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Lesson 1: Writing RecuTsive Definitions

Give definitions for the following words below as well as an example.

1) Recursion{ Precedd 17 whieh each step of & Fer e vn

is dependdant on the SkpP or cleps that came be fove Vi

2) Sequence: J15E of numberet, jo gyopor

3 TerMe Eamecd 1100 e |
1((/ ¥l o7 BZPF I o & :!‘or.?/'f"l‘}’f(‘

4) general term ! £,

5) recurrence relation (recursive formula): /p rs2104 /e tha t elefnes o
LY f’é‘} fence

6) initial condition(s):g-,’-gy»/—;;l;f i/’é/iw

8) What is an arithmetic sequence? Give the symbolic form and what each part
means.

Lach term s equal b the previovs e
plus o constant, W,,=! Uu=)

o3
9) What is a geometric sequence? Give the symbolic form and what each part
means.

Each term 1§ egual o Fhe previews ey vV,
mulbplied by o cemthant y oLy

=)
10) What is the symbolic form of a shifted geometric sequence? What is the long-
run value?




Mz

@ifor the first term.

a) 3,7,11; 15; ;
"f‘l’f U, n = c’{ - + 4
b) 15,5, -5, -15, . - ,{{;" -3 —yg

~I0 [t =, o]
c) .3,.03,.003, .OOOSLM.W o DR
!

6

2 Lo000003

d) 100, 150, 225, 3375 ...... I
"g (/(‘1 =2 - (:"'! -
2z

u, =u,  —1.5 where n=2 m =-55= MZ.
T4-35 -7 -85 -0

Z1 u, =3u, -2 where n= e T S —_
34, n-1 R -

fg/ﬁ 2, -2 | \(4 7, :I !/i._,rﬁz Us= 1 j;:h

3. 7—9\ —_— rd
) u, =256 ) e ——————————
’ u, —075un] MI:O-—ISV_IO /’T?ri? M_— /'7“]' L'/z./d‘s
75 199 U =192 w_; y__j\*;“ 7

13) Application: A nursery owns 7000 Japanese maple trees. Each year the nursery
plans to sell 129 of it’s trees and plant 600 new ones.

a) Write a recursive definition that represents the nursery’s tree stock.
= . ’ L\;a\
[ % , —
U558 (Uney " 88 +600 = Up

b) Find the number of pine trees owned by the nursery after 10 years.

'

¢) At what point will the amount of trees planted equal the amount of trees sold by
the nursery?



14) Here are some recurregpg_:raiations that are neither arithmetic nor geometric.
List the first 6 terms of eacﬁ*i%%ence. Instead of u, use q,.

- ! _
a)%=§ al:% ql—.i_g_lgs—i‘__g_qt/_:gl/
3 ¢
a, =5a, -1 for > . 2z >
'
dy=5— =5 a;=5, -1=43 g
7 I l z o+ 3 G, 5 Q‘f-:j}«‘-g"
b) a,=-3, a4 =-2 l‘ e
¥ 43
a, =5a, ,-6a, ,for n=2 Z
¢) @, =10, a, =29
a,.,=7a,-10a,  for n=2
7-29-/0-10=29
7,29 102,43/ 1957
15) Write a recurrence relation for the following sequences. Use g, for the first term
in the sequence
- N, =U,.
2 D235813.2/,34,55 £ h Ynll, 0, = -
I —
Mj . Z‘+ M;‘M
- - i
b) 149,16, ... 25, 36, L/ﬁ/ é% 2]
L/ d” - y 2 2
2
) 12,608, .../ 200,728
(Fn =7

d) 4,1,3,-2,5,-7,12,-19,31, ......

S

—_ — ™
dh..z 4,‘7_’ tg}“/‘/!\

e

E——————

Jv'(/:.i/ /,72“3



Lesson 2: Characteristic Polyvnomial: A technique for converting recurrence
relations to a closed form formula.

The characteristic polynomial is a technique used for solving recursively-
defined sequences. Recurrence relations are useful when trying to find patterns in
number sequences. Remember though, a drawback when using recurrence
relations has been given in the example of, “What if | want to find the 100t term in
the sequencé?” In order to do that you need to know the 99 term which means you
have to do recursion 99 times.

The characteristic polynomial is the first technique you will learn to find
what is called a “closed form formula” or an “explicit formula” for a recurrence
relation. Creating this will allow you to easily find the 100t term of the sequence as
well as any other term in the sequence.

Example: Solve the recurrence relation a, =5a, , -6a, ,, a, = -3, a=-2an n=z=2

You can think of the recurrence relation in terms of a quadratic expression of the
form ax® +bx +c where a, b and c are constants (numbers). In other words a, is the
ax® term, 5a,_, is the bx term and 6, | is the ¢ term.

a, = San—l —6(’1"_2

i

-5a, , +6a

n

5 -5a, ,+6a, , (Subtract from both sides)
a, -5a,_, +6a,_, =0 (Which converts to) x* = 5x + 6

(x =2)(x - 3) (Which gives us roots of) x, =2 and x, =3

(Next we put these roots into the equation) a, =¢,2")+c¢,(3")

With the first initial condition ofa, = -3 we can substitute 0 for »

a, =¢(2") +¢,(3") (Becomes) a, = ¢,(2°)+¢,(3°) (Which then becomes). -3 =¢, +c,
(Remember anything to the zero power is one.)

The second initial condition is ¢, = 2. We can substitute 1 for »

a, =¢,(2")+c,(3") (Becomes) a, =¢,(2')+¢,(3") (Which then becomes)
-2 =2¢, + 3¢,



Nt

(We now have two equations with two variables)

~3=¢+c¢,
-2 =2¢, + 3¢,

(Solve using elimination or substitution we get)

¢, =-7And ¢, =4

(Substituting)‘'c, = -7 and ¢, =4 (into) @, =¢,(2") +¢,(3") (yields)

a, ==7(2")+4(3") (Which is the closed form formula or our solution)

If you test the formula you will see a, = -3, @, = -2 and the 100t term is
2061510083000000000000000000000000000000000000000000000000!

Exercises: For each recurrence relation find the closed form formula. After you
create your formula make sure and test the initial conditions to see if it works.

1) a,=4a, given aq, =1, a, =4 where n=2

Anp=
OKHZL\O\_; ! ] 7 |
A, =Y







2) a, =-2a,  +15a, , given aq, =1, @, =1 where n=2

1= 5/5,4— 56

i’ :‘$C1+

/QE Lg,&z

X +Gx -7 _
= Xt-\x+7v =7

(w/_?‘)jx:l)

e e - k

Azl C(v) A7ty

f
{

A S d P
- ks | £
l Li ‘\ f IS 0




s =S -

[ (Lam _
\ _ L} . — T —
X -k \/’:;, g,

&= K ST —
L 8 4)q -84, -a,_, given aqy=0and q =1 s

% Gyt X= =gV g2 -ty T you Keep gotg

T \/ou will et
X: L\ - /L‘LLA'—”—;M L/'*-WE
. Xz - U éA&go e

/\“4\

Az C i) + Co (4-1)

—

L)

5) a,,=7a,-10q,  given a; =10 and a, =29

2z f;:—j,\»fn,; 3§
4 7+\ | \0 23+ (
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Lesson 3: Checking the Explicit Formula and Guess and Check with Induction:

Part 1: Guess and Check: In lesson 2 we used the characteristic polynomial to find
an explicit formula for a recurrence relation. We will now check the explicit formula
with the recurrence relation to see if it will work for any of the natural numbers
from [1,00)

Example 1(checking the explicit formula): We have already found from example

1lesson 2 that the explicit formula for a, =5a, , -6a, ,, a,=-3, ¢,=-2 n=2 ¢

a, =-7(2")+4(3")
This first example is a check to see if the closed form formula will actually work as
defined from the recurrence relation.

First since @ =~7(2")+4(3") e will substitute this expression into

a, =5a,,-6a

h

o A7 ANy _ &
»-2 giving us -7(2")+4(3") =5a,_, +6a,_,

Nextif @ ==72")+4(3") Then @, =—7R2" ) +4(3"") 3ng 4., =72 ) +4(3")
We substitute to get the following massive equation of:
72" +4(3") = 5[-7(2" ) +4(3" )] - 6[-72" ) +4(3")]

(note the first expression in brackets is -1 and the second is %»-2)

Next we can get the “massive equation” all on the left side.
72"+ 4(3") - 5[-72" ) + 43" )]+ =727 ) + 43" )] =0

Then we factor out
gn=2 4 gn-2 {_7(22) +4(3%) - 5[__7(21 )+ 4(3')} + 6[—7(20‘) +4(30‘)] } =0

272 % 3" {O } =0 (Note: all of the numbers in the braces above go to zero!)

0 =0 Check! This identifies that your closed form formula is valid!
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