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Abstract

This paper contains results in the field of algebraic graph theory and specifically concerns the spectral
radius of the Laplacian matrix of a tree. Let A(G) denote the adjacency matrix of a simple graph G. Then,
the Laplacian matrix of G is given by L(G) = D(G) — A(G) where D is the diagonal matrix whose diagonal
entries are the vertex degrees. The main result provides an upper bound for the spectral radius of any tree with

n vertices and k pendant vertices.

1 Introduction

In reading through several papers on spectral graph theory, I quickly came to understand
the importance of knowing the spectral radius of the adjacency and/or Laplacian matrices
(we will precisely define these later). Knowing the spectrum allows us to deduce important
properties and structural parameters of a graph (e.g. the lowest eigenvalues tell us the
algebraic connectivity, while the highest and lowest eigenvalues determine the spread of a
graph). In this paper, we specifically focus on an upper bound for the spectrum of the
Laplacian matrix of a tree. The results are from the recent paper of Honga and Zhang
entitled “Sharp upper and lower bounds for largest eigenvalue of the Laplacian matrices of
trees” [5].

Definitions and Objective

Let G be a simple graph with vertex set V(G) = {vi,vs,...,v,}. The adjacency matrix
A = A(G) is defined to be the n x n matrix (a;;), where a;; = 1 if v; is adjacent to v;, and
a;; = 0 otherwise. Also, for each i, let d; denote the degree of each vertex v; in G. In this
paper, we let D = D(G) be the n x n diagonal matrix, where i*" diagonal entry is d;.

We define the spectral radius of G to be the parameter p(G) = max;(|\;|), where the
maximum is taken over all the eigenvalues \; of the adjacency matrix A(G). The adjacency
matrix is a 0,1-symmetric matrix, so that every eigenvalue is real. By the Perron-Frobenius
Theorem (cf. [1] or [3]), the spectral radius p(G) is a simple eigenvalue (so the algebraic
and geometric multiplicity is 1), and there is a unique positive (positive for each entry) unit
eigenvector. We refer to such an eigenvector as the Perron vector of G.

We define the Laplacian matriz L to be the matrix L(G) = D(G) — A(G) and the
signless Laplacian matriz Q) as Q(G) = D(G) + A(G). We refer to the spectral radius of L
as the Laplacian spectral radius of G and denote this by u(G). Similarly, we use the term
signless Laplacian spectral radius for the spectral radius of Q(G) and denote this by v(G).
In this paper, we will provide numerous examples of these parameters that are relevant to
our primary lemmas and theorems. In each of these cases, the spectrum of the adjacency,
Laplacian, and signless Laplacian matrices are obtained by the software Matlab.

The Laplacian matrix is famously known to be a positive semidefinite matrix (cf. [4], for
example). Therefore, we can place each eigenvalue of L(G) in nonincreasing order as follows:

G) = m(G) = pa(G) = - = pn(G) = 0



Observe that the Laplacian spectral radius is simply the largest eigenvalue of L(G).

By a pendant vertex of G, we mean a vertex whose degree is 1. We also use Ng(v) to
denote the set of vertices adjacent to a vertex v in G. We will let .7, ;, denote the set of trees
with n vertices and k pendant vertices for fixed n and k.

Now, for any fixed n and k, we define T}, , to be a tree graph obtained from a complete
bipartite graph (we call this a star graph) K , and k paths of almost equal length, by joining
each pendant vertex of K to an end vertex of one path. To construct Tig 5, for example,
we would start with the star K, 5 and with five corresponding paths of almost equal length.
Of course, we need to specify what we mean by “almost equal length” for the five paths we
wish to attach to the star. Consider that, by the division algorithm, n—1 =18 —1 = 17 and
q-k+r=3-5+2. Besides a single, non-pendant vertex, we need 17 more vertices. Then,
we need each path to have at least 3 vertices (this number is given by quotient, ¢ = 3). Also,
2 paths (this number is given by the remainder » = 2) have one more extra vertex than
the other paths. Using this construction, no two paths differ in length by more than one,
thereby fulfilling the “almost equal length” condition.

..... ® ° ° o P,

Attaching five paths to K1 5 Tn Kin= 18, k=5

To state it more generally, we construct 7, ; by appending k& paths to the pendant vertices
of K. The number of vertices in r < k of the paths is ¢ + 1, and the rest contain exactly
q, where the nonnegative parameters are determined by the division algorithm:

n—1=qgk-+r.

The goal for this paper is to show that the Laplacian spectral radius for any tree T' € .7,
is bounded by the Laplacian spectral radius of 7;, . That is, the inequality

p(T) < p(Tok)

holds, and the equality occurs if and only if 7" is isomorphic to T}, k.

2 Sharp upper bound
We begin with a sequence of preliminary lemmas which we need in proving our main results.

2.1 Some preliminary lemmas

Lemma 2.1. Let A be a nonnegative symmetric matriz and x be a unit vector of R™. If
p(A) = 2T Az, then Az = p(A)w.



Proof. Since A is a real symmetric matrix, every eigenvalue is real. Suppose that the mul-
tiplicity of p(A) is a positive integer m, and order each eigenvalue in nonincreasing order.
Then we have

p(A)Z)\lz)\QI"':Am>)\m+l > > A\,

Since A is real symmetric, we know that R™ has an orthonormal basis of eigenvectors of A.
Let ; be a unit eigenvector associated with ); (so that ala; = 0 for i # j). Thus, a unit
vector x € R™ can be written as a linear combination

T = ajaq + asQs - -+ + a,q,, where a; € R fori=1,2,...,n.

Given a unit vector z, the fact that ol a; = 0 (i # j) implies the following:

2

T T T 2 | 2
l=2" o= (a10] + a0, -+ aya,) - (a1 + asag - - - + apay) = aj + a5 - - -+ a;.

By this result, we have

p(A) =27 Ax = 27 (A(ar0q + azas - - - + anay,))
=27 (e Aay + agAag + -+ + ap Aay)
= 27 (a Ao + agdog + - - + apdnay)
= (ay0q + a0 - - - + anan) (e A ag + aghaas + - -+ apA,an,)
=@M +asdo+ o @Ay F G A1 @2,
< afh Hash o+ a A+ ai M+ ai
=M(ai+a5+---+a2)

=\

= p(A).
We start and end with p(A). Containing the inequality above, this only makes sense if
i1 = Gmao = -+ = a, = 0 holds (otherwise, the inequality is strict and a contradiction

occurs). Thus, we may conclude that = aj0q + asag + -+ - + aa,,. Recall that each
a; (1 <4 < m) is an eigenvector associated with p(A). Since z is expressible by a linear
combination of such «;s, it lies in the eigenspace associated with p(A). That is, Az = p(A)z
must hold. O

Lemma 2.2. If G is a bipartite graph, then D(G) + A(G) and D(G) — A(G) have the same
spectrum.

Proof. Suppose that G is a bipartite graph with n vertices. Let V; = {vy, va, ..., v} and V5 =
{Vk41, Vks2, ..., v, } denote the corresponding sets of vertices in each cell of the bipartition.
We know that each cell is a independent set, so if we arrange the rows and columns of the
adjacency matrix in the order vy, v, ..., Uk, Vgs1, - .., Upn, then we see block matrices of zero
entries, as shown on the left below:



)

)

Vigl ot Un

D(G) vy o

)

Vi1

Vit+1

Un

BT

Vit1

Un

D,

At this point, the submatrix denoted B above will appear as an arbitrary 0,1-submatrix.
Now, let us also represent the matrix D(G) with corresponding block matrices as shown on
the right above. Note that the dimension of these blocks matches the blocks in A(G), so
that the addition of block matrices makes sense. We now have a block matrix representation
for D+ A and D — A.

B

o)

D, -B _ | Dy
o DJ @—D+A—[BT

-1 0
=[]
be the block matrix representation of an n X n matrix where [ is an appropriate sized identity

matrix. The dimension of each block in S is chosen to match the blocks in L and @, so that
the multiplication of block matrices makes sense. Now, we see that S is self-inverse, so

S = S~! holds. Then,
-B| |- 0| |Di B| _ 0
D, 0 I| |BY D,|

—1 0

-1

SLS = { ) 1} {

which shows that the matrices L and () are similar. Recall that similar matrices must have
the same eigenvalues. Therefore, the statement holds. O

L:D—A:{

Now, let

D,
_BT

Example. Let us see some examples of the above lemma. Figure 1 below is a non-bipartite
graph, having an odd cycle.

v, v w, w

W

W,

A w,

5
Vg Vs

Figure 1: a graph G Figure 2: a bipartite graph B

Label vertices in G as it is shown, and notice that the Laplacian and signless Laplacian
matrices of G are the following:



L(G) U1 Vo v3 V4 V5 Q(G) vy vy V3 V4 Vs

v 1 0 -1 0 O 1 1 01 0 O
2 o 2 -1 0 -1 Vs 0 2 1 0 1
vs -1 -1 4 -1 -1 v3 11 4 1 1
vy 0 0 -1 1 0 v4 001 1 0
vs 0o -1 -1 0 2 vs 01 1 0 2

The spectrum of L(G) is given by (Matlab)

{0.0000, 1.0000, 1.0000, 3.0000, 5.0000},
whereas the spectrum of Q(G) is given by

{0.3187,1.0000, 1.0000, 2.3579, 5.3234},

which we see that L and @) have very different spectra. Now, let us consider Figure 2. This
graph B contains no odd cycle, so B is a bipartite graph.

L(B) w1 w2 w3 w4 W Q(B) w1 w2z w3 w4 Ws
w1 2 -1 -1 0 O wy 2 1 1 0 0
w2 -1 2 0 0 -1 wa 1 2 0 0 1
w3 -1 0 3 -1 -1 w3 1 0 3 1 1
wy 0 0 -1 1 0 wy 0O 0 1 1 0
ws 0o -1 -1 0 2 ws 0O 1 1 0 2

The spectra of both L(B) and Q(B) are given by
{0.0000, 0.8299, 2.0000, 2.6889, 4.4812}

which is what is asserted by the lemma.

Lemma 2.3 (Li and Feng [6]). Let u be a vertex of the connected graph G and for positive
integers k and [, let G denote the graph obtained from G' by adding pendant paths of length
kandl atu. If k> 1> 1, then

P(Gry) > p(Griri-1)-

Lemma 2.4 (Li and Feng [6]). Let u and v be two adjacent vertices of the connected graph
G, and for nonnegative integers k and l, Gy, denote the graph obtained from G by adding
pendant paths of length k and | at u and v, respectively. If k > 1> 1, then

P(Gri) > p(Griti-1)-

These lemmas are similar except that, where Lemma 2.3 allows us to consider paths joined
at a single vertex, Lemma 2.4 enables us to choose two distinct vertices (but they need to
be adjacent). For an example, first take a “house graph” with labels as shown (see Figure
1 below). Then, let v = vy, k = 2 and | = 2, and observe that Hyo(u) designates the new
graph formed by following by the procedure of Lemma 2.3 (see Figure 2).
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Figure1 : a house graph H
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Following the lemma, we expect Hs o(u) to have the largest spectral radius of all three graphs.

A(Hz2,2(u))
v1
v2
v3
V4
v5
v6
v7
vg

v9

According to the above matrices, their spectral radii are

which is as desired.

<
=

SO R O, OO KO

p(HQ’Q(U)) = 26883, p(Hg,l(u)) = 26751, and p(H470(U)) = 2.5813

<
N

O OO OO - MO

<
w

SO OO = OO

[N eNeNell S oNal =)

OO OO OO S

vg

[N ool oo No No No RS

U1

OO, OO = O

<
oo

_ o OO oo oo

O OO OO == O

<
©

O R OO OO o oo

A(Hsz,1(u))

<
39
<
N

OO O = OO = =
OO O OO =O

(e}
(e}

v1
v2
v3
v4
U5

ve

[l el el e o)

(e}

O OO0 oo O R §

(e}

O R O, OO oo

<
=

O RO OO FO

_ o= OO0 O o oo

<
N

O OO OO = O

<
39

<
I

<
S

O OO O OO
[N eNeNoll S oNol ™)
SO OO OoOHEFE OO G

O R OO oo o oo

SO OO oo

Next, take the house graph again, and let u = v; and v = v3 (shown below).

Ve,

Vg

H2‘2(u,v)

N/
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vy =V

Vs

Vg

u=

Ve,
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\

V7

Vg

vy =

H3‘1(u,v)
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v

HA,O(U’V)
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SO DD DD OO oo
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Similar to the previous lemma, we expect Hss(u, v) to have the largest spectral radius. The
two matrices below are the adjacency matrices of Hyo(u,v) and Hsq(u,v). Take the matrix
A(Hyo(u)) for A(Hyo(u,v)) since Hyo(u) is the same graph as Hyo(u, v).

A(Hz,2(u,v)) Y1 V2 V3 V4 Us Ve U7 VU V9 A(Hgz 1 (u,v)) v1 v2 V3 V4 Vs Vg U7 Vs V9
vt [0 1 1.0 01 0 0 0] vt 0 1 1.0 01 0 0 O
vo 1 01 1 00O0TO0O0 ve 1 01 1 00O0O0O0
vs 1 1001 0010 v3 11001 00 10
v4 01 001 0O0O0O0 v4 01 00 1 0O0UO0OTUO
vs 001 1 00UO0TO0D0 0011 00U0TUO0TUO0
v6 1 000 0O0OT1TUO0OUDO v 1 000 0O0T1TUO0TUO0
vr 000 0O0T1TUO0DTO0O vr 000 0O0OT1TU0UO01
vs 001 0O0O0TUO0TUO0°1 vs 001 00O0UO0TUO0TUO
v 00 00000 1 0 v |00 0000100

The spectral radii are given by
p(Hao(u,v)) = 2.6989, p(Hs 1 (u,v)) = 2.6839, and p(Hyo(u,v)) = 2.5813.
which is as desired.

Lemma 2.5 (Shu et al [8]). Let G be a simple connected graph and L¢ be the line graph of
G. Then

where equality holds if and only if G is a bipartite graph.

Example. Take again the house graph H with edge labels shown below. Let Ly denote its
line graph.

e.

V2

€3

84 86

\") V,
4 5
€5

The matrix on the left below is the Laplacian matrix for H, and the matrix on the right is
the adjacency matrix for Ly.

A(Lg) Ve; Veg Veg UVey Ves Ueg
D AT w [0 1 1 1 0 0]
A R w |10 1 0 0 1
S w |11 0 1 0 1
"1y 0 2 W |10 1 0 1 0
"o o o s w [0 0 0 1 0 1

w LO 1 1 0 1 0|




The above matrices give us the result that u(H) = 4.6180 and p(Ly) = 6.4081. Since
4.6180 < 2 + 6.4081, the inequality pu(H) < 2+ p(Lg) holds as desired.

Example. Take a bipartite graph B, as shown in Figure 1. For convenience, we redraw this
graph, and label the edges as shown in Figure 2. Finally, Figure 3 is its line graph.

e €3 €5 —>
Figure 1: a bipartite graph: B Figure 2 : redrawing B Figure 3:a ””:' graph: Lg '
Their matrices are

L(B) vy V2 v3 v4 vs V6 A(Lp) Ve; Vey Vez Vey Ves Veg
w [ 10 0 -1 0 0] w, [0 1 1 0 0 0]
v o 3 0 -1 -1 -1 Vey 10 1 1 1 0
s o o 2 -1 0 -1 Veg 11 0 0 0 1
w | =1 -1 -1 3 0 0 w, | O 1 0 0 1 0
s | 0 -1 0 0 1 0 we |01 0 1 0 1
w L0 =1 =1 0 0 2] w [0 0 1 0 1 0|

According to matrices above, we have u(B) = 4.8136 and p(Lp) = 2.8136. Since u(B) =
4.8136 = 2 + 2.8136 = p(Lp), we see that the equality holds for a bipartite graph.

2.2 Main Results

To give a bound for the Laplacian spectral radius of T € .7, and T,, s, we might want to
reconstruct (e.g., deleting and adding edges) T, from T, step by step, and watch how each
step affects the Laplacian spectral radius.

If a certain inequality is guaranteed for each step of reconstruction, then we are much
closer to our goal. The coming theorem gives a result for the signless Laplacian spectral
radius. Because the construction might be complicated at first, let us begin with an example
demonstrating each step.

Example. Take a graph H with labels (Figure 1). We call this the house graph.



Vo V3 u=v, V3=V
Va Vs V4 v5€ N(v)\ (N(u)u{u})
Figure 1: house graph H Figure 2: the neighbor of v but not u Figure 3 : reconstruction of H

First, we find the signless Laplacian matrix Q(H) and its spectral radius v(H). The matrix
is shown below and we obtain v(H) = 5.1149.

Q(H) v1 v2 v3 v4  Us
v1 2 1 1 0 0
v2 1 3 1 1 0
v3 11 3 0 1
vy 0 1 0 2 1
vs 0O 0 1 1 2

Recall that we have its associated positive unit eigenvector x (Perron vector):

T
T X2 X3 Lyq Zs

0.3797 0.5914 0.5914 0.2796 0.2796

X =

Label each entry of x as z; (for 0 < i < 5) as shown. Then, let z; correspond to v; (e.g.,
xg corresponds to vs because they share the same index). Now, take two distinct vertices
u,v € {v1,v9,v3,vy,vs5} such that x, > x, holds. For example, let us choose u = v, and
v = vs, so that x, > z, is preserved. Now, consider the set of vertices Ny (v)\(Ng(u)U{u}).
Looking at Figure 2 above, we see that the neighbors of v are vy, vo, and vs. However, we
do not count vy and vy, since v; € N(u) and vy = u. We have vs € N(v)\(N(u) U{u}) but
v, v2 & N(w)\(N(u) U {u}).

Now, we delete an edge (v, vs) and add (u,vs) (shown in Figure 3), and we denote this
graph as H*. The construction ends here. Then, the next theorem guarantees the inequality
v(H) <v(H").

Let us see this in our example. The matrix below is the signless Laplacian matrix for
H*.

Q(H*) v1 wv2 w3 wa wvs
v1 2 1 1 0 0
va 1 4 1 1 1
v3 1 1 2 0 0
v4 01 0 2 1
vs 0O 1 0 1 2

where its spectral radius is 5.5616, which we see v(H) = 5.1149 < 5.5616 = v(H™).

9



Now, we are ready to state the theorem which generalizes the example above.

Theorem 2.1. Let u,v be two vertices of G and d, be the degree of vertex v. Suppose
V1, Vg, ..., 0 (1 < 5 < d,) are some vertices of Ng(v)\(Ng(u)U{u}) and x = (21,2, ...,2,)7
is the Perron vector of D(G) + A(G), where x; corresponds to the vertex v; (1 < i < n).
Let G* be the graph obtained from G by deleting the edges (v, v;) and adding the edges (u,v;)
(1<i<s). If x, > x,, then v(G) < v(G*).

Proof. Let G be an n-vertex graph and let V(G) = {vy,...,v,}. Relabel if necessary, so
that {vy,...,vs} are some vertices of N¢(v)\(Ng(u)U{u}). We need to verify the inequality
between v(G) and v(G)*, so let us first investigate the signless Laplacian matrices of G and
G*.

Without loss of generality, let vs11 = v and vs1o = v.

Q(G) 1 Vs u v Vs43 Un
v1 B d1 * 0 1 7]
Vs * ds 0
M 0 --- 0 d, " I
v 1 cee 1 * dv Iro
Vs+3 ds+3 *
T T T
Aj ry ry
Un L * dn .

The off-diagonal entries are either 0 or 1, which are determined by A(G). However, the 1%
to s entries of the u' and v'" columns (and also rows) are completely determined by the
assumption that v; € Ng(v)\(Ng(u)U{u}) for 1 <i <s. Vertices u and v may be adjacent,
so leave this entry undetermined as *x. We denote the rest of the blocks by A1, ry, and rs.

We next describe Q(G*) (or Q* as an abbreviation) for the new graph. Note that deleting
edges (v,v;) and adding (u, v;) will not affect any entries other than the u'" and v*® columns
(and also rows), and the degrees of u and v.

Q(G™) vl Vs u v Vs43 Un
V1 [ dl * 1 0 T
. . . Al
Vs * ds 1
u 1 1 dz * r
v 0 * dz Iro
Us+3 ds+3 *
T T T
A4 ry Iy
Un L * dn .

Let d} and d denotes the degree of u and v in G*. Deleting (v,v;) for 1 < i < s, we have
d¥ = d, — s. Similarly, adding (u,v;) for 1 < i < s would give d}, = d, + s.

10



Having two matrix representations, now consider Q* — () which is shown below.

Q*-Q v1 Vs u v Vst3 v Up
vl i 1 -1 h
: 0 : : 0
s 1 —1
v —1 —1 0 —S 0
Vs+3
0 0 0 0

Most of the blocks have the same entries for () and @*. This yields several 0 blocks in
Q* — Q. Now, let © = {x1,29,..., %5, Ts11, T2, Tsy3, - - -, Ly} be the Perron vector given by
the assumption, and consider 7Q*zr — 7 Qx. (Note: we use x, = x4, and x, = 7,2 from
now on.) Computation is now easy by looking at the above matrices.

2TQr — 2" Qr =27 (Q" — Q)r =2 Z zi(ry — ) + s(22 — 22)
i=1

The assumption z, > , yields 2>, ;(z,—x,)+s(x2—x2) > 0, so that 27 Q*z—2" Qz > 0.
Thus, we have 27Q*r > x7Qx. Then, the Rayleigh quotient with this result yields the

following;:

v(G) = e y'Qry > 2" Qx> 2T Qr = v(G).
i

Now, we show that this inequality is strict, by way of contradiction. If equality holds, then
we must have v(G*) = 27Q*z = 27Qz = v(G) by the above expression. Also, the preceding
lemma implies that we have v(G*)z = Q*z and v(G)z = Qx. Consider the v entry of the
vector v(G*)x.

(v(G)x)y = (Q 7))y = d;, - T,y + Z r; = (dy — 8)xy + Z T;

v; ENgx (v) v;ENgx (v)

Similarly, the v*® entry of the vector v(G)z is

(v(G)x)y = (Qr)y = dy - T, + Z Z;

v;ENgG(v)

Then, refer to the v row of matrices Q and Q*, and we get the following:

=1

v;ENg(v) v;ENgx (v)

11



which yields that

(v (G)

:B)U:dv-xv+ixi+
i=1

Now, compare (v(G*)x), and (v(G)z)
must have (v(G*)z),

> -

v;ENgx (v)

contradicts our assumption, and therefore, the inequality must be strict.

Example. Let us again consider the house graph, and this time, we take © = v5 and v = vs.
Recall the Perron vector from the above example. We have x, < x,, which does not satisfy

the assumption.

v, EN(W)V(N(u)U{u})

Vq

The above figure shows that applying the construction would derive a new graph H* which
is the same as H. Thus, Q(H*) must have the same spectral radius, and we see that the

theorem does not hold.

Example. Now, let us consider the figure below.

The signless Laplacian matrix Q(G) is shown on the left below:

Q(G)
v1
v2
v3
v4

U5

Neighbor of v (but not of u) is v,

v1

O O = =N

V.

Vg =Uu

U2

OO =N

v3

— o= R

U4

_ N = OO

H

U5

N R~ OO

delete (v, v,)

V2

Vq

V5_V

V,]..

12

V3

add (u, v,)

Vs

Q(G™) v1

v1
v2
v3
Vg

U5

O~ =) =) W

O O = N

= s = =

V3

Va

O = O

N O = OO

»- Since each entry in the Perron vector is positive, we
< (v(G)x),, from which we can deduce v(G) < v(G*). However, this

Vs



Taking this matrix, we find that v(G) = 5.5616, and its Perron vector is given by

T
T ) T3 Ty Iy

0.3077 0.3077 0.7882 0.3077 0.3077

We take v = vs and u = vy, so that z, > x, is preserved. A graph G* is shown on the
right above, and its signless Laplacian matrix Q(G*) is also shown on the right above. The
spectral radius of Q(G*) is 5.7785. The statement v(G) < v(G*) therefore holds.

Theorem 2.2. Let T be a tree with n vertices and k pendant vertices. Then

W) < (T,
where equality holds if and only if T' is isomorphic to T, 1.

X =

Proof. Let t be the number of vertices whose degrees are at least 3 (let us call such a vertex
a branch vertex). We divide the argument into cases.

Case 1: If t = 0, then the tree does not have any branches. Each vertex has degree at
most 2 so the graph must be a path. Notice that any path can be expressed as T, 2, and
thus, T = T,, 5 shows (1) = u(T,2).

Case 2: If t = 1, then consider its line graph Ly. Note that the edges which are incident
to the branch vertex would form a clique (complete subgraph) in the line graph.

Example : a tree graph T and its line graph LT withn=9,k=4,andt=1

Let k be the degree of the branch vertex. Then, the line graph contains a complete graph
K. Now, we see that this line graph can be obtained by adding paths P, P, ..., P to each
vertex of Kj. Then, notice that by applying Lemmas 2.3 and 2.4 (repeatedly if necessary),
we obtain the line graph of T}, ;, with inequality p(Lr) < p(Lr, , ).

&
N

T914 and its line graph L.I.9 .

111

K 4 and four paths to attach

Construction followed by lemma 2.4
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Since the trees T and T},  are bipartite, u(T') = 2+ p(Lr) and pu(T, ) = p(Lt,, ) by Lemma
2.5. Therefore, we have the following inequality:

w(T) =2+ p(Lr) <2+ p(Lr,,) = w(Tor).

In addition, applying the constructions of Lemmas 2.3 and 2.4 would give the strict inequality.
Thus, equality holds if and only if 7" is isomorphic to T}, .

Case 3: If t > 1, then let x = (2, 23,...,2,)7 be the Perron vector of the Laplacian
matrix of 7. Similar to the proof of Theorem 2.1, each z; corresponds to vertex v; (1 < i < n).
Assuming t > 1, let v and v be two branch vertices. Then, without loss of generality, let
Ty > T,. Since T is a tree, there is a unique path P between u and v. Let w be the vertex
which is the neighbor of v along the path P.

A vertex wis unique as a neighbor of v and along a path P

Now, let d, be the degree of the vertex v, and consider the proper subset {vy, va,...,v4, 2} C
Ne(w)\{w}. We delete the edges (v,v;) and add the edges (u,v;) for 1 <i <d, —2. Let T}
denote this new graph. Then, v(T) < v(T7}) holds by Theorem 2.1, and thus, u(7") < (1Y)
holds by Lemma 2.2.

- . arbitrarily continued :  « + v s u e

~ . edgestodelete: = = = =—

Deleting (v,v;) and adding (u,v;)

arbitrarily continued: ==+
added edges: = == = =

deleted edges: — - — - -

Note that this construction preserves the number of pendant vertices, and the number of
branch vertices becomes ¢ — 1. If ¢ — 1 > 1, then take 77 and repeat this construction until
the number of branches becomes 1. Then, we have the increasing sequence of inequalities

p(T) < ul(T3) < - < p(TE).

Note that the number of branch vertices is 1 in 73" ;, so that the argument in Case 2 can be
applied. Thus, u(7y ;) < (T, x) must hold, and therefore, we conclude p(7") < u(T,x). O
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Example (Case 3 construction for Theorem 2.2). Let us consider a tree T with t = 3 as
depicted in the following figure with labels.

Figure 2 : T (relabeled)

q
%)

——o—

w

ag

a2

244

—UK

a3

a7 aig

—eo—o

Among three vertices, we need to find the Perron vector and specify v and v such that
T, > x, holds. First, the matrix below is the signless Laplacian matrix of 7.

Q(T)

a1
az
a3
ag
as
ag
ar
asg
ag
a1o
ail
a2
ais
a4
a1s
a6
a7

alg

Q
fin

SO DO DO DD ODIDODDDODIDDDDODOO0 O =

S
)

OO OO OO OO OODCOOCOCO N

s}
w

SO DO DD DO DOD OO H OO k=~ O

1)
=

OO OO OO O ODODO OO OoOOHEOO

)
ot

SO DD DD DO DD DD OO HF WO OO

N
[

=N eleleoleoNeolBeoBeoNeoNaNaNall el ila)

s}
3

OO OO OO OO OO O O, OOOoOOo

IS
©

OO O DD OO O INMNODODOO OO

[}
©o

DO DD DO DO DODHINHODODDODOO oo

5
fin
[S]

5
fin

O R PR O R FPFOHFHFODFOOODOOOoO oo

DO DD DD DD P NP OO oo o

-

IS)
-
N

OO OO OO R MH OODOOODOoOOoOOoO oo

S}
fin
w

SO OO O PR OO OO ooo oo

[N ell S VEeNeNel =l el oo llo o]

S
o
'S

S OO R P OO0 oo o

5
fin
i

5
fin
[N

SO PR OO OO OO oooo oo

S}
_
3

S}
fin
oo

HNOODODODIODOHODODODODIDODDODOoODOo oo o

_ = O O OO OO OO DD o oo 0o ooo

This matrix gives v(7T") = 7.1329, and its associated eigenvector (Perron vector) is

X =

U1

V2

U3

Uy

Us

(%3

U7

Ug

Vg

0.0005 0.0031 0.0155 0.0025 0.0041 0.0007 0.0007 0.0388 0.1839

V10

V11

V12

V13

V14

V15

V16

V17

V18

0.9049 0.1821 0.0297 0.1475 0.1821 0.0297 0.1475 0.1821 0.0297
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The vertex ajg (corresponding to xjp) is associated to the largest value of Perron vector.
Thus, let u = a9 and v = ag, so that z, > x, is preserved. The vertex w = ag is uniquely
determined, and then relabel {vy, v, v3} C Ng(v)\{w} as in Figure 2. Now delete (v, v;)
and add (u,v;) for 1 <i <d, —2 where d, —2 =d,, —2 =4 —2 =2 (Figure 3).

Figure 3: T, Figure 4 : rearranged T*1

deleted: -+ -+ .
added: = = = 7

Rearrange and relabel T} (Figure 4). Now, this graph has two branch vertices, as and ay.
Before we move on to the next construction, let us find the Laplacian spectral radius. The
signless Laplacian matrix for 77 is shown below.

Q(TY) a1 a2 a3 a4 as ag ay as

<)
©
5
fin
[S]
5
fin
o
)
=
)
)
=
w
5
fin
'S
5
fin
w
5
fin
[N
)
=
3
)
=
3

a1
az
a3
a4
as
ag
ar
asg
ag
aio
ail
a12
ais
a4
ais

aie

OO DO DD OO HHNEHFEF OODODOOoO oo
[N elNoNoNol S e Nl e Rl Rl oo R o)
OO R P OO o oo
O HRF OO OO O H OO o oo

ai7

O OO OO OO OO OO OO oo oo
DO DD DD DO OHODDODODODOOON
OO DD DO DD DO DD OO OO ONOO
O DD O DD O DD OOH OO OO Oo
OO DD DO DD DO DO OO DO HEHHFHF WO HFEOO
O OO OO DO OO OO o oo R OOOoOo
DD DD DD DDDODOODOOOHOHROOOO
O OO OO OO OO INMNODOOoOO OO
O R R O, FRPF O, WFOOOO KK ORKFRO
[N eNoelNoNoNolNE S VI Y o NoNoNoNo o N Mo o)
OO DD DO H OO R OO o oo
DO O HNODODOH ODODODODODDODODODODODO OO
R N OODODDODOO R OO oo
_ —_ 0000000000 ocococo o

e}
e}
e}
e}

als

This matrix gives v(7}) = 9.0891. Recall that Lemma 2.2 implies that the spectral radius
of D+ A and D — A are the same, so we have

w(T) = v(T) = 7.1329 < 9.0891 = v(T7) = u(T?)
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as desired. Now, the Perron vector associated with v(77) is the following:

U1 V2 U3 V4 Us Ve U7 Ug %)

*= 100165 0.1338 0.0028 0.1152 0.0005 0.0001 0.0001 0.0193 0.1342

T
V10 V11 V12 V13 V14 V15 V16 V17 V18

0.9322 0.1338 0.0165 0.1152 0.1338 0.0165 0.1152 0.1338 0.0165

Again, the vertex ajq is associated with the largest value in the Perron vector. We apply the
same construction as previous which is illustrated in Figures 5 and 6 below.

Figure 5:let v=a;, u=a,,, deleted :-------- Figure 6 : rearranged T.
5 10 added : = = = 9 9 2
d,-2=3-2=1

a5 =Yy

a; =V,

The matrix below is the signless Laplacian matrix for 75

L(Ty) a1 a2 a3 a4 as ag ay asg ag G a1 ai2 @13 a4 a5 @16 617  a1s
w [1 1 0 0 0 0O O0OO0OO0OO O O O O O 0 0 01
az 1200 0 0 0 OO 1 O O O 0O 0 0 0 O
as o0 20100100 0O 0O O0O 0O 0 0 0 O0
aq o 0o o1 00000 1 0 O O O0 0 0 0 o0
as o o102 010 0OO0O OO O OO0 O 0 O0
as o 0o 0ooo1 000 1 0 0O 0 0 0 0 0 o0
ar o ooo0o1o0o100 0 0 0 0 0 0 0 0 O
as o 01000021 0 0 0 0 0 0 0 0 O0
ag o 0oo0ooo 001 2 1 0 0 0 0 0 0 0 o0
ao o1 0101 0O0O1 91 0 1 1 0 1 1 0
a1 o 0o ooo oo o o 1 2 1 0 0 0 0 0 0
a1z o oo ooo0oo0oo0o0 0 1 1 0 0 0 0 0 O
a13 o oo ooo0oo0oo0o0 1 0 0 1 0 0 0 0 O
a14 o oo ooo0oo0oo0o0 1 0 0 o0 2 1 0 0 0
as o 0o ooo oo oo 0o 00 0 1 1 0 0 O0
aie o 0o ooo oo oo 1 0 0 0 0 o0 1 0 0
a1z o 0o oooo0oo0O0 1 0 0 0 0 o0 0 2 1
s [ O 0O 0O O0OOO0OOOOO O O O O 0O 0 1 1 |

This matrix gives v(T5) = 10.0695, so that we have p(T") < p(7y) < u(Ty) as desired.
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Example. Let us consider Figure 1 below.

Figure 1: Twithn=8,k=4,andt=2

Since T has t = 2 (branch vertices vy and vg), we find the signless Laplacian spectral radius
and its associated Perron vector.

11000000
13101000
01210000
00110000
01002100
00001311
00000110

0000010 1]

This matrix gives v(7T') = 4.4763 and the Perron vector

xy T2 xs3 T4 Ts Ze X7 xs

X7 1 0.1780 0.6186 0.2826 0.0813 0.4527 0.5024 0.1445 0.1445

We see that x, is the larger than g, so let ©u = vy and v = vg. Let each vertex label be as in
Figure 2, and then delete edge (v,v;) and add (u,vy). Let T} denote the new graph shown
in Figure 3.

Figure 2

o,  Figure3d:T,

Label T} as shown, and we get u(77) = 5.1732. Now, T} is a tree with ¢ = 1. We then find
its line graph (Figure 4). Note that this graph can be obtained by adding two paths to a
complete graph Kj.

18



Figure 4 : LT? p(LT*1) =3.1732

Now, the following figures are the graph T4 and its line graph L.

Figure 5: T Figure6: L+ , p(L =3.2361
84 9 Tg.4 Pl T8,4)

Notice that, by applying Lemma 2.4 to Lrx, we obtain Lz, ,. Now, with all results together,
we have

w(T) < p(T7) = 2+ p(Lry) <24 p(Lay,) = i(Txa)
which is the desired inequality.

2.3 Consequences

The rest of paper is devoted to several consequences of our main result.

Let G be a connected graph. A cut vertex in G is a vertex whose deletion breaks G
into at least two parts. Let ®,; be the set of all connected graphs on n vertices that have
exactly k cut vertices. The graph G, is obtained by adding paths P,..., P,_j of almost
equal length (by the length of a path, we mean the number of its vertices) to the vertices of
the complete graph K,,_.

The construction of G, is similar to the one for 7;, ;. We are connecting n — k paths
to vertices of a complete graph, K,_,. “Almost equal length” is again determined by the
quotient ¢ and the remainder r, given by the division algorithm with n and n — k. Thus,
we are connecting n — k paths of ¢ vertices, and among these n — k paths, there are r paths
with an extra vertex.

Take n =9 and k = 5, for example. Since n — k =9 — 5 = 4, we start with a complete
graph K. Since 9 = 2 -4 + 1, the number of vertices in each of the paths is at least 2, and
among the three paths, 1 path has an extra vertex.
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NS

SN

K, and corresponding four paths G9 5

We see that Gg s really has 9 vertices and 5 cut vertices. Now, we can prove the following
corollary as a consequence of our main results.

Corollary 2.1 (Berman and Zhang [2]). Of all the connected graphs on n vertices and k cut
vertices, the mazimal spectral radius is obtained uniquely at G, 1.

Proof. Take any G € ®,, . We need to show that p(G) < p(Gyx) with equality only when
G = G, k. The adjacency matrix of a connected graph is irreducible. Thus, adding an edge e
to G would increase the spectral radius (stated in [2], or we can see this holds by the Perron
Frobenius theorem in [4]). Recall that G has n vertices and k cut vertices. If the above is
true, then the spectral radius of A(G) is maximized when each cut vertex connects exactly
two blocks which are cliques. Thus, we assume that G is such a graph as just explained, and
we will show that p(G) < p(G,.x) is still preserved.

Example of G

Recall line graphs from Lemma 2.5 or Theorem 2.2. In a tree, we see that the edges which
are incident to a branch vertex would form a complete subgraph in the line graph. That is,
there exists a tree T" whose line graph is isomorphic to G.

Atree graph T:n+ 1 =15 vertices and k + 1 = 5 cut vertices

We see that the line graph of T is isomorphic to G. (represented by dotted lines)

20



There are n vertices in G and G = Ly. Thus, the number of edges in T" must be n, and since
T is a tree, there are exactly n + 1 vertices. In addition, each cut vertex in G connects two
blocks, So there are k + 1 blocks, and thus, 7" has k£ + 1 branch vertices.

Note that, in T, there are no vertices of degree 2. Otherwise, consider its line graph.

A tree graph T, containing a vertex of degree 2 The line graph LT

In Ly, blocks of cliques are connected by an edge, not a vertex. However, this line graph
cannot be isomorphic to GG as explained above. Therefore, the claim must hold, and thus, T
must consist only of pendant vertices and branch vertices.

Recall that a non-cut vertex in a tree is exactly a pendant vertex. The number of pendant
vertices in 7' is now given by (n+1) — (k+1) =n — k.

Now, consider a tree T}, 41 ,—. Recall that this graph consists of one branch vertex with
n — k paths of almost equal length, so that its line graph Lz, , must be isomorphic to
G

Example:n=8,k=3

GB’5 TQ’3 The line graph of T8,3 is isomorphic to GS,E
Then, applying Lemma 2.5 and Theorem 2.2 repeatedly, we get
p(G) = p(Lr) = (1) =2 < p(Togin—k) =2 =2+ p(L,,1 ) — 2= p(Gu)

as desired. By the construction, the equality holds only when G = G, 4. O
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