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1. Introduction

In this paper, we consider coupling between surface and
groundwater flows, one of the most important environmental is-
sues in the world. It includes how the pollution from the lakes
and rivers makes its way into the water supply. This coupling is
also important in technological applications involving filtration.
The mathematical and numerical analysis of the model for the
coupled problem has been well established in recent years
[3,8,13,15,17]. The model consists of the Navier–Stokes equation
for the fluid region coupled across an interface with the Darcy
equation for the filtration velocity in the porous medium. However,
most of the numerical algorithms are sequential methods and can-
not fully utilize the parallel computing resources to improve their
numerical performance. The objective of this paper is to construct a
new iterative parallel algorithm based on a recently developed
non-overlapping domain decomposition (DD) methodology to
model the coupling problem accurately and efficiently. Meanwhile,
the performance of the new algorithm will not be affected by
parameter variations.

First, let us quickly review the related research in this field. In
[13], Layton et al. consider a formulation based on the Beavers–
Joseph–Saffman interface conditions, prove the existence and
uniqueness of a weak solution, and analyze a continuous finite ele-
ment scheme coupled with a mixed finite element method. In [17],
Riviere and Yotov employ the mixed finite element method for the
Darcy region and the discontinuous Galerkin method for the Stokes
ll rights reserved.
region. In [15], Mardal et al. apply finite element method to solve a
singularly perturbed Stokes problem with Darcy flow as a limiting
case. Other interesting computational studies of the coupled prob-
lem can be found at Gartling et al. [8], Salinger et al. [18], and
Galvis and Sarkis [7]. All these approaches use various ad hoc inter-
face decoupling strategies. However, no parallel algorithms are
constructed therein.

Most recently, Discacciati et al. [3–6] solved the coupled prob-
lem where the Darcy equation is replaced by a scalar elliptic prob-
lem for the sole piezometric head /. Several sequential DD
methods of either Dirichlet–Neumann or Robin–Robin types based
on the choice of the fluid normal velocity across the interface were
proposed and analyzed such that the number of required iterations
for convergence is independent of the mesh parameter h, for suit-
able conforming finite element approximations of the coupled
problem. In order to utilize parallel computing power to solve
the problem, a parallel DD method was proposed in [6]. The
numerical results showed that although the number of iterations
is indeed independent of the mesh size h, it can still become very
large when the viscosity m tends to small values. An Aitken acceler-
ation technique was then applied to this DD method so that better
convergence results were observed for the improved method when
m is small.

In this paper, we will propose a new parallel algorithm based on
the non-overlapping DD method with Robin conditions on the
interface to solve the coupled Stokes and Darcy flows. Convergence
of this new algorithm needs to be set up from both analytic and
discrete levels. The number of iterations for convergence should
be independent of the fluid viscosity m and the porous medium
conductivity tensor K without using any Aitken acceleration
technique, which will complicate the algorithm and also prevent
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us from setting up an explicit formula for the error reduction
factor.

This paper is organized as follows. In Section 2, we set up the
formulation of coupling of surface and groundwater flows. In Sec-
tion 3, a new parallel non-overlapping DD algorithm is then intro-
duced at the analytic level. Error estimate of the iterative solutions
towards the original solution shows that the convergence rate is
independent of the parameter variation. In Section 4, finite element
discretization of the analytic problem is set up and the discretized
DD method achieves a similar error estimate. In Section 5, the DD
algorithm is applied to solve a model problem of coupled Stokes
and Darcy flows. The numerical result confirms the theory. Com-
parison with the parallel DD algorithm from [6] shows that our
new algorithm has a better numerical performance. In Section 6,
conclusion of the paper and some future research highlights are
given.

2. Problem formulation

Let us set up the mathematical model at first. Let X be a
bounded domain in Rd, d ¼ 2;3 decomposed in two non-intersect-
ing sub-domains Xf filled by a fluid and Xp formed by a porous
medium which are separated by an interface C, shown in Fig. 1.
The other parts of the boundaries of Xf and Xp are denoted by
Cf ¼ @Xf n C and Cp ¼ @Xp n C, respectively. Let uf and pf denote
the fluid velocity and pressure in Xf and / ¼ zþ pp

qpg denote the pie-

zometric head with z the elevation height, pp the pressure and
qp > 0 density of the fluid in Xp. The flow in the domain Xf satisfies
the Stokes equation and the flow in the domain Xp satisfies the
Darcy equation as follows:

�r � Tðuf ; pf Þ ¼ f in Xf ;

r � uf ¼ 0 in Xf ;

uf ¼ 0 on Cf :

8><
>: ð1Þ

�r � ðkpr/Þ ¼ 0 in Xp;

/ ¼ 0 on Cp;

�
ð2Þ

where Tðuf ; pf Þ ¼ �pf I þ 2mDðuf Þ is the stress tensor with
Dðuf Þ ¼ 1

2 ðruf þruT
f Þ the strain tensor. m is the viscosity of the fluid,

kp is the hydraulic conductivity of the homogeneous porous media
whose conductivity tensor is K ¼ diagðkp; . . . ; kpÞ.

These equations are coupled with proper interface conditions.
To ensure the continuity of the normal velocity and the normal
component of the normal stress across C, we have

�ðkpr/Þ � n ¼ uf � n
g/ ¼ �n � ðTðuf ;pf Þ � nÞ

(
on C; ð3Þ
Fig. 1. Coupled fluid and porous media regions.
where n ¼ nf denotes the default normal direction toC and then np ¼�n.
Meanwhile, Beavers–Joseph–Saffman friction condition [10] implies

muf � sj ¼ ��sj � ðTðuf ;pf Þ � nf Þ; j ¼ 1; . . . ;d� 1; on C;

where � represents the characteristic length of the porous medium
pores and sj, j ¼ 1; . . . ;d� 1 are linearly independent unit tangen-
tial vectors to C. Since � is usually much smaller than other quanti-
ties, let us simplify the above condition as follows:

uf � sj ¼ 0; j ¼ 1; . . . ;d� 1; on C: ð4Þ

The coupled system (1)–(4) has the following weak formulation
which yields a unique solution based on Brezzi’s theory [1].

Find ðuf ; pf Þ 2 Hf � Qf , / 2 Hp such that

af ðuf ;vÞ þ bf ðv ;pf Þ þ gapð/;wÞ þ
R

C g/ðv � nÞ �
R

C gwðuf � nÞ
¼

R
Xf

f � v 8v 2 Hf ; w 2 Hp;

bf ðuf ; qÞ ¼ 0 8q 2 Q f ;

8><
>:

ð5Þ

where

Hf ¼ fv 2 ðH1ðXf ÞÞd : vjCf
¼ 0;v � sjjC ¼ 0;1 6 j 6 d� 1g;

Qf ¼ L2ðXf Þ;
Hp ¼ fw 2 H1ðXpÞ : w ¼ 0 on Cpg;
af ðu;vÞ ¼ 2m

R
Xf

DðuÞ : DðvÞ; bf ðv; qÞ ¼ �
R

Xf
qr � v ;

apð/;wÞ ¼
R

Xp
kpr/ � rw:

In this paper, we will construct a robust parallel DD method whose
number of iterations is insensitive to the parameters m and kp. In fact,
such a non-overlapping DD method was successfully applied to
solve free seepage fluid flow in porous media in [11,12], where con-
vergence of the iterative solutions towards the original solution was
provided at both analytic and discrete levels. We are then motivated
to apply this DD method in solving coupled groundwater and surface
flows, which is much more complicated than free seepage problem.

3. Parallel domain decomposition algorithm

3.1. Old parallel DD algorithm

Before introducing our new parallel algorithm, let us review a
Robin–Robin DD method constructed by Discacciati et al. [6],
which is the only reported parallel DD algorithm in solving coupled
system of Stokes and Darcy flows.

Algorithm 0. Let l1 ¼ 0 be an assigned trace function on C, and let
c1, c2 be two positive parameters; then, repeat the following three
steps for k ¼ 1;2; . . . until convergence.

Step 1. Solve ðuk
f ; p

k
f Þ 2 Hf � Qf and /k 2 Hp such that

af ðuk
f ;vÞ þ bf ðv ;pk

f Þ �c1

R
Cðuk

f � nÞðv � nÞ
¼
R
C lkðv � nÞ þ

R
Xf

f � v 8v 2 Hf ;

bf ðuk
f ; qÞ ¼ 0 8q 2 Q f ;

8>><
>>:

and

apð/k;wÞ þ 1
c1

Z
C

g/kw ¼ � 1
c1

Z
C
lkw 8w 2 Hp:

Step 2. Compute r̂k ¼ uk
f � nþ kpr/k � n ¼ uk

f � nþ 1
c1
ðg/k þ lkÞ

on C. Then, solve ðûk
f ; p̂

k
f Þ 2 Hf � Qf and /̂k 2 Hp such that

af ðûk
f ;vÞ þ bf ðv ; p̂k

f Þ þc2

R
Cðûk

f � nÞðv � nÞ
¼ c2

R
C r̂kðv � nÞ 8v 2 Hf ;

bf ðûk
f ; qÞ ¼ 0 8q 2 Q f ;

8>><
>>:
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and

apð/̂k;wÞ þ 1
c2

Z
C

g/̂kw ¼
Z

C
r̂kw 8w 2 Hp:

Step 3. Set on C

lkþ1 ¼ lk � h½n � ðTðûk
f ; p̂

k
f Þ � nÞ þ g/̂k�

¼ lk � h½c2ðr̂k � ûk
f � nÞ þ g/̂k�;

where h > 0 is a further acceleration parameter.

It should be noted that Step 2 performs like a correction step for
Step 1 in each iteration. Our new algorithm is developed based on
Algorithm 0 and will be introduced in next subsection.
3.2. New algorithm construction

The new parallel DD algorithm is stated as follows.

Algorithm 1. Let g1
p ¼ g1

f ¼ 0 be two assigned trace functions on C,
and b > 0 be the parameter which will be determined later based
on m and kp for uniform convergence; then repeat the following
two steps for k ¼ 1;2; . . . until convergence.

Step 1. Solve ðuk
f ; p

k
f Þ 2 Hf � Q f and /k 2 Hp such that

af ðuk
f ; vÞ þ bf ðv ;pk

f Þ þb
R

Cðuk
f � nÞðv � nÞ

¼
R

C gk
f ðv � nÞ þ

R
Xf

f � v 8v 2 Hf ;

bf ðuk
f ; qÞ ¼ 0 8q 2 Q f ;

8>><
>>: ð6Þ

and

bapð/k;wÞ þ
Z

C
g/kw ¼

Z
C
gk

pw 8w 2 Hp: ð7Þ

This corresponds to imposing the following interface conditions for
the Stokes and Darcy equations on C:

n � ðTðuk
f ;p

k
f Þ � nÞ þ buk

f � n ¼ gk
f ;

�bðkpr/kÞ � nþ g/k ¼ gk
p:

(
ð8Þ

Step 2. Set on C

gkþ1
p ¼ 2buk

f � n� gk
f ;

gkþ1
f ¼ gk

p � 2g/k:

(
ð9Þ

Remark 1. As a parallel Robin–Robin DD method, Algorithm 1 is
similar to Algorithm 0. Their distinction lies as follows: (1) Algo-
rithm 1 utilized two interface functions gf and gp for data exchange
versus only one in Algorithm 0; (2) For each iteration, Algorithm 1
needs to solve Stokes and Darcy equations only once while Algo-
rithm 0 needs twice. Therefore, Algorithm 1 only requires half of
the iterative variables and arrays as in Algorithm 0 and thus has
a simpler programming structure and needs less memory usage;
(3) Algorithm 1 provides a specific error bound independent of m
and kp as will be shown in Theorem 13, while Algorithm 0 has
no such error estimate, even for its improved Aitken acceleration
method. Comparison of numerical performance between these
two algorithms conducted in Section 5 will show that Algorithm
1 outperforms Algorithm 0 when either m or kp tends to be small.

Let us show that Algorithm 1 is a good approximation of the
coupling problem in the sense that once fuk

f ; p
k
f ;/

kg converge as
k!1, they will converge to the original analytic solution
fuf ; pf ;/g.

Lemma 1. Assume fuk
f ; p

k
f ;/

kg converge. Then they will converge to
fuf ; pf ;/g.
Proof. Suppose fuk
f ; p

k
f g ! fû; p̂g in Hf � Q f and f/kg ! /̂ in Hp,

respectively. Then taking the limits of (6) and (7) when k!1 yields

af ðû; vÞ þ bf ðv ; p̂Þ þb
R

Cðû � nÞðv � nÞ
¼
R

C ĝf ðv � nÞ þ
R

Xf
f � v 8v 2 Hf ;

bf ðû; qÞ ¼ 0 8q 2 Q f ;

8><
>: ð10Þ

and

bapð/̂;wÞ þ
Z

C
g/̂w ¼

Z
C
ĝpw 8w 2 Hp; ð11Þ

where by taking the limits of (8),

ĝf ¼ lim
k!1

gk
f ¼ n � ðTðû; p̂Þ � nÞ þ bû � n

ĝp ¼ lim
k!1

gk
p ¼ �bðkpr/̂Þ � nþ g/̂

on C:

8<
: ð12Þ

By putting the expressions of ĝf and ĝp in (12) into (10) and (11),
respectively, we obtain

af ðû;vÞ þ bf ðv ; p̂Þ ¼
R

C n � ðTðû; p̂Þ � nÞ þ
R

Xf
f � v 8v 2 Hf ;

bf ðû; qÞ ¼ 0 8q 2 Q f ;

(

and

apð/̂;wÞ ¼
Z

C
�ðkpr/̂Þ � nw 8w 2 Hp:

Integration by parts immediately implies that fû; p̂g and /̂ solve (1)
and (2), respectively. Meanwhile, taking the limits of two equations
in (9) yields

ĝp ¼ 2bû � n� ĝf

ĝf ¼ ĝp � 2g/̂:

(
ð13Þ

By putting (12) into (13) and noticing that b > 0, we can show that

n � ðTðû; p̂Þ � nÞ þ g/̂ ¼ ðkpr/̂Þ � nþ û � n ¼ 0 on C:

Therefore, fû; p̂g and f/̂g satisfy the interface condition (3). Mean-
while, û 2 Hf satisfies (4) automatically from the definition of Hf .
We conclude that fuk

f ;p
k
f ;/

kg will converge to the original analytic
solution if they are convergent. In other words, Algorithm 1 is a well
defined iterative method to solve the original coupling problem (1)–
(4). h
3.3. Associated operators

In the following, we will show that the iterative solutions
fuk

f ; p
k
f ;/

kg converge to the analytic solution fuf ; pf ;/g where the
convergence rates are insensitive to m and kp. To this end, let us
introduce two Steklov–Poincaré operators Tp and Tf from
K ¼ H

1
2
00ðCÞ to its dual space K0.

Firstly, we define Tp : K! K0 as follows: given v 2 K,

Tpv ¼ �
kp

g
@Rpv
@n

;

where Rpv 2 Hp satisfies

apðRpv;wÞ ¼ 0 8w 2 H1
0ðXpÞ

Rpv ¼ v on C:

(
ð14Þ

Then Tp satisfies the following weak formulation:

hTpv;li ¼
1
g

apðRpv;RplÞ 8l 2 K: ð15Þ

Since H
1
2
00ðCÞ will be used frequently in the rest of our paper, let us

review its definition (Chapter 1, [9]) here. At first, the Hilbert space
H

1
2ðCÞ is assigned with the norm
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kwk
H

1
2ðCÞ
¼ kwk2

L2ðCÞ þ
Z

C

Z
C

ðwðxÞ � wðyÞÞ2

jx� yjd
dcdc

 !1
2

;

where d ¼ 2;3 is the dimension of the domain X and dc stands for
the line or surface integral along C.

In order to define the subspace H
1
2
00ðCÞ of H

1
2ðCÞ, let us introduce

the distance function dðxÞ to the boundary @C of C:

dðxÞ ¼ distðx; @CÞ; 8x 2 C:

The space H
1
2
00ðCÞ is then endowed with the norm

kwk
H

1
2
00ðCÞ
¼ kwk2

H
1
2ðCÞ
þ
Z

C

wðxÞ2

dðxÞ dc

 !1
2

: ð16Þ

Secondly, We define Tf : K! K0 in a similar way. Given v 2 K,

Tf ðvÞ ¼ n � ðTðR1
f v;R

2
f vÞ � nÞ;

where ðR1
f v;R

2
f vÞ 2 Hf � Qf satisfies

af ðR1
f v;vÞ þ bf ðv ;R2

f vÞ ¼ 0 8v 2 ðH1
0ðXf ÞÞd

bf ðR1
f v; qÞ ¼ 0 8q 2 Q f

R1
f v � n ¼ v on C:

8>><
>>: ð17Þ

Then Tf satisfies the following weak formulation:

hTf v;li ¼ af ðR1
f v;R1lÞ þ bf ðR1l;R2

f vÞ 8l 2 K; ð18Þ

where R1 is any possible continuous extension from K to Hf such
that ðR1lÞ � n ¼ l on C.

Tp and Tf are both continuous and coercive as follows.

Lemma 2 (Lemma 2, Section 4.1 of [4]). Tf : K! K0 is a linear
continuous and coercive operator satisfying

jhTf v;lij 6 Cf mkvkKklkK;
hTf v;viP cf mkvk2

K;

where Cf P 1 P cf > 0 are generic constants depending on the mea-
sure of Xf .

Lemma 3. Tp : K! K0 is a linear continuous and coercive operator
satisfying

jhTpv;lij 6 CpkpkvkKklkK;
hTpv;viP cpkpkvk2

K;

where Cp P 1 P cp > 0 are generic constants depending on the mea-
sure of Xp.

Proof. Eq. (14) implies that Rpv can be regarded as a harmonic
extension of v, then there exists a positive constant C1 > 0 inde-
pendent of kp [14] such that

kRpvkH1ðXpÞ 6 C1kvkK:

This inequality together with Cauchy–Schwarz inequality yields

jhTpv;lij ¼
1
g

apðRpv;RplÞ

6
kp

g
kRpvkH1ðXpÞkRplkH1ðXpÞ

6
kp

g
ðC1Þ2kvkKklkK

6CpkpkvkKklkK;

where Cp ¼max C2
1

g ;1
� �

P 1. Meanwhile, by noticing Rpv ¼ 0 on Cp,
we can apply Poincaré inequality [2] and the Trace theorem [14] to
obtain
hTpv;vi ¼
1
g

apðRpv;RpvÞ

¼ kp

g
jRpvj2H1ðXpÞ

P
kp

g
ðC2kRpvkH1ðXpÞÞ

2

P
kp

g
ðC2C3kvkKÞ

2

Pcpkpkvk2
K;

where cp ¼ minðC
2
2C2

3
g ;1Þ 6 1. h
3.4. Error estimates

Let us set up the error estimates based on the operators Tp and
Tf . Firstly, define the error terms ek

/ ¼ /k � / in Xp, ek
u ¼ uk

f � uf and
ek

p ¼ pk
f � pf in Xf , and ~gk

p ¼ gk
p � ½�bkp

@/
@n þ g/� and ~gk

f ¼ gk
f � ½n�

ðTðuf ; pf Þ � nÞ þ buf � n� on C. Since fuf ; pf g and / satisfy Stokes Eq.
(1) and Darcy Eq. (2), respectively, we apply integration by parts
to (1) and (2) and obtain

af ðuf ;vÞ þ bf ðv ;pf Þ þ b
R
Cðuf � nÞðv � nÞds

¼
R

C½n � ðTðuf ;pf Þ � nÞ þ buf � n�ðv � nÞdsþ
R

Xf
f � vdx 8v 2 Hf ;

bf ðuf ; qÞ ¼ 0 8q 2 Q f ;

8>><
>>:

ð19Þ

bapð/;wÞ þ
Z

C
g/wds ¼

Z
C
�bkp

@/
@n
þ g/

� �
wds 8w 2 Hp: ð20Þ

By subtracting (19) from (6) and (20) from (7), respectively, we ob-
tain the following lemma.

Lemma 4. Those error terms satisfy the following equations:

af ðek
u;vÞ þ bf ðv ; ek

pÞ þb
R

Cðek
u � nÞðv � nÞds

¼
R

C
~gk

f ðv � nÞds 8v 2 Hf ;

bf ðek
u; qÞ ¼ 0 8q 2 Qf ;

8>><
>>: ð21Þ

and

bapðek
/;wÞ þ

Z
C

gek
/wds ¼

Z
C

~gk
pwds 8w 2 Hp: ð22Þ

In fact, with the help of the operators Tp and Tf , (21) and (22)
can be interpreted as follows:

Tf ek
u � nþ bek

u � n ¼ ~gk
f ;

bTpgek
/ þ gek

/ ¼ ~gk
p;

which implies ek
u � n and ek

/ can be expressed as follows.

Lemma 5

ek
u � n ¼ ðTf þ bIÞ�1 ~gk

f in K ð23Þ
gek

/ ¼ ðbTp þ IÞ�1~gk
p in K; ð24Þ

where I : K! K0 is defined by using Riesz representation theorem: Gi-
ven g 2 K, Ig 2 K0 such that

ðIg; nÞK0 ¼ hn;gi 8n 2 K0;

with ð�; �ÞK0 denoting the inner product of K0. Then kIgkK0 ¼ kgkK.

Meanwhile, the definition of ~gk
f , the formula of gk

f in Algorithm
1, and the interface condition (3) yield



B. Jiang / Comput. Methods Appl. Mech. Engrg. 198 (2009) 947–957 951
~gkþ1
f ¼gkþ1

f � ½n � ðTðuf ; pf Þ � nÞ þ buf � n�

¼½gk
p � 2g/k� � �g/� bkp

@/
@n

� �

¼ gk
p � �bkp

@/
@n
þ g/

� �� �
� 2ðg/k � g/Þ

¼~gk
p � 2gek

/: ð25Þ
Similarly, we obtain

~gkþ1
p ¼ 2bek

u � n� ~gk
f : ð26Þ

Putting (24) into (25) and (23) into (26) yields

~gkþ1
f ¼~gk

p � 2ðbTp þ IÞ�1 ~gk
p

¼½ðbTp þ IÞ � 2I�ðbTp þ IÞ�1 ~gk
p

¼ðbTp � IÞðbTp þ IÞ�1 ~gk
p;

and

~gkþ1
p ¼2bðTf þ bIÞ�1~gk

f � ~gk
f

¼½2bI � ðTf þ bIÞ�ðTf þ bIÞ�1 ~gk
f

¼ðbI � Tf ÞðbI þ Tf Þ�1 ~gk
f :

Then ~gk
p and ~gk

f have the following iterative relations.

Lemma 6. If we define two operators in K0, Sp ¼ ðbTp � IÞðbTp þ IÞ�1

and Sf ¼ ðbI � Tf ÞðbI þ Tf Þ�1, then

~gkþ1
f ¼ Sp ~gk

p ¼ SpSf ~gk�1
f

~gkþ1
p ¼ Sf ~gk

f ¼ Sf Sp ~gk�1
p :

(

Therefore, if we can show that Sf Sp and SpSf are contractive opera-
tors in K0 such that kSf k � kSpk 6 q < 1 uniformly for any values of
m and kp, we can conclude that k~gk

f kK0 and k~gk
pkK0 converge to zero

with the convergence rates independent of both m and kp.

Theorem 7. The operators Sf ; Sp : K0 ! K0 satisfy

kSpk 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b � cpkp þ b2 � C2

pk2
p

1þ 2b � cpkp þ b2 � C2
pk2

p

vuut < 1;

kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 2b � cf mþ C2

f m2

b2 þ 2b � cf mþ C2
f m2

vuut < 1:

Proof

kSplk2
K0

klk2
K0
¼ kðbTp � IÞðbTp þ IÞ�1lk2

K0

klk2
K0

:

Let g ¼ ðbTp þ IÞ�1l 2 K, then l ¼ ðbTp þ IÞg and we have

kSplk2
K0

klk2
K0
¼ kðbTp � IÞgk2

K0

kðbTp þ IÞgk2
K0

¼ b2kTpgk2
K0 � 2bðTpg; IgÞ þ kIgk2

K0

b2kTpgk2
K0 þ 2bðTpg; IgÞ þ kIgk2

K0

¼ b2kTpgk2
K0 � 2bhTpg;gi þ kgk2

K

b2kTpgk2
K0 þ 2bhTpg;gi þ kgk2

K

6
b2kTpgk2

K0 � 2b � cpkpkgk2
K þ kgk

2
K

b2kTpgk2
K0 þ 2b � cpkpkgk2

K þ kgk
2
K

¼
1� 2b � cpkp þ b2 � kTpgk2

K0

kgk2
K

1þ 2b � cpkp þ b2 � kTpgk2
K0

kgk2
K

6

1� 2b � cpkp þ b2 � C2
pk2

p

1þ 2b � cpkp þ b2 � C2
pk2

p

;

where the first inequality holds since Tp is coercive by Lemma 3 and
f ðxÞ ¼ a�bx

aþbx is a decreasing function with f 0 > 0 when a; b > 0, while
the last inequality holds due to the continuity of Tp in Lemma 3
and the fact that f ðxÞ ¼ aþcx

bþcx is an increasing function with f 0 > 0
when b > a and c > 0.

Therefore,

kSpk ¼ sup
l2K0

kSplkK0
klkK0

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b � cpkp þ b2 � C2

pk2
p

1þ 2b � cpkp þ b2 � C2
pk2

p

vuut < 1:

kSf k can be estimated similarly. h

Remark 2. Theorem 7 implies that Algorithm 1 is always conver-
gent when b > 0. However, the upper bounds of kSpk, kSf k and thus
kSpk � kSf k may tend to one if both kp and m tend to zero. Therefore,
the convergence rates of ~gk

p and ~gk
f are deteriorated and the

required number of iterations can become very large when kp

and m are small. In order to make sure at least one norm is uni-
formly bounded below q < 1, which is enough to ensure
kSpk � kSf k 6 q < 1 by Theorem 7, we need to determine b adap-
tively as shown in the following three theorems which consider
all possible scenarios of kp and m. Since both kp and m cannot tend
to infinity under any circumstances, it is reasonable to assume
kp; m < M for a fixed value M > 0 from now on.

Theorem 8. Suppose 1 6 kp < M and 1 6 mp < M are well above
zero. If we set b ¼ 1, then kSpk, kSf k and kSpk � kSf k are uniformly
bounded by a constant less than one for all such kp and m,

kSpk 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2cpM þ C2

pM2

1þ 2cpM þ C2
pM2

vuut < 1;

kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2cf M þ C2

f M2

1þ 2cf M þ C2
f M2

vuut < 1;

kSpk � kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2cpM þ C2

pM2

1þ 2cpM þ C2
pM2

vuut �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2cf M þ C2

f M2

1þ 2cf M þ C2
f M2

vuut < 1:

Proof. From Theorem 7 with b ¼ 1, we have

kSpk 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2cpkp þ C2

pk2
p

1þ 2cpkp þ C2
pk2

p

vuut :

By defining an auxiliary function f ðxÞ ¼ 1�2cpxþC2
p x2

1þ2cpxþC2
p x2 and noticing Cp P

1 P cp > 0, we get f 0ðxÞ ¼ 4cpðC2
p x2�1Þ

ð1þ2cpxþC2
p x2Þ2

> 0 wherever x P 1. There-

fore, f ðxÞ is an increasing function so that

kSpk 6
ffiffiffiffiffiffiffiffiffiffiffi
f ðkpÞ

q
<

ffiffiffiffiffiffiffiffiffiffiffi
f ðMÞ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2cpM þ C2

pM2

1þ 2cpM þ C2
pM2

vuut < 1:

Estimate of kSf k can be set up similarly. Combination of kSpk and
kSf k concludes the proof. h

Therefore, we can simply set the parameter b ¼ 1 to ensure uni-
form convergence of Algorithm 1 when both kp and m do not tend
to zero. Next, let us consider the scenarios when either kp or m be-
comes small.

Theorem 9. Suppose 0 < kp < 1. If we set b ¼ 1
Mpkp

where Mp > 1 is
an arbitrarily fixed constant, then kSf k and kSpk � kSf k are uniformly
bounded by a constant less than one for all such kp and any values of
m > 0.
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kSpk 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

p � 2cpMp þ C2
p

M2
p þ 2cpMp þ C2

p

vuut < 1;

kSpk � kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

p � 2cpMp þ C2
p

M2
p þ 2cpMp þ C2

p

vuut < 1:

Furthermore, when we set Mp ¼ Cp, the above norm bound attains its
minimum value

ffiffiffiffiffiffiffiffiffiffi
Cp�cp

Cpþcp

q
to ensure the best convergence rate.

Proof. Theorem 7 provides an upper bound of kSpk as follows:

kSpk 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2bcpkp þ b2C2

pk2
p

1þ 2bcpkp þ b2C2
pk2

p

vuut :

It is obvious that choosing b ¼ 1
Mpkp

for a fixed constant Mp > 1 will
eliminate kp in the above expression to obtain

kSpk 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

p � 2cpMp þ C2
p

M2
p þ 2cpMp þ C2

p

vuut < 1:

Meanwhile, kSf k < 1 always holds from Theorem 7. Therefore,

kSpk � kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

p � 2cpMp þ C2
p

M2
p þ 2cpMp þ C2

p

vuut < 1:

In order to find the optimal Mp to achieve the minimal upper bound
for kSpk � kSf k, let us consider the function of Mp inside the square
root:

f ðMpÞ ¼
M2

p � 2cpMp þ C2
p

M2
p þ 2cpMp þ C2

p

:

Direct computation yields

f 0ðMpÞ ¼
4cpðMp þ CpÞðMp � CpÞ
ðM2

p þ 2cpMp þ C2
pÞ

2 :

It is obvious that Mp ¼ Cp is the only critical point of f ðMpÞ which
achieves its minimum value there. Therefore, if we set b ¼ 1

Cpkp
in

Algorithm 1, we get

kSpk � kSf k 6
ffiffiffiffiffiffiffiffiffiffiffi
f ðCpÞ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cp � cp

Cp þ cp

s
< 1: �

Remark 3. Although Algorithm 1 converges for any value of
Mp > 1, the best convergence rate is achieved when Mp ¼ Cp. How-
ever, Cp depends on the measure of Xp and cannot be determined
exactly. Numerical tests from Section 5 have verified that Algo-
rithm 1 is not quite sensitive to the parameter b ¼ 1

Mpkp
so that

the optimal value of Mp can be chosen from a wide range. The fol-
lowing Algorithm MP is proposed in order to find an ideal value of
Mp which is a good approximation to Cp.

Let us define a function f 2 K ¼ H
1
2
00ðCÞ which equals to 1

almost everywhere in the interior of C and drops down to zero
continuously near @C in order to satisfy zero boundary condition.
To simplify the description, let us restrict to 2D case while 3D case
can be handled similarly. Assume C is expressed by a piecewise
smooth bijective function h : ½0;1� ! C where hð0Þ and hð1Þ denote
the endpoints of C. Then fðxÞ is defined as follows:

fðxÞ ¼

h�1ðxÞ
0:01 x 2 hð½0; 0:01ÞÞ

1 x 2 hð½0:01;0:99�Þ
1�h�1ðxÞ

0:01 x 2 hðð0:99;1�Þ;

8>><
>>: ð27Þ
By setting kp ¼ 1 and v ¼ l ¼ f in Lemma 3, we obtain

jhTpf; fij ¼
1
g

apðRpf;RpfÞ 6 Cp � kfk2
K:

Therefore, Mp ¼ apðRpf;RpfÞ
g�kfk2

K
6 Cp is considered as a good approximation

to Cp where kfkK is calculated from the half-norm definition (16).

Algorithm MP. Compute Mp ¼ apð/;/Þ
g�kfk2

K
where kp ¼ 1 and / 2 Hp

satisfies

apð/;wÞ ¼ 0 8w 2 H1
0ðXpÞ;

/ ¼ f on C:

(
ð28Þ

Theorems 8 and 9 are concerned with two scenarios of either small
kp < 1 with arbitrary m or large kp P 1 with large m P 1. The
remaining scenario of large kp P 1 with small m < 1 is considered
in the following theorem, whose proof is similar to that of Theorem
9.

Theorem 10. Suppose 0 < m < 1 and 1 6 kp < M. If we set b ¼ Mf m
where Mf > 1 is an arbitrarily fixed constant, then kSf k and kSpk � kSf k
are uniformly bounded by a constant less than one for all such m and
kp.

kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f � 2cf Mf þ C2
f

M2
f þ 2cf Mf þ C2

f

vuut < 1;

kSpk � kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f � 2cf Mf þ C2
f

M2
f þ 2cf Mf þ C2

f

vuut < 1:

Furthermore, when we set Mf ¼ Cf , the above norm bound attains its
minimum value

ffiffiffiffiffiffiffiffiffi
Cf�cf

Cfþcf

q
to ensure the best convergence rate.

Proof. Theorem 7 provides an upper bound of kSf k as follows:

kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 2b � cf mþ C2

f m2

b2 þ 2b � cf mþ C2
f m2

vuut < 1:

It is obvious that choosing b ¼ Mf m for a fixed constant Mf > 1 will
eliminate m in the above expression to obtain

kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f � 2cf Mf þ C2
f

M2
f þ 2cf Mf þ C2

f

vuut < 1:

Meanwhile, kSpk < 1 always holds from Theorem 7. Therefore,

kSpk � kSf k 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f � 2cf Mf þ C2
f

M2
f þ 2cf Mf þ C2

f

vuut < 1:

In order to find the optimal Mf to achieve the minimal upper bound
for kSpk � kSf k, let us consider the function of Mf inside the square
root:

f ðMf Þ ¼
M2

f � 2cf Mf þ C2
f

M2
f þ 2cf Mf þ C2

f

:

Direct computation yields

f 0ðMf Þ ¼
4cf ðMf þ Cf ÞðMf � Cf Þ
ðM2

f þ 2cf Mf þ C2
f Þ

2 :

It is obvious that Mf ¼ Cf is the only critical point of f ðMf Þ which
achieves its minimum value there. Therefore, if we set b ¼ Cf m in
Algorithm 1, we get

kSpk � kSf k 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cf � cf

Cf þ cf

s
< 1: �
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Remark 4. Similarly as in Remark 3, it is impossible to determine
the optimal value Mf ¼ Cf which depends on the measure of Xf .
The following Algorithm MF is then proposed in order to find an
ideal value of Mf > 1 which is a good approximation to Cf . To this
end, we set m ¼ 1 and v ¼ l ¼ f in Lemma 2 to obtain

jhTf f; fij ¼ af ðR1
f f;R

1
f fÞ 6 Cf � kfk2

K:

Therefore, Mf ¼
af ðR1

f f;R1
f fÞ

kfk2
K
6 Cf performs as a good approximation to Cf .

Algorithm MF. Compute Mf ¼
af ðu;uÞ
kfk2

K
where m ¼ 1 and ðu;pÞ 2 Hf�

Qf satisfies

af ðu;vÞ þ bf ðv; pÞ ¼ 0 8v 2 ðH1
0ðXf ÞÞd

bf ðu; qÞ ¼ 0 8 q 2 Q f

u � n ¼ f on C

8><
>: ð29Þ

where the tangential components of u equal to zero on C automat-
ically due to the definition of Hf .

Combination of Theorems 8–10 and Lemma 6 yields the follow-
ing convergence theorem.

Theorem 11. Suppose the parameter b be chosen adaptively as
follows: b ¼ 1 when kp P 1 and m P 1; b ¼ 1

Mpkp
with an ideal value of

Mp > 1 determined from Algorithm MP when 0 < kp < 1 and m is
arbitrary; b ¼ Mf m with an ideal value of Mf > 1 determined from
Algorithm MF when 0 < m < 1 and kp P 1. The error term sequences
f~gk

pg
1
k¼1 and f~gk

f g
1
k¼1 converge to zero with the convergence rate q

independent of both kp and m,

k~gk
pkK0 6 Cqk; k~gk

f kK0 6 Cqk;

where C is a generic domain dependent constant, M > 0 is the upper
bound of both m and kp, and

q ¼max
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�2cpMþC2

pM2

1þ2cpMþC2
pM2

r�
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�2cf MþC2

f M2

1þ2cf MþC2
f M2

r
;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2
p�2cpMpþC2

p

M2
pþ2cpMpþC2

p

r
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f �2cf MfþC2
f

M2
f þ2cf MfþC2

f

r �
< 1:

Finally, let us apply Lemmas 4 and 5 to show that fek
u; e

k
p; e

k
/g

share the same convergence property.

Theorem 12. The error sequences fek
u; e

k
p; e

k
/g satisfy for a generic

constant C which depends on the measure of Xp and Xf ,

kek
ukH1ðXf Þ 6 Ck~gk

f kK0 ; kek
pkL2ðXf Þ 6 Ck~gk

f kK0 ; kek
/kH1ðXpÞ 6 Ck~gk

pkK0 :
Proof. From the second equation in Lemma 5, we have

kek
/kK 6

1
g
kðbTp þ IÞ�1k � k~gk

pkK0

¼1
g

sup
l2K0

kðbTp þ IÞ�1lkK
klkK0

� k~gk
pkK0 :

Let g ¼ ðbTp þ IÞ�1l 2 K, then l ¼ ðbTp þ IÞg and we have

kðbTp þ IÞ�1lk2
K

klk2
K0

¼ kgk2
K

kðbTp þ IÞgk2
K0

¼ kgk2
K

b2kTpgk2
K0 þ 2bhTpg;gi þ kIgk2

K0

6
kgk2

K

kIgk2
K0
¼ kgk

2
K

kgk2
K

¼ 1;

Therefore,

kek
/kK 6

1
g
k~gk

pkK0 :
Furthermore, since ek
/ ¼ /k � / in Xp can be regarded as a harmonic

extension of ek
/ on C, then

kek
/kH1ðXpÞ 6 C1kek

/kK 6
C1

g
k~gk

pkK0 : ð30Þ

Similarly, we can show that

kek
ukH1ðXf Þ 6 C2k~gk

f kK0 : ð31Þ

Finally, let us estimate kek
pkL2ðXpÞ. Since ek

p 2 L2ðXf Þ, there exists
w 2 ðH1

0ðXf ÞÞd, w–0 such that

a0kek
pkL2ðXf ÞkwkH1ðXf Þ 6 �bf ðw; ek

pÞ;

where a0 > 0 is the inf–sup condition satisfied by bf ðv; pÞ, and the
H1-norm of the vector function w ¼ ðw1; . . . ;wdÞ is defined as

kwk2
H1ðXf Þ

¼
Xd

k¼1

kwkk2
H1ðXf Þ

:

Replacing v by w in (21) of Lemma 4 and noticing that w ¼ 0 on C,
we have

kek
pkL2ðXf Þ

kwkH1ðXf Þ
6

1
a0

af ðek
u;wÞ 6

C3

a0
kek

ukH1ðXf Þ
kwkH1ðXf Þ

:

Therefore,

kek
pkL2ðXf Þ

6
C3

a0
kek

ukH1ðXf Þ
6

C3C2

a0
k~gk

f kK0 : ð32Þ

Taking C ¼maxðC1
g ;C2;

C3C2
a0
Þ finishes the proof. h

Theorems 12 and 11 yield the main result of this paper as
follows.

Theorem 13. If the parameters b is set adaptively as in Theorem 11,
the iterative solutions fuk

f ; p
k
f ;/

kg in Algorithm 1 converge to the
original analytic solution fuf ; pf ;/g where the convergence rates are
independent of kp and m,

kuk
f � uf kH1ðXf Þ

6 Cqk; kpk
f � pf kL2ðXf Þ

6 Cqk; k/k �/kH1ðXpÞ 6 Cqk;

where C > 0 is a domain dependent constant and 0 < q < 1 is specified
in Theorem 11.
4. Finite element discretization

On the domain X ¼ Xp
S

Xf , we set up a regular triangulations
Rh of size h > 0 made up of triangles if d ¼ 2 or tetrahedra if
d ¼ 3 such that the sub-triangulations Rph in Xp and Rfh in Xf are
compatible on C, i.e., they have the same partition Rch on C.

We apply Taylor–Hood mixed finite element on Rfh and P2 finite
element on Rph to approximate the original coupling problem (1)–
(4). Some conforming finite element spaces are defined to approx-
imate Hf , Qf , Hp and K,

Hfh ¼ fv 2 ðVfhÞd : v � sjjC ¼ 0; 1 6 j 6 d� 1g;
Q fh ¼ fqh 2 CðXf Þ : qhjT 2 P1ðTÞ 8T 2 Rfhg;
Hph ¼ fwh 2 CðXpÞ : whjT 2 P2ðTÞ 8T 2 Rph;wh ¼ 0 on Cpg;
Kh ¼ fgh 2 L2ðCÞ : ghjs 2 P2ðsÞ 8s 2 Rchg;

where

Vfh ¼ fvh 2 CðXf Þ : vhjT 2 P2ðTÞ8T 2 Rfh;vh ¼ 0 on Cf g:

Then we have that vh � n 2 Kh for any vh 2 Hfh and whjC 2 Kh for any
wh 2 Hph. Since conforming finite elements are utilized here, we
have Hfh � Hf , Qfh � Qf , Hph � Hp and Kh � K.

The analytic problem (1)–(4) is then discretized as follows.
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Find ðufh; pfhÞ 2 Hfh � Q fh, /h 2 Hph such that

af ðufh;vhÞ þ bf ðvh;pfhÞ þ gapð/h;whÞ þ
R

C g/hðvh � nÞ
�
R
C gwhðufh � nÞ

¼
R

Xf
f � vh 8vh 2 Hfh; wh 2 Hph;

bf ðufh; qhÞ ¼ 0 8qh 2 Q fh:

8>>>><
>>>>:

ð33Þ

The discretized DD method to solve the finite element problem (33)
becomes:

Let g1
ph ¼ g1

fh ¼ 0 be two assigned trace functions in Kh, and b > 0
be the parameter determined based on m and kp as in Theorem 11.
Then repeat the following steps for k ¼ 1;2; . . . until convergence.

Step 1. Find ðuk
fh; p

k
fhÞ 2 Hfh � Qfh and /k

h 2 Hph such that

af ðuk
fh;vhÞ þ bf ðvh;pk

fhÞ þb
R

Cðuk
fh � nÞðvh � nÞ

¼
R
C gk

fhðvh � nÞ þ
R

Xf
f � vh 8vh 2 Hfh;

bf ðuk
fh; qhÞ ¼ 0 8qh 2 Qfh;

8>><
>>:

ð34Þ

and

bapð/k
h;whÞ þ

Z
C

g/k
hwh ¼

Z
C
gk

phwh 8wh 2 Hph: ð35Þ

Step 2. Set on C

gkþ1
ph ¼ 2buk

fh � n� gk
fh;

gkþ1
fh ¼ gk

ph � 2g/k
h:

(
ð36Þ

Since the discretized problem has the same formulation as the ori-
ginal analytic problem, we can simply follow the procedures of Sec-
tion 3 to show the uniform convergence of fuk

fh; p
k
fh;/

k
hg towards

fufh;pfh;/hg. To this end, let us introduce the discretized Steklov–
Poincaré operators Tph; Tfh : Kh ! K0h as follows.

For any vh 2 Kh, Tphvh satisfies

hTphvh;lhi ¼
1
g

apðRphvh;RphlhÞ 8lh 2 Kh; ð37Þ

where Rphvh 2 Hph is the solution to

apðRphvh;whÞ ¼ 0 8wh 2 H0
ph ¼ fv 2 Hphjv ¼ 0 on Cg;

Rphvh ¼ vh on C:

(
ð38Þ

For any vh 2 Kh, Tfhvh satisfies

hTfhvh;lhi ¼ af ðR1
fhvh;R1hlhÞ þ bf ðR1hlh;R

2
fhvhÞ 8lh 2 Kh; ð39Þ

where R1h is any possible continuous extension from Kh to Hfh such
that ðR1hlhÞ � n ¼ lh on C for all lh 2 Kh, and ðR1

fhvh;R
2
fhvhÞ 2 Hfh�

Qfh is the solution to

af ðR1
fhvh; vhÞ þ bf ðvh;R

2
fhvhÞ ¼ 0 8vh 2 H0

fh;

bf ðR1
fhvh; qhÞ ¼ 0 8qh 2 Q fh;

R1
fhvh � n ¼ vh on C;

8>><
>>: ð40Þ

where H0
fh ¼ fv 2 Hfh : v � njC ¼ 0g. The above discrete operators Tph

and Tfh have the following properties.

Lemma 14 (Lemma 1, Section 4.1 of [5]). Tfh : Kh ! K0h is a linear
continuous and coercive operator satisfying

jhTfhvh;lhij 6 ~Cf mkvhkKklhkK;
hTfhvh;vhiP ~cf mkvhk

2
K;

where ~Cf P 1 P ~cf > 0 are generic constants independent of both m
and h.

Lemma 15. Tph : Kh ! K0h is a linear continuous and coercive opera-
tor satisfying
jhTphvh;lhij 6 ~CpkpkvhkKklhkK
hTphvh;vhiP ~cpkpkvhk

2
K;

where ~Cp P 1 P ~cp > 0 are generic constants independent of both kp

and h.

Proof. By replacing wh by Rphvh � Hhvh in equation (38), where Hh

is the Galerkin approximation of the harmonic extension operator
defined in (44) of [4], we have

apðRphvh;RphvhÞ ¼ apðRphvh;HhvhÞ:

The Uniform Extension Theorem (Theorem 4.1.3, [16]) says that
there exists a positive constant ~a > 0 depending on the measure
of Xp, but independent of h, such that

kHhvhkH1ðXpÞ 6
~akvhkK; 8vh 2 Kh:

Therefore,

jRphvhj
2
H1ðXpÞ ¼

1
kp

apðRphvh;RphvhÞ

¼ 1
kp

apðRphvh;HhvhÞ

6
1
kp

kpjRphvhjH1ðXpÞ � jHhvhjH1ðXpÞ

6jRphvhjH1ðXpÞ � ~akvhkK;

i.e.,

jRphvhjH1ðXpÞ 6
~akvhkK:

This inequality together with Cauchy–Schwarz inequality yields

jhTphvh;lhij ¼
1
g

apðRphvh;RphlhÞ

6
kp

g
jRphvhjH1ðXpÞ � jRphlhjH1ðXpÞ

6
kp

g
~a2kvhkK � klhkK

6
~CpkpkvkKh

klhkK;

where ~Cp ¼maxð~a2

g ;1Þ. Meanwhile, application of Poincaré inequal-
ity and the Trace theorem yields

hTphvh;vhi ¼
1
g

apðRphvh;RphvhÞ

¼ kp

g
jRphvhj

2
H1ðXpÞ

P
kp

g
ðC1kRphvhkH1ðXpÞÞ

2

P
kp

g
ðC1C2kvhkKÞ

2

P~cpkpkvhk
2
K;

where ~cp ¼ min C2
1C2

2
g ;1

� �
. h

Lemmas 14 and 15 show that Tph and Tfh are still as continuous
and coercive as their analytic counterparts while the constants ~Cp,
~cp and ~Cf , ~cf are independent of kp, m as well as the mesh size h. We
can simply follow along the direction of Section 3 to set up a sim-
ilar uniform convergence result as follows.

Theorem 16. Let the parameter b be set adaptively as follows: b ¼ 1
when kp P 1 and m P 1; b ¼ 1

~Mpkp
with an ideal ~Mp value determined

from the discretized version of Algorithm MP when 0 < kp < 1 and m is
arbitrary; b ¼ ~Mf m with an ideal ~Mf value determined from the
discretized version of Algorithm MF when 0 < m < 1 and kp P 1. The
iterative solutions fuk

fh; p
k
fh;/

k
hg defined in (34)–(36) converge to
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the finite element solution fufh; pfh;/hg of (33) where the convergence
rates are independent of kp, m and the mesh size h.

kuk
fh � ufhkH1ðXf Þ

6 ~C~qk; kpk
fh � pfhkL2ðXf Þ

6 ~C ~qk;

k/k
h � /hkH1ðXpÞ 6

~C ~qk;

where ~C > 0 and 0 < ~q < 1 are domain dependent constants with

~q ¼ max
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�2~cpMþ~C2

p M2

1þ2~cpMþ~C2
p M2

r�
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�2~cf Mþ~C2

f
M2

1þ2~cf Mþ~C2
f

M2

r
;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

~M2
p�2~cp ~Mpþ~C2

p
~M2

pþ2~cp ~Mpþ~C2
p

r
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~M2

f
�2~cf � ~Mfþ~C2

f
~M2

f
þ2~cf � ~Mfþ~C2

f

r �
< 1:
5. Numerical example

We consider a domain X � R2 with Xf ¼ ð0;1Þ � ð1;2Þ, Xp ¼
ð0;1Þ � ð0;1Þ and C ¼ ð0;1Þ � 1. Boundary conditions and the
right hand side f are chosen such that the exact solution of the
coupled Stokes–Darcy problem is uf ¼ ðy2 � 2yþ 1; x2 � xÞ, pf ¼ 2m
ðxþ y� 1Þ þ 1=ð3kpÞ, / ¼ ½ðxð1� xÞðy� 1Þ þ y3

3 � y2 þ y�=kp þ 2mx,
with m and kp constant in Xf and Xp, respectively. We assume g ¼ 1.

We apply Taylor–Hood finite element to approximate the
Stokes problem, and quadratic Lagrangian elements to approxi-
mate Darcy equation. A relative tolerance of � ¼ 10�4 is imposed
for the error control so that the iteration will stop at step k when

max
juk

fh � uk�1
fh j

juk
fhj þ �0

;
jpk

fh � pk�1
fh j

jpk
fhj þ �0

;
j/k

h � /k�1
h j

j/k
hj þ �0

 !
< �;

where �0 ¼ 10�7 is used to avoid division by zero.
All the test programs are written by C++ and run on Dell Insp-

iron E520 Desktop with Intel Core(TM)2 Duo 1.86 GHz CPU and
1G RAM.

5.1. Parameter independence tests

Table 1 shows that the number of iterations are under control
by simply setting b ¼ 1 when m P 1 and kp P 1. We can observe
that the number of iteration is indeed independent of the mesh
size h.

When kp < 1 is small, we first apply the discretized version of
Algorithm MP to obtain Mp � 12:0. Table 2 then shows that the
number of iterations from Algorithm 1 is stable with arbitrary val-
ues of kp when we set the parameter b ¼ 1

Mpkp
adaptively.

As to the remaining situation where m < 1 and kp P 1, we
apply the discretized version of Algorithm MF to obtain
Table 1
Number of iterations when m P 1 and kp P 1.

ðm; kpÞ b h1 ¼ 1
12 h2 ¼ 1

24 h3 ¼ 1
48

(1.0,1.0) 1.0 28 32 33
(5.0,5.0) 1.0 32 32 35
(10.0,5.0) 1.0 29 32 35
(15.0,20.0) 1.0 36 36 32

Table 2
Number of iterations when kp < 1 and m is arbitrary.

ðm; kpÞ b h1 ¼ 1
12 h2 ¼ 1

24 h3 ¼ 1
48

(10.0,10�2) 8.33 49 54 60
(1.0,10�2) 8.33 52 57 61
(10�2,10�2) 8.33 35 45 45
(1.0,10�3) 83.3 33 35 39
(1.0,10�4) 833 35 45 45
Mf � 50:0. Table 3 also shows that the number of iterations is sta-
ble when we set b ¼ Mf m in Algorithm 1.

5.2. Algorithm comparison tests

In order to compare the numerical performance of Algorithm 0
by Discacciati et al. [6] and Algorithm 1 proposed here, we solve
the above example by using both algorithms respectively with
the same mesh size h ¼ 1

48 and the same tolerance. We then evalu-
ate the total number of iteration steps for each algorithm. Since the
working load of one iteration in Algorithm 0 is actually twice that
of Algorithm 1, we double the number of iteration steps of Algo-
rithm 0 for the fairness of comparison. Table 4 compares the iter-
ation numbers for Algorithm 0 with optimal parameters c1; c2

and Algorithm 1.
The table shows that when kp P 1 and m P 1, both algorithms

achieve similar efficiencies while Algorithm 0 requires less itera-
tion steps than Algorithm 1. However, when either kp or m tends
to zero, Algorithm 1 still keeps the same efficiency while Algorithm
0 demonstrates a much poorer performance. Therefore, Algorithm
1 is stable with parameter variation while Algorithm 0 becomes
deteriorated when the parameters m or kp tend to be small.

It should be noted that an Aitken acceleration technique is also
applied to Algorithm 0 in [6] so that its numerical performance is
greatly improved when m and kp are small. However, Algorithm 1
has a simpler structure and is also stable with inherent parameter
variation without necessity of any acceleration technique, which
prevents us from providing specific estimates on the error reduc-
tion factors in Theorems 13 and 16.

5.3. Sensitivity tests

To validate the sensitivity of Algorithm 1 to variation of param-
eter b, we consider three scenarios with different values of m and kp.
Fig. 2 shows that under all circumstances, the total number of iter-
ations is stable when b is chosen from a wide range close to its
optimal value. Therefore, Algorithm 1 is not quite sensitive to b
and provides us computational convenience in choosing b to solve
coupled Stokes and Darcy flows.

5.4. Convergence rate tests

In order to verify the convergence rate of the iterative solution
towards the given analytic solution fuf ; pf ;/g, the error sequences
kun

fh � uf kH1ðXf Þ
, kpn

fh � pf kL2Xf
and k/n

h � /kH1ðXpÞ are reported in
Table 3
Number of iterations when m < 1 and kp P 1.

ðm; kpÞ b h1 ¼ 1
12 h2 ¼ 1

24 h3 ¼ 1
48

(10�1,1.0) 5.0 48 55 59
(10�2,1.0) 0.5 34 38 41
(10�2,2.0) 0.5 39 44 48
(10�3,1.0) 0.05 53 57 61

Table 4
Number of iterations for Algorithms 0 and 1 with different m and kp .

ðm; kpÞ Iterations for Algorithm 0ðc1, c2Þ Iterations for Algorithm 1 ðbÞ

(5.0,5.0) 10 (1.0,1.0) 35 (1.0)
(1.0,1.0) 14 (1.0,1.0) 33 (1.0)
(1.0,10�3) 248 (1.0,1000) 39 (83.3)
(10�2,10�2) 410 (0.01,100) 45 (8.33)
(10�2,1.0) 294 (0.01,1.0) 41 (0.5)
(10�3,1.0) 296 (0.001,1.0) 61 (0.05)
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Fig. 2. Number of iterations versus parameter b.
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Table 5 where the parameters are set to kp ¼ m ¼ 1:0, b ¼ 1:0 and
h ¼ 1

48. Fig. 3 shows that the logarithms of the above error se-
quences seem like linear functions of iteration step n. This matches
with the theoretical error estimates reported in Theorems 13 and
16.

The convergence plot also exhibits stagnation of all the
iteration errors after iteration step 16. This is due to the fact
that kun

fh � uf kH1ðXf Þ
is composed of an iterative error term

kun
fh� ufhkH1ðXf Þ

which obeys Theorem 16 and a discretization error
term kufh � uf kH1ðXf Þ

which only depends on h. When n is small, the
discretization error term can be ignored compared with the dom-
inating iterative error term whose logarithm is a linear function
of n as observed; While n becomes large, the iterative error tends
to be small so that stagnation happens due to the discretization
error term which cannot be ignored. Same explanations also apply
for kpn

fh � pf kL2Xf
and k/n

h � /kH1ðXpÞ.
Table 5
Convergence of the iterative solutions towards the analytic solution.

n kun
fh � uf kH1ðXf Þ kpn

fh � pf kL2ðXf Þ k/n
h � /kH1ðXpÞ

1 1.19e�1 1.15e0 6.46e�1
6 9.63e�3 1.01e�1 6.53e�2
11 1.52e�3 8.49e�3 6.93e�3
16 3.48e�4 8.14e�4 7.86e�4
21 9.56e�5 1.13e�4 4.13e�4
26 7.82e�5 8.67e�5 4.08e�4
31 7.78e�5 8.52e�5 4.07e�4
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1
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Fig. 3. Convergence of the iterative solutions.
6. Conclusion and future work

In this paper, we constructed a robust parallel algorithm to
accurately model the coupling of surface and groundwater flows.
The non-overlapping DD method is used to decouple the original
problem in the fluid and porous media regions. Taylor–Hood mixed
finite element method and P2 finite element method are used to
discretize the fluid and porous media problems, respectively. The
error estimate of the iterative solution towards the original solu-
tion is provided to show convergence of the algorithm. Meanwhile,
the algorithm is insensitive to the viscosity m of the fluid and the
hydraulic conductivity kp of the porous medium by choosing the
parameter b adaptively.

In the future, we will apply non-matching grids in the fluid and
porous regions to fulfill different meshing requirement. This will
provide great flexibility in constructing parallel algorithms to solve
coupled fluid and porous media problems whose domains can be
discretized independently.
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