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Four-dimensional variational data assimilation
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Typical dimension is of order m ∼ 106 − 107
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Reduced order 4D-Var - general framework
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Reduced order 4D-Var - general framework
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Low-order optimization problem k ∼ 10− 102

Reduced Order 4D-Var Data Assimilation



4

The Proper Orthogonal Decomposition Method

Empirical Orthogonal Functions, Karhunen-Loève decomposition
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The Proper Orthogonal Decomposition Method

Empirical Orthogonal Functions, Karhunen-Loève decomposition
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Dependence on the metric A and the weights ω
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Computation of the POD basis

The POD modes solve the eigenvalue problem

CAψi = σ2
iψi, C = XWXT ∈ Rm×m

Since n � m, solve the n-dimensional eigenvalue problem

W
1
2XTAXW

1
2µi = σ2

iµi, ψi =
1
σi

XW
1
2µi

POD space dimension k determined by the energy criteria

I(k) =

(
k∑

i=1

σ2
i

)
/

(
n∑

i=1

σ2
i

)
≥ γ, 0 < γ ≤ 1

Reduced Order 4D-Var Data Assimilation
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The 2D global shallow-water model

∂

∂t
h +∇ · (Vh) = 0

∂

∂t
u = Ωv − 1

A cos θ

∂

∂λ
[k + Φ]

∂

∂t
v = −Ωu− 1

A

∂

∂θ
[k + Φ]

State vector: x = (h, u, v) at 2.5◦ resolution m ∼ 3 · 104

Numerical scheme: Lin-Rood finite volume FFSL with PPM

Integration time: 24h, time step ∆t = 450s

Input: 500mb ECMWF ERA-40 data for 0600 UTC 15 March 2002

Reduced Order 4D-Var Data Assimilation
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The POD modes

• snapshots of a state trajectory with small random perturbations

• total energy norm =⇒ A diagonal matrix

• ARPACK package for SVD computations

Fraction of the variance captured by the leading POD modes

Basis Dimension 1 5 10 15 20

% variance 78.27 97.36 99.24 99.87 99.98

Reduced Order 4D-Var Data Assimilation
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4D-Var Data Assimilation Experiments

• twin experiments

• data assimilation time interval [0-24]h

• model generated data at 6h, 12h, 18h, 24h

• background ECMWF ERA-40 for 0000 UTC 15 March 2002

• DAS-I: full data, no background

• DAS-II: sparse data ∼ 6%, background included

Reduced Order 4D-Var Data Assimilation
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Full state optimization: L-BFGS iteration
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POD space optimization: BFGS iteration
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The reduced Hessian: ∇2Ĵ (η) = ΨT
(
∇2

x0
J
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Reduced Hessian condition number analysis
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