBTy =BTy + D) il
[ [
Let § = (BT, +1)"' u € A, then p = (BT, + ) and we have
ISpitls _ BT, = Dl
Il 1I(BT, +1)11||ir
_ BATonle = 2B(Ton, In) + Il
BITonl + 28(Tpn,In) + [In]1%
BTl — 2B(Ton, ) + IInll
BTl + 28(Tm ) + Il
< BTy =28 cokylnlly + 1l
S FITnIE + 26 cokollnl2 + I
1-28-coky + - ”T\Cfﬂ”
- [

1428 ¢k + 550
_1-2B-6k + g - Ck:
15 26 coky + B2 - CoE

where the first inequality holds since T, is coercive by Lemma 3 and
f(x) =% s a decreasing function with f’ > 0 when a,b > 0, while
the last inequality holds due to the continuity of T, in Lemma 3
and the fact that f(x) = & is an increasing functlon with f/ >0

when b > a and ¢ > 0.

Therefore,
, 1-28-cyk, + f* - C2k?
”Sp” — Sup ”Splu”/l g ﬁ p™p ﬂz 121 127
e 1Ly 1428 coky + 7 ok

IS¢|l can be estimated similarly. O

Remark 2. Theorem 7 implies that Algorithm 1 is always conver-
gent when § > 0. However, the upper bounds of ||S,||, ||S¢|| and thus
ISyl - IS¢l may tend to one if both k, and v tend to zero. Therefore,
the convergence rates of 1”75 and 17/}‘ are deteriorated and the
required number of iterations can become very large when k,
and v are small. In order to make sure at least one norm is uni-
formly bounded below p <1, which is enough to ensure
ISp1l - IISfll < p < 1 by Theorem 7, we need to determine $ adap-
tively as shown in the following three theorems which consider
all possible scenarios of k, and v. Since both k, and v cannot tend
to infinity under any circumstances, it is reasonable to assume
ky,v < M for a fixed value M > 0 from now on.

Theorem 8. Suppose 1<k, <M and 1< v, <M are well above
zero. If we set p =1, then |Sp|, ||Sf|l and ||Sp| - ||Sf|| are uniformly
bounded by a constant less than one for all such k, and v,

5.0 < 1- 26,,M+C2M2
PPN+ 20,M + CZM2
1-2¢M +CM?
IS/ < | s <
1+2¢M + ;M

1-2¢,M+CM? |1-2¢M C2M2
ISpll- ISl < 4| ot T | SO RS
1+2M+CM* \[1+2¢M + M

Proof. From Theorem 7 with g =1, we have

21,2
e 1-2¢,kp +C12,k§.
1+ 2¢pkp + Gk,

. -1: . 1- 2cpx+C X2 Py
By defining an auxiliary func:no?f( 1) Tragche and noticing C, >
1>c¢,>0, we get f'(x) = “fz"ﬁxﬁ > 0 wherever x > 1. There-

fore, f(x) is an increasing function so that

ISpll < \/f(Kp) < y/f(M) =

Estimate of ||S¢|| can be set up similarly. Combination of ||S,|| and
IS¢|| concludes the proof. O

1-2c,M + c21v12
14 2¢,M + c2M2

Therefore, we can simply set the parameter = 1 to ensure uni-
form convergence of Algorithm 1 when both k, and v do not tend
to zero. Next, let us consider the scenarios when either k, or v be-
comes small.

Theorem 9. Suppose 0 < k, < 1. If we set = M v Where M, > 1 is
an arbitrarily fixed constant, then ||S¢|| and ||Sy|| - |TSf\| are uniformly
bounded by a constant less than one for all such k, and any values of
v > 0.
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M? — 2¢,M, + C?
IS5 <\ 3 3enr v c2 < 1
> +2¢,Mp +C,

M? — 2¢,M, + C?
ISl ISl < 4|5 < 1.
M; +2c,M, + G,

Furthermore, when we set M, = C,, the above norm bound attains its

minimum value ,/Eg;g to ensure the best convergence rate.

Proof. Theorem 7 provides an upper bound of ||S,|| as follows:

21,2
IS, < | L= 2k £ F Gyl
b 1+ 2k, + fCK

It is obvious that choosing f = ﬁkp for a fixed constant M, > 1 will
eliminate k, in the above expression to obtain

2 2
M; - 26My +G

ISpll < \|—————5 < 1.
M2 +2¢,M, + Ca

Meanwhile, ||S¢|| < 1 always holds from Theorem 7. Therefore,

M? — 2¢,M, + C?
ISl - 157 < o | c———5 < 1.
M, +2¢,M,, + G,

In order to find the optimal M, to achieve the minimal upper bound
for ||Sy|| - |ISr]l, let us consider the function of M, inside the square
root:
M2 — 2¢,M,, + C
f(My) = 5P
My +2¢,M,, + G,
Direct computation yields
, 4c, (M, + Cp)(M, —
f(Mp) = p(2 5 DM, 2 2p)'
(M; +2¢,M, + Cp)

It is obvious that M, = G, is the only critical point of f(M,) which
achieves its minimum value there. Therefore, if we set = ﬁ in
Algorithm 1, we get

_ G =6
5p'|5f||<\/f(Cp)_\/; .

Remark 3. Although Algorithm 1 converges for any value of
M, > 1, the best convergence rate is achieved when M, = C,. How-
ever, C, depends on the measure of ©, and cannot be determined
exactly. Numerical tests from Section 5 have verified that Algo-
rithm 1 is not quite sensitive to the parameter ﬂ:m so that
the optimal value of M, can be chosen from a wide range. The fol-
lowing Algorithm MP is proposed in order to find an ideal value of
M, which is a good approximation to Cp.

Let us define a function (e A= H%O(F) which equals to 1
almost everywhere in the interior of I and drops down to zero
continuously near 9I" in order to satisfy zero boundary condition.
To simplify the description, let us restrict to 2D case while 3D case
can be handled similarly. Assume I is expressed by a piecewise
smooth bijective function h : [0, 1] — I where h(0) and h(1) denote
the endpoints of I'. Then {(x) is defined as follows:

a2 xeh((0,0.01))
{x) =41 x € h([0.01,0.99))
a2 xeh((0.99,1]),

By setting k, = 1 and y = = { in Lemma 3, we obtain

(Tol O = 28 (Ro, Ro) < Cp - 1[5

1
g
Therefore, M, = % < G, is considered as a good approximation
to C, where |||, is calculated from the half-norm definition (16).

Algorithm MP. Compute M :?\(\?E) where k, =1 and ¢ € H,
satisfies '

{apw,w) =0 VyeH\2,),

onlI. (28)

$=1{
Theorems 8 and 9 are concerned with two scenarios of either small
k, <1 with arbitrary v or large k, > 1 with large v > 1. The
remaining scenario of large k, > 1 with small v < 1 is considered
in the following theorem, whose proof is similar to that of Theorem

Theorem 10. Suppose 0 < v <1 and 1 <k, < M. If we set f = Myv
where My > 1 is an arbitrarily fixed constant, then ||S¢|| and ||Sp|| - ||Ss||
are uniformly bounded by a constant less than one for all such v and
kp.

M? — 2¢:My + G
M7 +2¢:My + C;

M? — 2¢;M; + C?
ISl - ISyl < 4|t L <1
M} +2¢:My + C

Furthermore, when we set My = Cy, the above norm bound attains its

. c—
minimum value cﬁ +Z to ensure the best convergence rate.

1571l <

)

Proof. Theorem 7 provides an upper bound of ||Sf|| as follows:

2 _ 2B cpv + C3y2
Il < || 2B g GV
B +2B v+ Cpr2

It is obvious that choosing = M;v for a fixed constant My > 1 will
eliminate v in the above expression to obtain

M; — 2¢:My + G

15711 <
M} +2¢:My + G

Meanwhile, ||S,|| < 1 always holds from Theorem 7. Therefore,

M? — 2¢iMy + C?
IS - ISyl < | Atk <1
M} +2¢:My + G

In order to find the optimal M, to achieve the minimal upper bound
for ||Sp|| - IS¢|l, let us consider the function of My inside the square
root:
2 2
o) = My — 2¢My + Cf ‘
M} +2¢;Mj + G

Direct computation yields

, 4c;(My + Cr)(Mj — C
f(Mf): f(zf f)( f 22f)
(Mf + 2¢sMy + Cf)

It is obvious that M; = C; is the only critical point of f(M;) which
achieves its minimum value there. Therefore, if we set = C;v in
Algorithm 1, we get

i

. <
ISp1- 51 < \ [
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Remark 4. Similarly as in Remark 3, it is impossible to determine
the optimal value My = C; which depends on the measure of €.
The following Algorithm MF is then proposed in order to find an
ideal value of My > 1 which is a good approximation to C;. To this
end, we set v=1and y = 4 = { in Lemma 2 to obtain

G- lClA

< Gy performs as a good approximation to Cy.

I(T5 O = ag( ft,RfC)

Therefore, M; = %& Hsz )
slia

ay uu)

Algorithm MF. Compute My =
Qs satisfies

where v =1 and (u,p) € Hfx

a(u,v) + b(v,p) =0 Vv e (Hy(Q))"
bs(u,q) =0 VqeQ (29)
u-n=¢ on I

where the tangential components of u equal to zero on I" automat-
ically due to the definition of H;.

Combination of Theorems 8-10 and Lemma 6 yields the follow-
ing convergence theorem.

Theorem 11. Suppose the parameter B be chosen adaptively as
follows: p=1whenk, > 1andv > 1; = M Wk with an ideal value of
M, > 1 determined from Algorithm MP when 0 < ky <1 and v is
arbitrary; § = Myv with an ideal value of My > 1 determined from
Algorithm MF when 0 < v < 1 and k, > 1. The error term sequences
{ﬁf,}f’:] and {ﬁ}‘},‘f:] converge to zero with the convergence rate p
independent of both k, and v,

liglle < Co*, liiflle < Cp",

where C is a generic domain dependent constant, M > 0 is the upper
bound of both v and k, and

— max 1-2¢pM+CiM? 1-2¢M+C; M
p= 1 20pM+GGM*  \/ 12 M+CGM>
2 2

ME—ZCpMerC; M);chfMl#Cjz 1.
M, +2cpMp+C’ Mg +2¢;My+Cp

Finally, let us apply Lemmas 4 and 5 to show that {e, ek, ek}
share the same convergence property.

Theorem 12. The error sequences {ef, ek, ek} satisfy for a generic
constant C which depends on the measure of Qp and &y,

k ok K
HeuHH’(szf) < Qg o He ll2( @) S C”’]f”/ﬂ H%HH%Q,, C”’] [l

Proof. From the second equation in Lemma 5, we have

—H(ﬁTp+1) AREA P

_ 1 sup 18T+ ul,

g e ”:u”/l’
(BT, + D' e A, then u= (BT, +

BT, + D"l il
Il I(BTp + Dl
_ Il
BITonl% + 28(Tpn,n) + )%
<||n\|A Il _
Il% Il

leglly <
gl

Let = Dn and we have

Therefore,

1,.
k k
llegl 4 <§Hf7p||m~

Furthermore, since ei; = ¢¥ — ¢ in Q, can be regarded as a harmonic
extension of ek on I, then

Ci -
< Cillegl < él\’l';ﬁlu- (30)

I
lleg Iy (@)
Similarly, we can show that

< Collifflly- 31

i
||efz||H1(Qf)

Finally, let us estimate He"HLz

. Since ek € L*(Q), there exists
w e (Hy(2))", w0 such that

k k
O‘O”epHLz(Qf)HWHH%Q,) < —br(w, ),

where o > 0 is the inf-sup condition satisfied by bs(v,p), and the
H'-norm of the vector function w = (wy,...,wy) is defined as

Z HWk“Hl (@)

Replacing v by w in (21) of Lemma 4 and noticing that w=0on T,
we have

Wi g,

1
i
||e;§HL2<Qf)HWHH1<Qf> < aoaf(e W) < —He [l ) Wl @)
Therefore,
C3 C3C2
65112 < 52 ekl ) < o2 1L (32)

%) finishes the proof. [

Taking C = max(cg—‘, Cs,

Theorems 12 and 11 yield the main result of this paper as
follows.

Theorem 13. If the parameters § is set adaptively as in Theorem 11,
the iterative solutions {u}ﬂp}ﬂ $*} in Algorithm 1 converge to the
original analytic solution {us, ps, ¢} where the convergence rates are
independent of k, and v,

k
||u}( - uf“H‘(szf) < Cpt, HP}< *Pf”LZ(Q/) <Cpt, gt - Dl (o, < Cpt,
where C > 0 is a domain dependent constant and 0 < p < 1 is specified
in Theorem 11.

4. Finite element discretization

On the domain Q = Q, |J @y, we set up a regular triangulations
2, of size h >0 made up of triangles if d =2 or tetrahedra if
d = 3 such that the sub-triangulations X, in ©, and Xp, in & are
compatible on I, i.e., they have the same partition 2., on I'.

We apply Taylor-Hood mixed finite element on Xy and P, finite
element on X,, to approximate the original coupling problem (1)-
(4). Some conforming finite element spaces are defined to approx-
imate Hy, Qf, H, and 4,

Hnp = {ve@Vp)':v-1,=0, 1<j<d-1},

Qn = {4y €C@) : ayly €PA(T) VT € 2y},

Hpw = {¥, € C(2p) : Yyly € Po(T) VT € Zpp, by, =0 on Iy},
An = {n, € (D) :yl, € Pa(T) VT €},

where

Vi ={vh € C(Qf) : vhly € Po(T)VT € Xy, v, =0 on If}.

Then we have that v, - n € 4, for any v, € Hy and y,| € A, for any
Wy, € Hpn. Since conforming finite elements are utilized here, we
have Hp, C Hy, Qp C Qy, Hyn € Hp and A, C A.

The analytic problem (1)-(4) is then discretized as follows.
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Find (um, ps) € Hn % Q. ¢y € Hpn such that

be(vn, Pm) + 80y (Pn, Vi) + [; 8bn(vn - 1)
— Jr & (um - 1)

Jfo Un Vl}h S Hﬂ,, !ﬂh c th,

by (upm, q5) 0 VYg,<cQp.

The discretized DD method to solve the finite element problem (33)
becomes:
Let 17}, = nj, = 0 be two assigned trace functions in A, and f > 0
be the parameter determined based on v and k;, as in Theorem 11.
Then repeat the following steps for k = 1,2, ... until convergence.
Step 1. Find (uf,, pf,) € Hp x Qp and ¢ € Hpy such that

ag (ufy, vu) + be(wn, ) +B [ (ufy - 1) (wn - )
= fr’?}‘h(vn -n) +f9[f- vn Vo € Hp,

ag(um, vn) +

(33)

bf(ufkh’CIh) =0 va, € Qp,
(34)
and
ap(hon) + [ gdkn = [ min v € Hon (35)
Step 2. Set on I’
mi' = 2Buf -n—nf,

Since the discretized problem has the same formulation as the ori-
ginal analytic problem, we can simply follow the procedures of Sec-
tion 3 to show the uniform convergence of {uf’;,p}‘h,qﬁ’,j} towards
{um,pm, #n}- To this end, let us introduce the discretized Steklov-
Poincaré operators Tpy, T : A — A}, as follows.

For any y, € Ap, Tpn), satisfies

1
(Tonn, M) :gap(RphthRphﬂh) Vi, € Ap, (37)

where Ry ), € Hyy, is the solution to

{ ap(Ron )X, Y1) = 0
RonYn = 2

For any y;, € Ay, Ty, satisfies

(T s ) = G5 (Rpy s Runfty) + by (Runfty, RiyXn) - ity € A, (39)

where Ry is any possible continuous extension from 4, to Hg such
that (Rippty) - =, on I for all p, € Ay, and (Ry, %, Ry, 1) € Hpx
Qg is the solution to

Y, € Hy, = {v € Hylv=0o0n I'},

onl. (38)

ar(Ri X vn) + be(vn R 3,) =0 Vo, € Hy,
bf(R}thw qh) =0 th € thv (40)
Ryin -0 = 1y on T,

where Hfoh ={v e Hp, : v-n|; = 0}. The above discrete operators Ty,
and Ty, have the following properties.

Lemma 14 (Lemma 1, Section 4.1 of [5]). Ty, : A, — A}, is a linear
continuous and coercive operator satisfying

(T dns )] < Crvllallall il 4
(Tl An) = SVl

where Q > 1 > ¢ > 0 are generic constants independent of both v
and h.

Lemma 15. Ty, : A, — A} is a linear continuous and coercive opera-
tor satisfying

T on s )] < Cokipl123 1ol 22411 4
(Ton X An) = Cokpll 24115,

where C, > 1 > ¢, > 0 are generic constants independent of both k,
and h.

Proof. By replacing vy, by Ryn ), — Hu,, in equation (38), where Hy,
is the Galerkin approximation of the harmonic extension operator
defined in (44) of [4], we have

ap (Rpn s Ron ) = ap(Ron s Hu )

The Uniform Extension Theorem (Theorem 4.1.3, [16]) says that
there exists a positive constant & > 0 depending on the measure
of ©Q,, but independent of h, such that

HHhXhHI-ﬂ(Q,,) < 5‘”%}1”/17 Viln € An-

Therefore,

1
[Ron 2l @) T % (Rpn 2h> Rpn 7

Kp
1
:Fap(RpthHhXh)
p

g%"pmph%hh] @ HoXnli g,

<IRon Xl o) * Ol n Lo
ie,
IRon w10,y < %l nlla-
This inequality together with Cauchy-Schwarz inequality yields
(Tonn: )| :%ap(RpthRphﬂh)
ky
g

k, -
<Ep0€2\|}{h||4 a4

<~ IRon Xl g, - [Ron Myl g,

<Coko 12111, 24 1
where Cp = max(%z, 1). Meanwhile, application of Poincaré inequal-
ity and the Trace theorem yields

1
(Ton)ns n) :Eap(Rphth Rontn)

k,

2
s IRon Xn 141 o)

k
> gp (CrlIRpn Xall )

k
E“(clczuxhnuz

~ o2
= Cpko |11 %5

~ . c2c2
where ¢, = min (M,]). O

=

g
Lemmas 14 and 15 show that T, and Ty, are still as continuous
and coercive as their analytic counterparts while the constants C,,
& and Gy, ¢ are independent of ky, v as well as the mesh size h. We
can simply follow along the direction of Section 3 to set up a sim-
ilar uniform convergence result as follows.

Theorem 16. Let the parameter § be set adaptively as follows: =1
when k, > 1and v > 1; p = . with an ideal M}, value determined
pkp

from the discretized version of Algorithm MP when 0 < k, < 1 and v is
arbitrary; ﬁ:va with an ideal 1\71f value determined from the
discretized version of Algorithm MF when 0 < v < 1 and k, > 1. The
iterative solutions {u}‘h,pf"h, (;5,’;} defined in (34)-(36) converge to
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the finite element solution {ug, pg,, ¢5} of (33) where the convergence
rates are independent of k,, v and the mesh size h.

k Ak k Ak
llug, — uﬂ’lHHl(Qf) <Cp", b _pthLZ(Q,) < Cpf,
k  k
lén = Pulln o, < €O,

where C > 0 and 0 < p < 1 are domain dependent constants with
= 1-26pM+CoM? 1-26M+CM?
p= max 1+ 2eMrGM? T\ 12g MM

- PRV VIZ 26 Mo +C2
il LRSS s s IO
M2-+2¢,Mp+C2’ M242¢;-Mj+C2 ’

f f

5. Numerical example

We consider a domain Q c R* with Q@ = (0,1) x (1,2), €, =
(0,1) x (0,1) and I =(0,1) x 1. Boundary conditions and the
right hand side f are chosen such that the exact solution of the
coupled Stokes-Darcy problem is uy = (y2 — 2y + 1,x* — X), p; = 2v
x+y—1)+1/Bky), & =[x =X)(y — 1) +% — ¥ +y]/ky + 2%,
with v and k, constant in © and Q,, respectively. We assume g = 1.

We apply Taylor-Hood finite element to approximate the
Stokes problem, and quadratic Lagrangian elements to approxi-
mate Darcy equation. A relative tolerance of € = 10~* is imposed
for the error control so that the iteration will stop at step k when

K apk=1) 1k _ k1| ok ke
max g —up | 1P — P | [ — b | e
) bl 9

uf,| + € " Pl +€ " |pf| + €

where €, = 1077 is used to avoid division by zero.

All the test programs are written by C++ and run on Dell Insp-
iron E520 Desktop with Intel Core(TM)2 Duo 1.86 GHz CPU and
1G RAM.

5.1. Parameter independence tests

Table 1 shows that the number of iterations are under control
by simply setting =1 when v > 1 and k, > 1. We can observe
that the number of iteration is indeed independent of the mesh
size h.

When k, < 1 is small, we first apply the discretized version of
Algorithm MP to obtain M, ~ 12.0. Table 2 then shows that the
number of iterations from Algorithm 1 is stable with arbitrary val-
ues of k, when we set the parameter f = m adaptively.

As to the remaining situation where v <1 and k, > 1, we
apply the discretized version of Algorithm MF to obtain

My =~ 50.0. Table 3 also shows that the number of iterations is sta-
ble when we set = M;v in Algorithm 1.

5.2. Algorithm comparison tests

In order to compare the numerical performance of Algorithm O
by Discacciati et al. [6] and Algorithm 1 proposed here, we solve
the above example by using both algorithms respectively with
the same mesh size h = j; and the same tolerance. We then evalu-
ate the total number of iteration steps for each algorithm. Since the
working load of one iteration in Algorithm 0 is actually twice that
of Algorithm 1, we double the number of iteration steps of Algo-
rithm O for the fairness of comparison. Table 4 compares the iter-
ation numbers for Algorithm O with optimal parameters 7,7,
and Algorithm 1.

The table shows that when k, > 1 and v > 1, both algorithms
achieve similar efficiencies while Algorithm O requires less itera-
tion steps than Algorithm 1. However, when either k, or v tends
to zero, Algorithm 1 still keeps the same efficiency while Algorithm
0 demonstrates a much poorer performance. Therefore, Algorithm
1 is stable with parameter variation while Algorithm O becomes
deteriorated when the parameters v or k, tend to be small.

It should be noted that an Aitken acceleration technique is also
applied to Algorithm 0 in [6] so that its numerical performance is
greatly improved when v and k, are small. However, Algorithm 1
has a simpler structure and is also stable with inherent parameter
variation without necessity of any acceleration technique, which
prevents us from providing specific estimates on the error reduc-
tion factors in Theorems 13 and 16.

5.3. Sensitivity tests

To validate the sensitivity of Algorithm 1 to variation of param-
eter 8, we consider three scenarios with different values of v and k,.
Fig. 2 shows that under all circumstances, the total number of iter-
ations is stable when g is chosen from a wide range close to its
optimal value. Therefore, Algorithm 1 is not quite sensitive to f
and provides us computational convenience in choosing f3 to solve
coupled Stokes and Darcy flows.

5.4. Convergence rate tests

In order to verify the convergence rate of the iterative solution
towards the given analytic solution {u, py, ¢}, the error sequences

luf, — Urllyr g, IPf — Prllzg, and ¢ — lly1(q,) are reported in

Table 3
Table 1 Number of iterations when v <1 and k, > 1.
Number of iterations when v > 1 and k, > 1. (v, kp) B hy =4 hy =4 hs =%
(v, kp) B hy =4 hy =4 hs = 3 (107,1.0) 5.0 48 55 59

-2

(1.0,1.0) 1.0 28 32 33 (0 o1l 05 34 38 41
(5.0.5.0) G 3 3 P (1073,2.0) 0.5 39 44 48
(10.0,5.0) 1.0 29 32 35 (1077,1.0) 0.05 53 57 61
(15.0,20.0) 1.0 36 36 32

Table 4
Table 2 Number of iterations for Algorithms 0 and 1 with different v and k,.
Number of iterations when k, < 1 and v is arbitrary. - - - -

(v, kp) Iterations for Algorithm 0(y4, ) Iterations for Algorithm 1 (B)

= = — i

(v.kp) b h =1 h =5 hs=a  (50,50) 10 (1.0,1.0) 35 (1.0)
(10.0,107%) 8.33 49 54 60 (1.0,1.0) 14 (1.0,1.0) 33 (1.0)
(1.0,1072) 8.33 52 57 61 (1.0,1073) 248 (1.0,1000) 39 (83.3)
(1072,1072) 8.33 35 45 45 (1072,1072) 410 (0.01,100) 45 (8.33)
(1.0,1073) 83.3 33 35 39 (1072,1.0) 294 (0.01,1.0) 41 (0.5)
(1.0,107%) 833 35 45 45 (10-3,1.0) 296 (0.001,1.0) 61 (0.05)
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Fig. 2. Number of iterations versus parameter f.

Table 5 where the parameters are set to k, = v = 1.0, = 1.0 and
h =Z4. Fig. 3 shows that the logarithms of the above error se-
quences seem like linear functions of iteration step n. This matches
with the theoretical error estimates reported in Theorems 13 and
16.

The convergence plot also exhibits stagnation of all the
iteration errors after iteration step 16. This is due to the fact
that [jug — uyll;p @) is composed of an iterative error term
[[uf— Ul g, Which obeys Theorem 16 and a discretization error
term |[up — Uyl g, Which only depends on h. When n is small, the
discretization error term can be ignored compared with the dom-
inating iterative error term whose logarithm is a linear function
of n as observed; While n becomes large, the iterative error tends
to be small so that stagnation happens due to the discretization
error term which cannot be ignored. Same explanations also apply

for |Ipj, —PfHLZng and ¢y — Dl q,)-

Table 5
Convergence of the iterative solutions towards the analytic solution.
n ”“Fh - ufHH‘ () Hp/rln — pf“LZ(g,) Hd’ﬂ - d)HH](Qv)
1 1.19e-1 1.15e0 6.46e—1
6 9.63e-3 1.0le—-1 6.53e—2
11 1.52e-3 8.49e-3 6.93e-3
16 3.48e-4 8.14e—-4 7.86e—4
21 9.56e—5 1.13e—-4 4.13e—4
26 7.82e-5 8.67e-5 4.08e—4
31 7.78e—-5 8.52e-5 4.07e—4
0 1 6 1 16 21 26 31 >
n
N o velocityu
N * pressurep

1F - potential ¢

4

Yiog,,lly, il (y=up, ¢)

Fig. 3. Convergence of the iterative solutions.

6. Conclusion and future work

In this paper, we constructed a robust parallel algorithm to
accurately model the coupling of surface and groundwater flows.
The non-overlapping DD method is used to decouple the original
problem in the fluid and porous media regions. Taylor-Hood mixed
finite element method and P, finite element method are used to
discretize the fluid and porous media problems, respectively. The
error estimate of the iterative solution towards the original solu-
tion is provided to show convergence of the algorithm. Meanwhile,
the algorithm is insensitive to the viscosity v of the fluid and the
hydraulic conductivity k, of the porous medium by choosing the
parameter 8 adaptively.

In the future, we will apply non-matching grids in the fluid and
porous regions to fulfill different meshing requirement. This will
provide great flexibility in constructing parallel algorithms to solve
coupled fluid and porous media problems whose domains can be
discretized independently.
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