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Preliminaries:

A finite groupd' Is said to actopologically (in an
orientation preserving manner) on a surfacit there
IS an injectione : G —Homeo (.S) into the group of
orientation preserving homeomorphisms. We will
identify G with its Image, and refer to each of its
elements as aautomorphism of the surface.
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Example

A, acts topologically on the tetrahedron. ThatAs,is
a group of automorphisms that act on the tetrahed
Recall that4d, Is the even permutations on a set of
four letters. We can identify the vertices of the
tetrahedron to be these letters.
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Orbits

- This Is the set of images that the automorphism
group can send a point.
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Orbits

- This Is the set of images that the automorphism
group can send a point.

The Tetrahedron has 12 symmetries; - Most points
the tetrahedron have orbits of size 12.
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Orbits

- This Is the set of images that the automorphism
group can send a point.

The Tetrahedron has 12 symmetries; - Most points
the tetrahedron have orbits of size 12.

The points with different orbit sizes:
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Orbits

- This Is the set of images that the automorphism
group can send a point.

The Tetrahedron has 12 symmetries; - Most points
the tetrahedron have orbits of size 12.

The points with different orbit sizes:
Vertices - 4

Mid-points of edges - 6

Mid-points of faces - 4
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Ramification Points

Definition: Given a surfaceX and an automorphism
groupG acting onX, if a pointx on a surfaceX lies
In an orbit that Is not the largest orbit of points.in

thenz Is a ramification point.
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Ramification Points

Definition: Given a surfaceX and an automorphism
groupG acting onX, if a pointx on a surfaceX lies
In an orbit that Is not the largest orbit of points.in
thenz Is a ramification point.

On the tetrahedron, the ramification points are:
- the vertices;

- the mid-points of the edges;

- the mid-points of the faces.
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Quasiplatonic Surface

Definition: If an automorphism grouf acts on a
surfaceX with three and only three orbits of
ramification points and/G has genus 0, the@ is a

guasiplatonic group.
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Quasiplatonic Surface

Definition: If an automorphism grouf acts on a
surfaceX with three and only three orbits of

ramification points and/G has genus 0, the@ is a
guasiplatonic group.

Defintion: Given a surfaceX, if there exists an
automorphism group/ that acts onX such that’ is a
guasiplatonic group, thel Is a quasiplatonic surfac
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Slghature or a quasiplatonic sur-
face

Definition: Suppose&= Is a quasiplatonic group acti
on a surfaceX such thatX is a quasiplatonic surfact
Supposer, r9, 3 € X are ramification points lying
IN seperate orbits. Let

@
| Orb(x;)|

T; ,i:1,2,3.

Then, thesignature of (G, X) is the triple
(n1,n9,n3). We call then; the periods of the
signature.
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Slgriawdre 01 e l1etarnedrori
and A,

Recall the size of the ramification orbits:
-\Vertices - 4

-Mid-points of edges - 6

-Midpoints of faces - 4
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Slgriawdre 01 e l1etarnedrori
and A,

Recall the size of the ramification orbits:
-\Vertices - 4

-Mid-points of edges - 6

-Midpoints of faces - 4

So, the signature ofi, acting on this surface Is:

Ay Ay Ay
(Bl 12d 1Ay _ (12 12 12y _ (9 3 3),
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ocCliCial 1T1ICOICHT 101 Yudsipla-
tonic Groups

Theorem: A group Is a quasiplatonic group for a
surfaceX of genusy(X) with signaturgny, ns, ng) if
and only If:

2) there exists:, y € G such thatz| = ny,
[(zy) ! = ng andG =< z,y >;

Y| = ng,

3)andg(X)=1-|G|+5B-L-L 1)

(This formula is known as the Riemann-Hurwitz
Formula.)
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Application of General Theorem

Theorem: Recall that4, acting on the tetrahedron

has signaturé2, 3, 3). We can now show this action
guasiplatonic:

1) Our periods 2 and 3 are both at least 2.

2) We choose elemenis= (12)(34) andy = (123).
So, (zy) ! = (234), and|z| = 2, |y| = 3,
[(zy) ' =3 andA, =< z,y >;

3) Lastly, we see
gX)=1-124+23-1—-2-2)=0.
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Generating Vectors

Defintion: Supposén;, ny, n3) is a signature. A
triplet of group elementse, y, z) in a finite groupG
IS called aQuasiplatonic generating vector ofG for

signature (ni,ns, ns) if 2 = (xy)~*, andz, y and
(zy)~! satisfy the conditions of the previous theore
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Generating Vectors

Defintion: Supposén;, ny, n3) is a signature. A
triplet of group elementse, y, z) in a finite groupG
IS called aQuasiplatonic generating vector ofG for

signature (ni,ns, ns) if 2 = (xy)~*, andz, y and
(xy)~! satisfy the conditions of the previous theore

Defintion: We consider two generating vectors
(1, Y1, z1) @and(xo, 12, z9) for a given groupz and
signature(nq, no, ny) to beequivalentif there exists
o € Aut(G) such that

(0'(5131), O'(yl), O'(Zl)) — (ZIZ‘Q, Y2, ZQ), or If (ZIZ‘Q, Y2, ZQ) IS
a reordering of the elements @f, y1, 21).
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Generating Vectors

For our example ofd, acting on the tetrahedron, we
had generating vect@f12)(34), (123), (234)).

An example of an equivalent generating vector Is
((14)(23), (143), (243))
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Harvey’'s Theorem

Theorem: Fix a signaturén, ny, n3) and let

M = Lem(nq, ng, ng). There is a quasiplatonic
surfaceXwith quasiplatonic cyclic groupr and
signature(nq, no, n3) if and only if the following
conditions are met:

1) |G| = M = Lem(ng,ne) = Lem(ng, ng) =
Lem(ng, ng);

2) If M Is even, then exactly 2 of the signature
elementsy; must be divisible by the maximum pow
of 2 that dividegG|.
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Results of Harvey’s Theorem

Suppose we are considering the cyclic group of or
m. Then, Harvey’s Theorem tells us that there are
only three types of signatures possible:

* (n1,n9,n3) wWhere each of the; are distinct,
* (n,m,m)wheren # m, and
e (m,m,m).

Note that the final case can occur only whens odd.
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Wootton’s Theorem: Part 1

Theorem: The number of inequivalent Quasiplaton
generating vectorg with signaturen;, no, n3) on a
guasiplatonic surfac& can be calculated as follows

whereV; denotes the set of all quasiplatonic
generating vectors af with the given signature.
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Results: Part 1

We will assume that: = C,,,, and that we have a
signature(nq, no, n3), where all then; are distinct. W

knowT = ’Atlvtc(;g” and that Aut(G)| = ¢#(m). So,

we need only findV|. That is, we need to count all

of the valid quasiplatonic generating vectors for thi
case.

Let p1, po, ..., p; be the distinct primes that divide.
Write m and the periods In terms of these primes:

m = Hz':lpi , 11 = Hizﬂ% , Mg = H,L-lei , g =

I ¢
Hi:1 D; -
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Results: Part 1

G = Opkl X Cp@ X oo X Opkl. For each, there exists
1 2 [

an element;; € G such that, = []._, u; andu;

generates’ «,. \We will use these generators to

construct our vectoz, y, z). Each ofz, y andz will
be a product of powers of the, and we will count
the number of choices we have for each
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Results: Part 1

Let us first suppose that exactly onergfs;, andt; Is
less thark;. There ares(p/") choices ofu; such that
u;’ 1S an element mf? .. of orderp”. For any such

choice ofa;, we know thatu, ) has ordep’. Of

the three elements;, u;*, andu, (ait1) letz, be one

whose order is the maX|maI powermfthat divides
n1, and likewise fony; with ny andz; with ns. The

important thing to remember is that there wexg")

choices fora;, and therefore(p) choices for the
elementsy;, y;, andz;.
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Results: Part 1

The other case to considemnis= s, = t; = k;. Now
we must choose; such that both:;" andw, (a:t1)
have ordep!". So,p; cannot dividez; or —(a; + 1).

There are}”}%gb(pfi) such choices. Now, label, u*

andu, (ai+1) asz;, y;, andz;, respectively. The

Important thing to remember Is that there were
E—(p;") choices for;, and thereforé= ¢ (p;")
choices for the elements, y;, andz;.
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Results: Part 1

Now, letz = Hi;:1 Tiy Y = _Hizl yi, andz = []._, 2.
(x,y, z) Is a valid generating vector. The number o
choices for such vectors is:

Vel = ¢(m) (_H Ziqﬁ(pf’)) ( 11 qﬁ(p?%)) ,

1=w-+1

since there were(m) choices for our generatarof
(-, and because we also found the number of choi:
for a; In each case.
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Results: Part 1

Theorem: Let py, po, ..., p; be the distinct primes tha
divide m. Write m and the periods in terms of these

primes:m = F:ézlpfi, ny = Hizlp?, =

[1._, P, ns = []._, p'. We can reorder thg,’s and
find an integemw < [ so that ifl <: < w, thenr;, s;,
andt; are all equal td;, and ifw < ¢ <[, then

exactly one of-;, s;, andt; Is less thark;. In the latter
case, leth; represent this smaller value. Then,

T = (11 Zicb(pfz)) ( 1] aﬁ(p?”))-

1=w-+1
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Counting Tools

Definition: Supposéz, y, z) is a generating vector
for a Quasiplatonic grou’. Then we define the
following permutations:

* 11T =YY =T, 2 — 2
* 9 X = X,Y — 2,2 — 1Y
* 3. — 2,y — Y, 2 — T

* 11T =YY — 2,2 =T
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Wootton’s Theorem: Part 2

Theorem: The number of inequivalent Quasiplaton
generating vector$' with signature(n, m, m) on a
guasiplatonic surfac& can be calculated as follows

Vel Ve
2| Aut(G)| | Aut(G)

whereV; denotes the set of quasiplatonic generati
vectors ofGG with the given signature for which the
identificationi, does not extend to an automorphisi
of G. Vi ; denotes the set of quasiplatonic generat
vectors ofGG with the given signature for which
does extend to an automorphismaf
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Results: Part 2

We will assume that; = C,,,, and that we have a
signaturgn, m, m), wheren < m. We know

— Vi | ‘V ,i‘ _
T = el + el and that Aut(G)| = ¢(m),

So, we need only fint| and |V ;|. That is, we
need to count all of the valid quasiplatonic generat
vectors for this case.

Let p1, po, ..., p; be the distinct primes that divide.
Write m andn in terms of these primes:

l k, l hi
m = Hz:1pz' y TV = Hi:ﬂ%‘ :
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Results: Part 2

We know by an argument similar to our first result
that we can reorder the's and find an integew < [
so thatifl < < w, thenk, = h;, and Ifw < 1 </,
thenh; < k;, and thatVg| + [Va.| =

o(m) (I =300 ) (ITicusr 061)) - So, we
need only find V| or |V ;|- We will find |V ;|-

These are the vectors whepadoes extend to an
automorphism ot
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Results: Part 2

Choose a generatare G choose: such that we hav
a quasiplatonic generating vector

(2%, =@+ x)wherei, extends to an automorphisn

of G. That is, the map that sends— z~(¢*+1),

g0t 5 2 andz® — x* extends to an
automorphism. Observe that

7% = dg(2%) = (i1(2))? = (z@TD)e = g~ @

which tells us that

e’ +2a=0 mod m.
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Results: Part 2

Definition: We definer; : N x N — N where
71(m, n) represents the number of nonzero

noncongruent solutionsto a® + 2a = 0 mod m
whereged(a, m) = .

19 extends to an automorphism if and only:ifs such
a solution. So|Vg ;| = ¢(m)11(m,n).

Enumeratina Cvclic OQuasiplatonic Grouns For a Given Sigimeatn. 27/



Results: Part 2

Theorem: Let py, po, ..., p; be the distinct primes tha
divide m. Write m andn in terms of these primes:

m = [[_, p,n =[], p/". We can reorder thg’s
and find an integew < [ so that ifl < i < w, then
h; = k;, and ifw < 7 <, thenh; < k;. Then, the
number of inequivalent Quasiplatonic generating
vectorsT' with signaturgn, m,m)isT =

3 (ﬁ(m,n) + (H;w | B o (py )) (Hiz"““ gb(p?i))) |
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Wootton’s Theorem: Part 3

Theorem: The number of inequivalent Quasiplaton
generating vector$' with signature(n, m, m) on a
guasiplatonic surfac& can be calculated as follows

_ Wel  WVed  WVesl | Vel
6| Aut(G)| 3Aut(G)| 2| Aut(G)| |Aut(Q)

where...
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Results: Part 3

We will assume that: = C,,,, and that we have a
signaturgm, m, m). We know

_ |V | | ‘V ,i‘ | ‘V ,jl | ‘V ,i,j|
T = grawon + sawion + Tawcion T Tauey and tha
Va.i

| Aut(G)| = ¢(m). So, we need only fing/;
‘VGJ” and\VG,m\.

Enumeratina Cvclic OQuasiplatonic Grouns For a Given Sigireat n. 30/



Results: Part 3

Let p1, po, ..., p; be the distinct primes that divide
and writem = []._, pl".

By an argument similar to the first case, we know t
Vel + Vel + Vol + Vel =

o(m) [Timy E=36(p)) = o(m)? Tl 255
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Results: Part 3

We begin by finding whely, 79, Oris is an
automorphism. Since a vector whegeor i3 extends
to an automorphism is equivalent to a vector wher
extends to an automorphism, we will only concern
ourselves with;. Choose a generaterc ¢ and
suppose we choosesuch that we have a

guasiplatonic generating vectar, z =@+ z9).
Further, let us suppose thatdoes extend to an
automorphism. That is, the map that sends

v — patl) p=(etl) . o+ andz® — 2% extends to a
automorphism.
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Results: Part 3

Observe that

0" = ir(a") = (i (@)" = (=) = a7

which tells us that
e’ +2a=0 mod m.

We know thaiged(a, m) = 1 since|z?| = m. So,m
cannot dividez, which means that: must divide

a + 2 sincem dividesa® + 2a. Thus,a = —2

mod m. Thus, the vector in question (s, z, z~2).
Note that in this cas¢ cannot extend to an
automorphism. Sa@Ve ;| = 3¢(m) and|Vg,; ;| = 0.
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Results: Part 3

Now we suppose thatdoes extend to an
automorphism. That is, the map that sends> «*,

t® — x~ (@) andz~(¢tY) — g extends to an
automorphlsm. Observe that

S = () = (@) = (@) =2,

which tells us that

X

ad+a+1=0 modm.
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Results: Part 3

Definition: We definer, : N — N wherery(m)
represents the number of nonzero noncongruent

solutionsztoz? +x+1=0 mod m.

Note that any solution to this congruence will be a
value that is coprime te, that is any such will
satisfy|x®| = m. S0, any solution to the congruenc
will create a valid generating vector. Thus,

Ve il = ¢(m)ma(m).
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Results: Part 3

Theorem: Write m In Iits prime factorization:

m = [[._, . The number of inequivalent
Quasiplatonic generating vectarswith signature
(m, m,m) IS

L 34 2nm) +o(m) [T 35
_ : |
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