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Abstract

Complexnumbers and their basic operations are important components of
the collegelevel algebra curriculum. Common learning objectives of college algebra
are the computation of roots and powers of complex numbers, anttle finding of
solutions to equations that haee complex roots A portion of this instruction includes
the conversion of complex numbers to their polar forms and the use of the work of
the French mathematician, Abraham D®loivre, whichisDe- T EOOAS8 O 4 EAT OAIl 8

The intent of this research projectist A@DBI1 1T OA $A -T EOOAGO 4ER
complex numbers, and the mathematical concepts and practices that lead to the
derivation of the theorem. The researctportion of this document will a include a
POl T £ 1T £ $A -TEOGOA3O 4EAI OAi n

2" =[r(cosg+ising)]” =r"(cosng+isinng).
where z=r(cosg+ising) is a complex numdr and n is a positive integethe
application of this theoreymth roots, and roots of unity, as well as related topics such as
Eul éornuta:
eX =cosx +isinx,
AT A %01 AOB°G1390AAT OEOU

This research will provide a greater understanding of the deeper
mathematical concepts necessary to effectively teach ttseibject matter. In addition
it will provide the opportunity to explore lessons and activities that will facilitate

students developing a greater appreciation for the significance and power of the
complex number system.
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Part One:

The History and Mathematics of
De Moivre's Formula



Chapter 17 Some History

Section 1.11 History of the Complex Numbers

The set of complex or imaginary numbers that we work with today have the fingerprints of many
mathematical giants.

In 1545 Gerolamo Cardano, an Italian mathematician, published hisAr®Magnus
containing a formula for solving the general cubic equmati

x> +axt +bx+c=0

While deriving the formulaCardano came across the solution with the square root of a negative
number. Cardano did not publish teests irreducibilis considering it useless.

Rafael Bombelli introducedlabelfor such numbers his set of books 6 Al gebr a
published in 1572 and 1579. While Cardano chose not to publish his work with complex

numbers, Bombelli found theasus irreducibilihad validity andntroduced a notatigrecalling it

aflpi u doifor tWelrandiime n o d ifor ré .dlédevised a table to explain his
notation

piu di meno via piu di meno fa meno

piu di meno via meno di meno fa piu

Meno di meno via piu di meno fa piu

meno di men via meno di meno fa meno (Bashmakovia & Smirnoy&000).

Which means:



V-134-1=-1
V-18 (-1)=41
(i) V=

() (s

Abraham De Moivre (16617 1754)further extended the study of such numbers when he
publishedMiscellanea Analytican 1730, utilizing trigonometry to represent powers of complex
numbersHis work is the subject of the mathematical portion of this papethiaride is
described in more detail in the next section.

John Wallis contributed to the visualization of complex numiresstreatise titled
Algebra Employing a single axis with positiv@luesto the right and negative valuesthe left,
Walllis constructed aircle with one end of the diametec at the origin and the other to the
right as a positive valu@y then constructing similar right triangles within and about the circle
and tangent to the circle, he reasoned the geammagan would hold true regardless of positive

or negative values assigned to vertices.

. AB . = . .
That |37 = % for side lengths AB and P& X =+ AB(PB regardles®f the positiorrelative

tothe axiswh i | e WanlieHfuirttei@d the geometric image of complaxmbersthey were

awkward andnconclusive(Nahin, 1998.



The Norwegianusrveyor Caspar Wessel presentesivisual interpretation of complex
numbers to the Royal Danish Academy of Science in 1797. Wessel described a complex number

a + bi, as point (a, b) on ag@he consisting of a real axis aa imaginary axi¢Nahin 199§.

¥ imaginary axis

x real axis

Sources attribute other brilliant men working in the field of mathematics, during the same

time period, with utilizing similar representations of complex numtsgad. Fredrick Gauss

(17777 1855) relied upom positional description of/-_l, much | i ke Wessel 0s.
Paul J. Nahin, fAGauss had been in possession
reproduce without Gauss H99& m8a)wnl1éod, aepartoess sel 6s
dissertation, Gauss relied on this knowledge to prove that any polynomial with real coefficients
could be written as the product of linear or quadratic factors. Any such polynomial would then

have a solution contained in the set of ptaw numbers (Mazyu207). This we now know as the
Fundamental Theorem of Algeb@auss islsoattributed with thentroduction of the term

complex number

Leonhard Euler (1707 1783), aSwissmathematicianrefined the geometric definition
of complexnumbers. He described the solutions of the equation1=0 as vertices of a

regular polygon in the plane. Euler also introduced the nota/f'_+dh= I. He defined the

complex exponential, arlblished his proof ahe identityeix =Cosx +isinx, in 1748(Nabhin,

1998.



lsaac Newtoomnce sai d, dlf | stammlingeonyesheuldedf ur t her it
Gi a n(tiwod0l). WhileNewt onés word where | ikely a sligh
Hooke, it is certain that our understanding of complex numb@rany other mathematical

concept, aren evolution of the contributions of many.

Section 121 History of Abraham De Moivre

Abraham @ Moivre was born in Champagne France on May 26, 1667. He became interested in

mathematics at an early age and pursued mathenragosionallyin school and on his own. It

was De Moi vr e 6 s beborrirdoratprotestant amily at a tkme when the ruling

monarchy was restricting religious freedom. He left Framoen he was 180 live in London

where hislick would most decidedly einge. Havas eventually thrown into the company of

many brilliant mathematicians. Throughout his time in London he supported himself as a tutor.
Shortly after his arrival in Londome Moi vre obtained a copy of

Principia. He studied wt onés wor k i ntently even tearing a

so that he could study the work during spare momé&néslition has it that De Mare

eventually became such an expert on Newtonos

regarding Principiato de Moivre sayingihe knows imonédaambdutdodo ( Nahi
De Moivre met Edmond Halley in 1692. Halley took a paper written by De Moivre to the

Royal Society. Through this introduction De Moivre became part of the exclusiveysshite

men like Newton, Halley, Wallis and Cotes exchanged and clashed over ideas that were to

become the many of the founding precepts of mathematical theory today. He was elected to the

Royal Society in 1697. He was appointed to a commission in 171 did settle the battle



between Newton and Leibniz over the right to claim himsglhanventor of calculus. He of
course ruled in favor of Newtdiaor 1998)

De Moivre made many contributions to the field of mathematiesnly in the areas of
theory of probability and algebra/trigonometry. In 1718 he publishesi Doctrine of Chances:
or, a Method of Calculating the Probability of Events in Playl725 De Moive published a

work A Treatise of Annuities upon Livesexaminatiorof mortality staistics. De Moivre

published a formula in 1733 that approximated n factoﬁk?l,cnnﬂlze' " where ¢ is some

constant. Unfortunately De Moivre was not able to determine the value of c. Today the formula

is known as Stirling formula since James Stirling of Standdetermined the value to be

n° +22pnn"e " (Maor 1998)

De Moivredos third publication in 1730 is t
Miscellanea AnalyticaHere De Moivre tackles the important dilemma of the time, the
factorization of the polynomiak®" + px" +1 into quadratics. De Moivre was continuing the
effortsof Roger CotesEssential to his work was a trigopnometric representation of powers of
complex numbersye know today as De Moivreds Theor em.
(cosg+ising)" =cognq)+isin(ng). It is interesting to note that it was Euler and be Moivre
that wrote this resubxplicitly (Nahin 1998).

Despite De Moi vr eods ,meacontineed o tsupmod himselfdynt r i but
tutoring. He was never able to attain an appointment to a chair at a university. In his latter years
he begand sleep more and more. It is reported that he predicted the day of his own death. After
observing his sleep time increased each day by an additional 15 minutes he calculated the
arithmetic progression until he would sleep forever. His calculations weectdie died

November 27, 175@Maor, 1998).



Chapter 217 Some Mathematics

Section 2.11 Complex Numbers® Rectangular Form

The standard form of a complex number is a witerea is the real part of the number alncs

the imaginary part, and of course we defirey- 1. Also we assumé’ = - 1 since

(«/-_1)2 =1
The set of complex numbers contathe set oéll real numbers, that is when b = 0.

We apply the same properties to complex bara as we do to real numbers. To be
considerecequal, two omplex numbersust be equal in both their real and their imaginary
components. That is to say, the numbetsbi =c +di are equal to one another if and only if
a=candb=d.

Complex numbers have the same additive identity as the real number g\atesty
zero. The additive inverse of the complex number ais b(a+bi)=- a- bi thus
(a+bi)+(- a- bi)=0+0i =0.

When we add or subtract complex numbess add or subtract the real parts and the

imaginary parts separately. Given the complex numbers ardoc + @ we add or subtract as

follows:
(a+bi)+(c+di)=(a+c)+(b+d)i
(a+bi)- (c+di)=(a- c)+(b- d)i.
For example: (@+2)+(4+5)=(6+7)

(2+2)- (4+5)=(-2- 3)



It is important to note that the sum or difference of two complex numbers can become a real
number with no imaginary part,
@L+6i)- (5+6i)=(-4+0i)=-4.
Because the complex numbers contain the set of real numbers, however, this fact does not
contradict the fact that the complex numbers are closed under both addition and multiplication.
Many other properties of real numbers apply to complex numbers:
1 The Associative Property of Addition
[(@+Dbi)+(c+di)]+(e+ fi) = (a+Dbi) + [(c +di) + (e+ fi)]
1 The Commutative Property of Addition
(a+bi)+(c+di)=(c+di)+(a+bi)
1 The Distibutive Property of Muiplication over Addition
k(a+bi)=(a+bi)+(a+bi)+(a+bi)+ ... +(a+bi)=(ka+kbi) for ki R.
These same properties hold for multiplication of complex numbers. Here we must rely on the

defined valuei® = - 1. Then for the complex numbers ai+and ¢ + d

(@+b)(c+d)=a(cid)+b (ciHd)i i
=a +(a)e+r(bgi+(gi? d
=a +(a)c+(Ji+(9J(-1) d

=a -b +fa)o+(Ji c
=(a -b)e(adb)lid c
As theabove computation illustratesgvwean also use the polynomial multiplication process

commonly called FOIL to multiply complex numbeis order to find the quotient of complex

numbers we rely on the complex conjugate. The complex conjugée+dfi) is the conplex

number(a- bi), where the imaginary parts differ only by a sign and the product of the two is a

real number.



(a+bi)(a- bi)=a(a- bi)+bi(a- bi)
=aa- (ab)i + (ab)i - (bb)i?
=a’- b*(-1)

— a2 + b2
Then for the quotient of complex numbers we have

a+bi _8a+bitc- did
c=—— @ ——0

c+di cc+di€c- di+
_ac- adi+bci- bdi?
- c?+d?
_ac- adi+bci- bd(- 1)
- c?+d?
_ac- adi+bci+hd
- c? +d?
_ (ac+bd)+(bc- ad)i
B c®+d?

where the simplified value has no imaginary part in the denomirdtice hat, as a result, the
complex numbers are closed under division, as long as the divisor is nonzero.

We graph complex numbers on the coordirsyttem called the ‘complex planghere
the horizontal axis is the real axis and the vertical axis is the mauggaxis. On the complex

plane every ordered pair or point (a, b) correspondsuaiguecomplex number a +b

The Complex Plane

Imaginary Axis
a+bi —— (a, b)
L ]

Real

Axis




The absolute value of a complex number is defined as the distance from the origin to the ordered
pair or point (a, b),
la+bi| =/a2 +b?.
If we construct a segment connecting any complex number on the plane with the origin,
then we will quickly observe thabmplex number operations share many similarities to
operations of vectors. The absolute value of a complex number is the same oalaslatie

magnitude of a vector.

la+bi| =va? +b? M =\/V12 v,
When we add and subtract complex numbers graphid@adlgpears very much like vector

addition and subtraction.

(@+c)+ (b + di

c+&\ a + bi

While the multiplication of complex numbers does not match the process for any vector

operationjf we visualize the complex numbers as vectidis much easier to understand what is
occurring geometrically. On the graph below we see that the multiplication of complex numbers
A=a+bi and B=c+di produces a new complex numb@r= (ac- bd)+ (ad+bc)i, with

magnitude equal to the prociuof the magnitudes of A and B. In addition, the angle formed by
the positive xaxis andC = (ac- bd)+(ad+bc)i is equal to the sum of the angles formed by each

of the complex numberé = a+bi andB =c+di, and the positive-axis.

1C



|(ac - bd) + (ad + bc)i‘ = (|a + bi|)(]c + di|)

IC = (ac - bd) + (ad + bc)i

-
-
-

Operationsvith complex numbers can often become tedmng lengthyFurther discussion of
the multiplication and division of complex numbers necessitates the consideration of another

form of complex numbers

Section 2.2 Complex Numbers Polar Form

We can represent a complex number using trigonometry nmkectvé represent vectors in
trigonometric form. We also call this representatio&’polar formi of complex numbers. Rather
than using a coordinate for the real part and the imaginarymtrtse the absolute value of the
complex number and the directadgle from the positive-axis or polar axis to the line segment
connecting the complex point to the pole, measured in a cetlotkwise direction.
Then the parameters of the rectangular and polar form are related as follows:

a=rcoxm and b=rsing

with

ahC
r=+a’+b?, and tanq :%Q

11



so that z=a+bi =(rcosq) + (rsing)i..

Here r is called thenodulusof the z andg is called theargumentUnlike the rectangular

coordinates (a, b) for a complex number, the ordered gair, is not unique since for any angle

cosg=coqq+2pk) and  sing=sin(q+2pk).
Generally to address this issueg restrict such representations of complex numbers to an
interval such a8¢ g ¢ 2p, althougha negative angle value may be used. For example we can

find the trigonometric representation of the numhber- 2- 2i in the following manner:

r=+/(-2°+(-2)° =+/8=22

tanq :—g =1 and

q=tan’() =45

a ¢
but we know that z liel the 3 quadrant and arctangent has a rangé%og,gc SO

a=45 +180 =225, or 225_:“':’7:J
Putting it all together, we have
a4 5p . 5p0
z=2+/2(cos225 +isin225) or Z= 2\/58905%) i S'”jpg-

12



%
2| =2~2 /"
o"/ 4 2
z=-2-2i

We use trigonometric or polar form of imaginary numbers for several calculations
including multiplication and division of complex numbeasgd for finding powers of complex
numbers.

Given the complex numbetg =r, (cosa, +ising,) and z, =r,(cosy, +ising,) we find the
product
2,2, = yr,(cosy, =ising, )(cosa, +ising,)
=n, (cosqlcosq2 +cosg,i sing, +1sing, oy, +izsinqlsinq2)
=1, [cosxql cosq, + (- Psing, sing, +i (sinqlcosq2 + cosqlsinqz)]

=, [(coszql cosq, - sing, sing,)+i(sing, cosy, + cosqlsinqz)]

Here we see the formula for the cosine of the sum of two angles and the sine of the sum of two

angles thus
42y =1l [COS(ql + q2) + Sin(ql ¥ qz)].

We have a very eagalculation to fi the product of two complex numbers. We simply
multiply the moduliiand add the arguments. This method is a much more efficient model of the

previously mentioned graphical representation of complex number multiplication.

13



Given the samévo complex numbers; =r,(cosy, +ising; ) and

z, = (r,cosy, +ising,) we find the quotient as follows.

2z _ ni(cosg, +ising,)
2, r,(cosy, +ising,)
_ 1y(cosy, +ising )(cosa, - isingy)
"~ 1,(cosq, +ising, )(cosa, - cosa,)
_ rl[cosqlcosq2 - 1€c0gg, Sing, +ising, cosy, - izsinqlsinqz]

r [(cosqz)2 - icosq, sing, +i cosq, sing, - iz(sinqz)z]

r, :cosqlcosq2 - (- Dsing, sing, +i(sing, cosq, - cosqlsinqz)]
r, [cos2 d, - (- Dsin® q2]

I, :(cosql cosq, +sing, sing, ) +i(sing, cosq, - cosqlsinqz)]

r [co§ Q, +sin® qz]

Here we see the formula for the cosine of the difference of two angles and the sine of the

difference of two angles, and a Pythagorean identity thus
zZ I .
2= [Coich - QZ)"' ' S'”(Ql - QZ)]-
5L N

Then for the quotieraf two complex numbers we find the quotient of the modulii and the

difference of the arguments.

Section 2.3 Powers of Complex Number§ De Moi vr eds Theor em

In order to compute powers of complex numbers we must consider the process of repeated

multiplication. Given z =r(cosq+ising), then

14



2% =[r(cosg +ising)|[r (cosq +ising)] = r*(cos2q +isin2q)

Ak [rz(coqu +i sin2q)][r (cosq+ising)] = r*(cos3q+isin3q)
z' = [rg(cos3q +i sin3q)][r (cosg+ising)] = r*(cosdq+isindq)
2° = [r*(cosAq +isin4q)|[r (cosq +ising)] = r*(cossq + sin50)

As we continue to increase the power olve can see a pattern developing. This pattern is the

core of the theorem named after the French mathematician Abraham De Moivre.

De Moi vr e &df zFH{oesg+isng) is a complex number and n is a positive integer,

then,

2" =[r(cosg+ising)]” =r"(cosng+isinng).

Using this theorem we can easily compute the power of a complex number sreif2as?2i).
First we must convert the complex number to its polar form:
z=(2+2i) =2+/2(cos45 +isin45),
with

320
r=v2%+2? =/8 =242, andan 1839: 45,

where z lies in thelst quesht.

Then

2° = (2+2i)° = [2v2(cosA5 +i sin45_)]6 = (2&)6(c05270—+ isin270) =-514.

15



Section 2.4i The Proof of DeMoivre's Theorem

To prove De Moi vr e6s rdohbginducdomGivewacompseenurabersi mp | e
z = (cosg+ising)

we can easily show using repeated multiplication that forn =0, 1, 2, 3, and 4,

2° = :ro(coqu+ i sian)] =1(cos0+isin0) =1+i0=1

z' = :rl(cosq+isinq):1 =r(cosq+ising)

z° = :rz(cosq+ i sinq):2 = [r(cosq+ i sinq)][r(cosq+isinq)] =r?(cos2q +isin2q)

z° = :r3(cosq+ i sinq):3 = [r2(0052q+ i sin2q)][r (cosg +ising)] = r3(cos3q +isin3q)

z' = :r4(COSq+isinq):4 = [r3(cos3q+isin3q)][r(cosq+isinq)] =r*(cos4q+isin4q)

Now let us assume thaf = [r (cosg+ising)]" =r"(cosng+isinna)

is true for somenl Z*.

Then we must show that this implies it is true foma#l 1, that is,

[r(cosy+i sinq)]m1 =r"*(cogn +1)g+isin(n+1)q).
Then given

[r(cosg+ising)]" =r"(cosng+isinng)
we multiply both sides of the equation [pfcosq +i sing)).
Then
[r (coxg+i sinq)][r (cog+i sinq)]n = [rn cosng +i sinnq][r (coxg+i sinq)]

Therefore

S L . .
[r(cosg+ising)]" =r"r[cosnqcosy +cosngising+isinngcosy - sinngsing].

16



We then employ the use of the common trigonometrimias for the sum of an angle for sine
and cosine,
sin(x +y) =sinxcosy +cosxsiny and  cogx+y)=cosxcosy - sinxsiny.
We let x =na, and Y =( and we have
r"™*[cogng+q) +isin(ng+q)] = r™*[cogn +1)g+i sin(n +1)q],

as desired for all positive integers.

We must also considati Z~ for

Z" =[r(cosy+ising)] " =r "[cog- ng)+isin(- nq)].
Since cosine and sine are even and odd furctiespectively, we have

co- nq) +isin(- ng) = cognq) - isin(nq)
_ cog(ng) - i sin(nq)
cos’(nq) +sin?(nq)
_ 1 5 1
cogng) +isin(ng) “cogng) - isin(nq)
1
~ cogng) +isin(ng)

Goqnq) - isin(ng)

Therefore

1e 1 g
r" &cosng +isinngl

r"[cog- ng) +isin(ng)] =

17



Chapter 317 Some Uses and Related Content

Section 3.1 Extracting Roots

Potentially the greatest value of De Moivreos

a complex number. If we let = p(cosg +i sing)andz" =w
then forw =r(cog’ +isin/ ) wherez" = [p(c:osx:1+isinq)]n
we have p”(cosng+isinng) =r(cog +isinj ).

So thatimplies thatp" =r and =] , or p=%/r andq= Jﬁ

Since both cosine and sine have a periodmfwe have solutions to both sides of the equation

ng=j , thatisng=j +2pk o q—TZpkwnh k=01 2 . n-1.
If we letk = nthen we repeat the solutions sirq:ejﬁ and 1+T2pk :JE+2p are ceterminal

angles. Therefore for the positive integewe findn distinct nth roots of the complex number

a j+2pk . j+2 kg
w=r(cog +isinj )by Z=% geosJ np +|S|r‘J P

Visually we see, on the complex plane, these solutions or nth roots lie on a circle of

. . : 2p.
radius nvr , with n solutions evenly spacedf?\?mtervals.

18



Imaginary
Axis

Real
Axis

Using this formula we can easily compute the third roots of 1. First we represent 1 as a

complex number, that is 1 = 1#@hen the modulus = 1% +0* =1, and the argument

o} ~

g=tan 1ag= 0, so we havi=cog+isin0.

Then for he third roots of 1 we hav«eos0+2pk +isir'.O+§pk withk=0, 1, and 2.

Then the roots are as follows,

cosD+isin0=1

cosz—p+isin2—p:- E+'ﬁ
3 2

cosﬂﬂsinﬂ:-l- iE
3 2 2

18



Imaginary
AXis

1+0i
Real

AXxis

gk

For any set of nth roots of 1, the n distinct roots are called the nth roots of unity. These roots will
lie on the unit circle, as seen above, aathplex solutions will occur as conjugate pairs.

Section 3.21 Power Series and Euler's Formula

Most any precalculus text will contain a chapter of sequences and series. As part of the unit of
sequences and seristudents become familiar with anitietic, geometric and power series. Two

familiar power series are those used to represent sine and cosine and theenumber

. X
SINX=X- —+—-—+ ...
3 !

cosx=1- —+—- —+

Leonard Euler (1707 1783), aSwissmathematician, derived a formula relating the three series.

Eul er 6s o 500SKiBinX, i s

FRCY N O NN )
4

. d 2

wheree® =1+ 2 + (ix) . ..
- n- 1)
2 3 (n- 2)

2C



=1+ix + + + . + ... +W+

_; x? .\ x*  x° 84_;( ix® x> ix’ (C:
c 2 4 8 +¢ 3 85 7 :
a x? x* x° 0 a x3 x> x’ 0

B T R T T T
¢ ' S -

=COsX +isinx

If we let X=D, then

e =cosp +isinp =- 1+i0

or
eP +1=0,

an equation relating the five most important numerical constants in mathematics. This

relationship encourages one to explore

screw i n aThdansyérie” vithieH obcButseequals 1 (Weisstein).

t

21



Part Two:

Teaching Complex Numbers

and DeMoivre's Formula

Overview of the Curriculum

The following lessons were designed for-adculus classes taught at Oregon City High
School (OCHS) in Oregon City, Oregon. This class is attimeester class, Pr€alculus A and
PreCalculus B, with a maximum of 35 students enrolled in each classtithent population
consisted of primarily juniors and seniors with just a few sophomores. At OCHS students are
required to earn a C or higher in Algebra 2 before they can takédkralus. Students are also
strongly encouraged to take a enienester Trignometry class before taking Réalculus B but
it is not required. As one of the two instructors teaching@deulus at OCHS, | taught 3
sections of Pr€alculus A during fall trimester, and 3 sections of-€etculus B during winter
trimester. Based ovarious influence® scheduling, failures, student preferedidbe student
roster changed from fall to winter with about 60% of the students | taught in the fall returning for

PreCalculus B in the winter.
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The student population of Rfgalculus A and B coes with a wide variety of skill levels.
During the first few weeks of Py€alculus A students spend time reviewing topics from Algebra
2 including graphing equations by hand and with the calculator, solving equations graphically
and algebraically, and sahg inequalities graphically and algebraically. It is not unusual to find
students who are unfamiliar or have great difficulty with psiope form of a line, factoring to
solve, completing the square to solve, and the domain and range of functiorsChideitus B
we have students who have taken Trigonometry and can solve right triangles with confidence
while other students struggle to make sense of SOH CAH TOA. It can be challenging to find
meaningful lessons and activities that meet the needs afitleise group of learners.

The following lessons are taken from the textbBRECALCULUS WITH LIMITS A

GRAPHING APPROACH Third Edition. Ron Larson, Robert P. Hostetler, Bruce H. Edwards.

The lessons were taught over the {inmester time period but nas one continuous unit. There

is a curriculum map already in place at OCHS and within the math department there are strong
feelings towards maintaining the pacing calendar and section order developed by previous
instructors.

For this research project §8on 1, Complex Numbers, and Lesson 2, The Fundamental
Theorem of Algebra, were taught during falculus A, during the sixth or seventh week of the
trimester. They were lessons from the second chapter of the textbooRtljewmials and
Rational Funabns Lesson 3, The Complex Plane, was taught irnGieulus B during the
seventh or eighth week of the winter trimester, and was an extension of the Complex Numbers
section from the second chapter of thwth textbo

additional supplements from several other sources.
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This lesson followed a vector unit from chapteA@ditional Topics in Trigonometry,
and preceded the | esson on De Moivreods Theore
numbers was not part ofdtPreCalculus A curriculum. Therefore it was assumed that students
would have no prior knowledge of the complex plane or graphing complex numbers. It was also
a good opportunity to review complex numbers. Lesson 4, Polar Coordinates, from the tenth
chaper, Topics in Analytic Geometrdirectly followed the Complex Plane lesson and provided
students with a more detailed rationale for D
Theorem came from chapter 6, the same chapter as the unit on vectors.

It is important to note that students had several weeks worth of experience with
trigonometry by the time they were exposed to
practicing Radian and Degree Measure, Trigonometric Functions and the Unit Cirbke, Rig
Triangle trigonometry, Graphing Trigonometric Functions, Inverse Trigonometric Functions,

Using and Verifying Trigonometric Identities, Solving Trigonometric Equations, and working

with several formulas such as the Sum and Difference, Mukiptge, ard Product to Sum

formulas. They had also spent several days using the Law of Sines and the Law of Cosines.

These were difficult topics for many of these students, more so for those that had mtitdake
Trigonometric class offered at OCHS. Some studezemed to be growing weary of
trigonometry by the time De Moivreds Theorem
trigonometric topic covered in R@alculus B. The next chapter was Conics and students were

relieved to find no sign of sine or cosine anywhartheir assignments.
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Activity 1 Lesson Plani Basic Operations of Complex Numbers

Instructor: Cynthia Schneider

Subject: Mathematics

Grade Level: 12" grade

Title: Basic Operations d€omplex Numbers

Unit Title: Polynomials and Ration&lunctions

Content/Topic: This lesson is an introduction to the imaginaryunit and it s use
complex numbers in standard form. Students will learn how to add, subtract, and multiply
complex numbers, and how to use complex conjugates to dieidplex numbers.

Content Objectives:Students will be able to recognize and write complex numbers in standard
form. They will be able to perform basic operations of complex numbers, including the use of

complex conjugates.

Language Objectives:Students W be able to use the following terminology correctly:
imaginary uniti, complex numbers, complex conjugate.

Required materials:
1 SMART Boardlesson including definitions and examples frBRECALCULUS WITH
LIMITS: A GRAPHING APPROACH Third Edition
1 Complex Number Operations worksheet #1

Instruction and Practice: See include®MART BoardLesson

Time Allotment: Allow approximately 25 minutes for the lesson. The included assessment will
require 30° 40 minutes depending upon student skill level.

AssessmentSee included Complex Number Operations worksheet #1
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Activity 1 SMART Board Slides- Operations of Complex Numbers
Slide 1

2.4 Complex Numbers

Use the square root method to solve the
quadratic equation.

X +1=0

Slide 2
Learning Objectives:
1. You will be able to recognize and write complex numbers in
standard form.
2. You will be able to perform basic operations of complex numbers
Slide 3

Finding solutions to this type of equation necessitates

the use of imaginary numbers.

We define

i=~/-1

Then by adding real parts to multiples of this

imaginary unit we obtain the set of complex numbers.
Slide 4

If a and b are real humbers, the number « + bi is a complex
number, and it is said to be written in standard form.

If b=0 then a+bi=a Real humber
If h#0 then a+bi Imaginary number
If b#0,a=0 then bi Pure imaginary number
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Slide 5

When we add or subtract imaginary or complex numbers
we combine like terms, that is we add or subtract the
real parts together and the imaginary parts tegether.

Sum: (a+bi)+(c+di)=(a+c)+(b+d)i
Difference: (a + bi) - (c +di) = (a-c)+ (b - d)i

Find the sum and difference.

(4 +2i) + (3 +5i) =

(6 - 2i)- (4+9i)=
Slide 6
We multiply imaginary humbers using FOIL.
(a + bi)(c + di) = ac + adi + bei + bdi? = (ac - bd) + (ad +bc)i
First Outsice  Insice o

(3+2i)(4+10)

(5 +2iy

(7 + 3i)(7 - 3i)
Slide 7

Complex Conjugates:
For a + bi the complex conjugate is a - bi

Find the product of the complex conjugates below.

(a + bi)(a - bi)
(L+i)(1-i)
(2 +3i)(2 - 3i)
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Slide 8

We use the complex conjugate of the denominator to
find the quotient of complex numbers. In this manner
we eliminate the imaginary part of the number from the
denominator.

3+
3+ 3i

Slide 9

Assignment: Operations of Complex Numbers worksheet
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Activity 1 - Complex Number Operations

Write the complex number is standard form.

1)  3+4-9 2)  -3%+ 3) (75)

Perform the addition or subtraction and write the result in standard form.

4)  (4+)+(7- 2) 5) (1- 2i)+(-3+6i)

6) (7++-18)- (3+32) 7) 13- (14- 7i)

8 22+(-5+8i)+10 9 -§%3+zig- 55- 1IE
) Sor VBTSN E 6

Perform the multiplication and write the result in standard form.

10) ~-60/-2 11)  (+i)(3- 2)
12) (6- 2)2- 3) 13) (V14 +i+10)14 - i10)
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Find the product of the number and its conjugate.

14.) 4+3

15)  -3+i4/2

Perform the division and write the result in standard form.

16) ©
18.) 8- 7
1- 2

20_) (2' 3i)(5i)

2+ 3

17.) i
4- 5
1
19.
) (4- 5y
21)) A+i
2+1 2-1

Simplify the complex number and write it in standard form.

22) 4i*- 23

24.)

(-2)
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Activity 1 7 BasicOperations of Complex Numbers (Teacher Version)

Write the complex number is standard form.

1) 3+4-9 2)  -Bit4i 3.) (x/R)2
i "2 _ ’ ) &7 5
<3430 = - (573)
“3EnNteL L
. = 5.3
= 34L = -5
Perform the addition or subtraction and write the result in standard form.
4) (4+i)+(7-2i) 5)  (11=2i)+(-3+6i)
= -L = §+YL
6)  (744-18)-(3+3i2) 7)  13i-(14-7i)
:<7+35G>—(3+3if71> = C )Y+ 200

= ¢

8)  22+(-5+8i)+10i (%+%i) (%—éi)
= |F+18L =2-2i-& rgt
o -14 3%
12 %0

Perform the multiplication and write the result in standard form.
10)  V-6-4-2 11)  (1+i)(3-2i)

= WiL =5 +u

= 413
12)  (6-2i)(2-3i) 13) (V14 +iV10)(+14 - i+/i0)

6-220 = ({%) - (ifiw)
=4 —(-10)
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Find the product of the number and its conjugate,

14.) (4+3z)(.,(._3¢7

= o — 9" = §-id
= b+ 9 =
:’;:for-;étl.le :(}i—vision and write the result ir: ;t)andﬁ)ra)y—t&; )
) (4-51 ) (4 ¥5c)
= :6’2,_: -—bi, = /b .,Lw(: B 16 +20.
e % -25it #H
g (142 .
18) T3 (1e2d) 19.) T
= 22+9 I (‘H f‘/Oi)
5 " (-yoi )(# +H0)
dhtdo. Yl e
Yo 32581

20,) (2- 3i)(.51)
2+3i

(15 +—10~3(2*3£>
(ar3i) (2-3:)

= 60"'25L' _ wo —251'

15.) (-3+h/i>(-3_. v P’Z>

21) 2i 5

240 2-i

- 2+ + 10e5e
" (ar(2-8D

= 1x2+fe _12+0
T3 13 A
Simplify the complex number and write it in standard form.
2) ' 4t -23 23) -5i° 24.) («/3)6
. o s o 8 N’
= V_(_ ,) - 21 (—D - 5( |Y"l> L =(£’ E)
S - L{ .l—-z(/ e, - 5 U = 3
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Activity 1 T Basic Operations of Complex Numbers (Student Work)

Write the complex number is standard form.

1) 34459 2) 34 3 (VT5)
kel il (NT A7)
9t (L ) ; ""[ ‘ :

(15

[5¢]

_5 =3

Perform the addition or subtraction and write the result in standard form.

4)  (4+i)+(7-20) 5)  (11-2i)+(-3+6i)
[Tt 8 1 4i
6)  (7+4=18)-(3+31n2) 7)  13i=(14-7)
(r—.) ' ,\S X\ ,)- (;), 'J)l,.\'-ﬁ-/) \ LH’)ULI
I‘J r! 1
( i 3\ ¥
(—\w JL’\H) (J\‘}lﬂl)) Rtl\
8)  224(-5+8i)+10i 9. -(2"1132]_(2_1-} A FALy ) ( 20
' K ' #7359 676 01 2o ) L0
lrJ’ v3 1 +\0¢ {19 A |
'l.[".}a 1‘&% || Ve _-“_’-’J-BL
Perform the multiplication and write the result in standard form.
10)  V=6:4-2 1) (1+i)(3-2i)
(AG) (51 A(2 ) 2 -0 y3- At
(o.,.({l""l'z ) 5+ =200
("l 2. 1 2iV :fJ J m
12.) (6—2:’)(2—3;’]’; 13.) (-J—+nf_){ - i/10)
1o v ot 1 - Ao + (Ao - 100
22004, 0 14 -10(i%)

Jq‘jé‘j 4 -\0

L)

Find the product of the number and its conjugate.

14.) (4+3¢)(L1 20) 15.) <3+z'\/_> -%- N’i)
T, o T q +3ove sz -2
Lo -a(Y) 9 =2(1)

-9 = |7 (%) -2 =VF\ (3-i2)
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Perform the division and write the result in standa:jfi form. _
16) 2 (i b o -bi - 17) (4—‘%(”*59 - 1+20;
PN/t NSNS b 2020, - 250

Mot200 - 1p+20¢
le -25(1) W28

lL‘.?*QULf -
_..al ,'.

G \\'QL> Br\ot -Fiwa 19) —1

W2L /| momun (4-5i)? (u-f;a)(ﬂ 5%)
LT P C GO Vo -20¢-20(+ 25 ?
\= ‘1(\) —%f A funuo o - Ho { +25
] ("” “\OOK‘-”“'()\ Y “H0e .
L =% e L. S BT
| N ALO0 . —
12 MW LOOT o8- 1o0C .—93\
20y 223060 . e-15¢ Y s
2+3i 240 2-i . \ g
. % 2 ( ) Z*qt + 10+ 5(,
\OL-lS" 2'%1.. k )‘(QZLTJ@ (Q (") L\) gA 2'1'. ’b %
24BN 730 - i) (2 L) (2-v (a+) .
PR (L Ni-2 4 oubp | TArHiHIONS]
200 - 30450 Ty e gt 3
Y —D”-b—*bi," C{"L ‘ Ll- 1 G {,q b
20 — LO*45i | N L1 i
T4 -9 - Y-y - ;
/oy + 3L

Simplify the co;nple:‘: number and write it in standard form.
2)  42-28 23) -5i° 24.) («1’3)6

L{(\)d 26) -5(0) (\5'/\]3

]H-aa, l 50\ ( NZ)’
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Reflection on Activity 1

Students wereurious about the origins of congx numbers. | had several students ask
why another number system was necesgahandful of students had already used complex
numbers and formed negative opinions regarding their disel. that students seldom spend
time learning how the various sets of numbers, nainteder rational, rrational, andeal
numbers are relateBrior to precalculus there is little time spet@achingcomplex numberket
alone that the set of complex humbeositairs all other sets of numberBor most students the
actual calculations were easy but theaidé another number systamasmore then they wanted
to think about.

Since this lesson wamly introductory,t was process oriented and little time was spent
exploringtheuses of complex numbeiStudents found the process of adding and subtracting
very easyl related this process to combining like terms in an algebraic expreSsioa.we
discussed the strategy for multiplying complex numbers using Rl became an easy
calculation. Divisionwas more difficult. About half the class comprehended the concept of a
conjugate and cleared complex numbers out of the denominator with ease after a few examples. |
used the phrasis§ ofmMYywudormdtt twandt t o cmtch t hei
remember ta@omplete this process. It seentede effective. | uslly relate this to not wanting
zeros on fAograumradiodcdlomdn Ayour bottomo.

The last three problems of the activity worked well spawning several conversations
between studentegarding the apparent patterns for computing powerd ofas pleased with
this response. | love to see students discussing patterns in mathematics and | enjoy hearing the

words and phrases they use to explain math to one another.
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Activity 2 LessonPlani The Fundamental Theorem of Algebra

Instructor: Cynthia Schneider

Subject: Mathematics

Grade Level: 12" grade

Title: The Fundamental Theorem of Algebra
Unit Title: Polynomials and Rational Functions

Content/Topic: This lesson is amtroduction to the Fundamental Theorem of Algebra (FTA).
Students will find all the zeros or roots of polynomial functions that lie in the complex number
system. Students will rely on factoring, synthetic and long division, and a graphing calculator to
locate the zeros or roots.

Content Objectives:Students will be able to use the Fundamental Theorem of Algebra (FTA) to
determine the number of zeros of a polynomial function, and then find these zeros or roots,
including complex solutions.

Language Objedives: Students will be able to use the following terminology correctly: FTA,
linear factorization, roots zero® solutions, irreducible.

Required materials:
1 SMART Boardlesson including definitions and examples frBRECALCULUS WITH
LIMITS: A GRAPHING APPROACH, Third Edition
1 Fundamental Theorem of Algebra worksheet #2

Instruction and Practice: See include®MART BoardLesson

Time Allotment: Allow approximately 40 minutes for the lesson. The included assessment will
require 50° 60 minutes to completdepending on student skill level.

AssessmentSee included Fundament Theorem of Algebra worksheet #2
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Activity 2 SMART Board Slidesi The Fundamental Theorem of Algebra
Slide 1

2.5 The Fundamental Theorem of Algebra

FTA:
If f(x) is a polynomial of degree n, where n> 0, then f
has at least one zero in the complex number system.

C = Complex Numbers

Slide 2
Learning Objective:
You will be able to use the Fundamental Theorem of Algebra to
determine the number of zeros of polynomial function, and find
the zeros or roots.
Slide 3

The Linear Factorization Theorem
If f(x) is a polynomial of degree n, where n> 0, then f
has precisely n linear factors

f()=a,(x—¢)(x—c,).(x—c,)

where ¢,,c,, ... ,c, are complex numbers.
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Slide4

Both of these theorems are referred to as existence theorems.
They don't tell you how to find the zeros or solutions.
For that you rely on:

Factoring

Roots

Quadratic Formula

Rational Zero Test

Synthetic or Long Division

Calculator

Slide5

EX: Find all the zeros of the function.

f(x)= xt—4xP+8x* —16x+16

Slide6

EX: Find all the zeros of the function.
() =x"+x"+9x+9

Slide7

IT IS IMPORTANT TO NOTE THAT COMPLEX
SOLUTIONS OF POLYNOMIALS OCCUR IN
PAIRS AS COMPLEX CONJUGATES.

(a+bi) and (a—bi)

EX: Find a fourth degree polynomial with real
coefficients that has -2, -2, and (1 - 4i) as zeros.
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Slide8

Linear and Quadratic Factorization

When the quadratic factors of a function have no
rational roots, only irrational or complex roots, the
function is said to be irreducible over the rationals.

When the quadratic factors of a function have no real
roots, only complex roots (with i) the function is said to
be irreducible over the reals.

Slide 9
Irreducible over the rationals
Irreducible over the reals
Write the polynomial as the product of factors
that are irreducible over the rationals and as the
product of factors irreducible over the reals.
flx)=x"-x"—x+x* -2x+2
Slide 10

Fundamental Theorem of Algebra worksheet #2
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Activity 2 i The Fundamental Theorem of Algebra

Find all the zeros of the function.

1) f()=x(x+3)(<*- 1) 2)  1(=(x+5)(x- 8’

3)  h@)=(-3)¢-2(t-3)(t+3) 4) h(m)=(m- 2)°(m- 2+4i)(m- 2- 4i)

Find all the zeros of the function. Is there aelationship between the number of real zeros
and the number of xintercepts of the graph? Explain.
5.) f(x)=x>- 4x%- 4x+16

| \/5
o
o

Find all the zeros of the function and write the polynomial as a product of linear factors.
Use your graphing calculator to verify your resultsgraphically.
6.) f(x)=x%- 3x? - 15x+125 7.)h(x) = x* +6x>+10x* +6x+9
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Find all the zeros of the function and write the polynomial as a product of linear factors.
Use your factorization to determine the xintercepts of the graph of the function. Use your
graphing calculator to verify your results graphically.

8.) f(x)=x%- 12x+34 9.) f(x)=x3- 11x+15C

10.)  f(x)=x3+10x*+33x+ 34 11.)  f(x)=x*- 8x>+17x* - 8x+16

Find a polynomial function with integer coefficients that has the given zeros. (There are
many correct answers.)

12) 4 3, -3
13) 6, -5+2, -5-2i

14) -5, -5, 1+i/3

Write the polynomial (a) as the product of factors that are irreducible over theationals,
(b) as the product of linear and quadratic factors that are irreducible over theeals,(c) in
completely factored form.

15.) f(x)=x*- 2x®- 3x*+12x- 18

(Hint: One factor isX” - 6.)
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Use the given zero to find all the zeros of the function.

Function Zero
16.)  f(x)=2x*- x®+7x*- 4x- 4 2
17.)  h(x)=3x>- 4x*+8x+8 1- i3

Graphical Analysis: Use the zero or root feature of a graphing calculator to approximate the
zeros of the function accurate to three decimal places.dbine one of the exact zeros and
use synthetic division to verify your result. Find the exact values of the remaining zeros.

18.)  f(x)=x3+4x*+14x+20

EXPLORATION: Use a graphing calculator to graph the function f(x) = x* - 4x?+k for

different values ofk. Find values ofk such that the zeros off satisfy the specified
characteristics. (Some parts have many correct answers.)

a.) Four real zeros
b.) Two real zeros each of multiplicity 2
c.) Two real zeros and two complex zeros

d.) Four complex zeros
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Activity 2 7 The Fundamental Theorem of Algebra (Teacher Version)

Find all the zeros of the function.

1) f(x)=x(x+3)2 1) 2)  f0)=(x+3)x-8)"
0= x‘(z+3Xx‘—t7 » O=(x+5)%x-¢)
x*ro, X+320, XUT P

s x+5=0 K-8=0
X=o X< “3 ., A¥= =-5, X=28

3) () =(t-3)t- )(z 3)t+3)  4) h(m)=(m-4) (m-2+4i)(m-2-4i)
-'(t 3Y -2 )¢ &Xéf'ﬁ) "@"’q)?(m'zf‘/'xm 2- 4>
' t 2’0 t 3‘-’0**3“ Mm-u4=0, m—ZHhrom 2%"0

T tﬂ?L’tg‘SL m= ‘(’ m=2-Y M-l"‘"h,

+ -
+=3

w

J

Find all the zeros of the function. Is there a relationship between the number of real
zeros and the number of x-intercepts of the graph? Explain.
AR YRR A

5) flx)=x*-4x*-4x+16 0= x3-Yy U G

sl =% =l
o:ch’L}_Y'z—bY +‘%7 L’i_‘z—j

-G B
0= 2Y x-4) AL ~8
anxi ‘LX LT:%,T

X +t170, X-2=0,¥-¢4=0

ye-2 =2 X=M VZ:S—

£¢0h WW'FWW“SO o)
G0 e efustion ov factsy of gpunion

Find all the zeros of the function and write the pol¥nomial as a product of linear
factors. Use your graphing calculator to verify your results graphically.

6)  f(x)=x’=3x*-15x+125 7)h(x) = x* +6x° +10x* +6x+9
- - -15 |2 _ 2
ol s * 1159 F A3 5K H125 0= x¥+La> 10 ¥

..3llulol.-"i

8 25 0 o= (sl x> #x+25) S

] . ) O (xe3) (2
=gt ‘4*4012? G:C-rqu_,‘(*_-bix—x,q,g{_) GH" )L"( P"nﬁ'; \Ct+;-)l .
2 !‘ -3 © -3
6
o {re3xe el ) ° lx--3
0 =(xe3Y xedY K4 Yx-1)

= 4+3; X=-b, ¥=1t30
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Find all the zeros of the function and write the polynomial as a product of linear
factors. Use your factorization to determine the x-intercepts of the graph of the

;u)nctim}.(U;e yozur lgzraph?’i::g calculator to \;e)rify y(}lzr )results lg:‘aphli;;lly.‘ _ | © -1l 150
¢ x)=x"-12x+ X)=x" —1llx+
X-mt ¢ r——-—-———> b 3-1%0
v x=at(HN@GD - e Xxtaxe25) S
¢-v3 PR »b 3£AT  x= 6%\ 30- LN
Sl -nL2fE . CEZ g 2
LEVE o ) R xestn@ :
-F(—x‘).:G(—bH’iX'x-b ) _(fx) —(7‘1—6)(4""3"3"rxx —3-—3cﬁ>
10.) f(x)=x;+10x’+33xf_3§_____n.) f(x)=x*-8x" +17x* -8x +16 o
2 1 033 3 v gt Vog- deL Y| -¢ N -8 - i
T B O e (I I A MM
' g ) = =qtL 1 -y (-4 ° L9 42
- | 17

£ {x+zlx‘t-?y H?) [ty = (x— X v -4)(¥ %)

iy = (aanrme i Xt foop (et X1 s -4)
: soli x=%.K



