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Abatrect. Derilahilty menlin fiw the veofratiom of hyhrid wndeme
tnmint nf o reting wperial finite wtate quotients called hkiem afom e
whrwe pmpertes are sqnivalkmt to thowe of the ogmal infinite wate
wyem. Ths appmah hak had wurrs in the cae of tmeyl snomata
and Foemr hyhod antomata In thw paper, the powedn] framesroks of
wiratifiimtnn theroy and wnhanahts: wetn me noewented and nesl o
fer 0 nhtain hikimniatnow of certain analyts: woinr fields m anahts:
rzn Hlelw

1 Imtroductlon

Hyhrld eweterm e renelst of Anlte gtate mach e Interan ting with diferant sl eopes-
tlrne. Yarlous mrdoline fnrm alleme, analysls dedden aned oentoel methedoloelse,
a2 well ag applicationg, can be found I [2-1, 10, 13]. The theory of formal werlfd-
ratlen lg noe of the man appreaches fnr annlyelne propertlee of hybrld evsteme.
The gyetem trx he analyesd & Amt mredeled ar 5 hybrld sitemsten, and the
property te he analysed 1o expregesd slne & fhranls frem erme temperal legle.
Then, mrxle] chaekinge or dechictlve alenrithme are nead 1o crder te guarantes
that the syatem mrxdol Indood entlefles the destred propert .

hlany werlflcatlon alpnrihme am ezeentlally reachablly alpnrithme which
rheck whether the eystem can reach certaln nwleddrable reglome of the state
epase. Ewemn theeh for Anlte state | dlarmete eystems this appreach has had sne-
rees, when dealne with the Infilndte state epaoe of & hybrld antematon, medsl
rhecng alperithme are In danger of ot tem Inetlne. Deckdablty meanlte fnr
anslyelnge hrhrld sygtems cendedar apeclal inte state quntiente of the nrleinal
Infinite state hyhrid antematon called hlgmnlathne [11]. BEnulktlone am spe-
fal qetlent eystems In the emes that cherline & property oo the factlent
gpetem 1o equiiatent to chocling the property oo the crighal epatem. B an 1n-
fnlite state hyhrld antematen has & inte state Bedmulatlen then the analysls
and verfleatlnn precadims le decldahbla
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Ohtalning blemnlaticne fnr purely dlzerete, Anlte state antemata k& clearly
tecldable dlnee the nxlerlylng state space 1 Anlte. Corresprmelingly, the process
of comstructinge Helmunlatlomne for hybded evsteme may mwt terminate becanse of
the Inflolte cardinallty of the cootiens state epare and dy mem ke, Jn thls papar,
we onelder the problem of conetretlng Ante state hlelmoulatlons for purely
otk spstems. hore precieely, glven an analyds vector ficld oo an analyde
meanlfoid, a et nf (ltlal madidons and o aet of unanfe atakes, de uouid Hee
ir comatrwst o findie afake Cranalbdon ayateme Awsh thak checding neachobiiy on
the finlte graph [ spwvaient o checbing reachioblilg of e crlplaal oadnusws
AyAkeT.

In order to tackle this problem, the powerhinl foam ewnrke of enbamalytis sate
and stratlfication thenry [5, 12, 16] are wesd. Subamalytls sets ame an Important
rlage of gete baving many desirable “Anlteness™ propertee. For example, mels-
tlwely comphet enbanalytk eete kiwe fnliely many connected oompenentz. In
aklitlon, enbanalyth: erte are cloesd nmler Intereectlomn:, nnloneg, cnm plem ent &-
thn &z well as forwand Images imder proper mape and loweree Images. Stratld-
catlon thenry allows e to deal with many technlesl lesues moeernlne sote and
thelr boimdarles and leernelal ln refindnge partitlome. Wlth thees tonls we present
an algrrlthm for constriee the Helmulathme of analytk eystems &z well sz & proet
that the algnrithm terminates In the cage of Inear vector felds n B? with mal
or pirely i aglnary dgrmwalies.

The nutlloe of the paper k &g nllows: In Sectlon 2 we revlew the notho of
Helmulatlone sz well a: the algerithm for compining blew ulathne for transltlon
gvzteme Hectlon ) presente enmie basle facte about stratleathn theory amd
gibamalytls gate and 1o Bectlom 4 we ee these farte to ceoetmeet hldmulatlone
of amalytle vector felde. Flmally, fecthn b presente nterestlme mues for further
TeaeaTrh.

2 Bhibmlations

A minre detalled expreitlem of the materlal deserbed In this eartlon can be fnnd
In [11]. A transitlon gpstem B = [{], B, —, (s, Q) comdateof & gat ) of stateg,
an alplabet B of evente, & tmmedtlon melatlen 0 O] = = ), st (o C4) of
Inltiel states, amd & eat (e C ] of Amal states. The transhlen system 1z Anlte
if the candnallty of {) 1z Anlte and 1t 1z ninlte stherrke. A mglen 1 & anbseet
REC Q. Qwenr £ F we defle Pea, (K] az

Pra,[K) ={g €§ |3p € Rand [g,r,5) e}

anl Pra[R) as
Pra(F) = | ] Pre.(R)

gL

Let - {J x ] be an aidvalnee relatlon rn the eate gpaoe and 1t §f ~ de
mrte the resiltlme quictlent epaes. A ~-bleek s & 1mlen of eqpldwalmmee o laesee,
For & reglen B we denote by Bf ~ the amalleat ~o-hleck that contatne K. This,



Qo ~ aml Qe ~ are ~-hlocke containlng the hitisl and fnal states respec-
tlwely. The transltlon relathn —-. oo the quctlent cpare B deflned ss follows: e
G Ga € Qf m (G, m Qa) E—. M there exlet g € §) and gu € (Ja ewh that
(e, qa)] E—. The quetlent ransitn gystem 1 then HY ~= [ ~ B —.
Qo m,Qrf ~).

The muintlent svstem K ~ k& & disfmubstionof B Y (e 18 & ~-hinck and for
all ¢ £ E and all ~-blorks K, the reglom Pra,[K) 12 & ~-hleck. A hislmulaticn
1z called Andte ¥ 1t has & Anlte oumber of ajpilwlenee classes. Blelmulat]sme are
7oy lmportant becanse bletm lar trancdtlon syeteme groerate the same lkagnage.
Therafnre, cherkng propertles oo the hlstm ar ppeetlent 1z aqpilwalent to checking
propertles of the crlglnal fransltlon syatem. This k wery nssfinl 1o rehiclng the
el plrx iy of wrloue werlikeathn algnrlthme. In ackitlon, ¥ 0 1z Infindte aned
H{ ~ 1z finlte hEmulation, then werlfcatin algerithms for Infinite apsteme [ for
example, hybri systeme] are guaranteed to terminate. A suceesafil appleation
of thi appreach for thoed awtcmatsa can be fomd o [1].

T states g4 £ ¢ are Hedmllar denoted o g UE there exlde & hElmnlatlsn
~s EIKh that o~ . It can he chewn that ¥ ped g then

1. peflrEJE (Jr
2. ¥ (g 1') E— then there edste g such that [, 4] E— and ' f2 '
3 ¥ (g o) E— then them axdsts f swch that (e 0] e amd o' e '

E shenld be noted that the notlon of Belnulatlon 1z very slmllar te the notho of
dynamls condsteney [T]. Glven a transtlon syeem B, the followihng algorithm
rempites the blstm larity partltlon, The alperihm terminstes ¥ the bletw Darlty
ruictent g Anlte.

Algorithmn (Bleimiladty for ranstion eystems)
et Qf m= {Qr Y\ Yz}
while 3 B.F' £ {)f ~ axd or £ F ewh that 8 C B Pra, (B C K, do
refive {J ~= [Qf ~ W EJIU{EN Pre, (B, B Pra, (K]}
exm] while

Iitlally the quntlent spane consdsts of twe apilvalenee clasee, (e and Y
[heare Y denntes sat difierenee). The algrrithm then cherke whether there exlat
cu-gidvalenre clissos whese prelmage imeder Pra, for ecms o s nelther empty
T & ~-wjilvalrnee class. B thers are nome then & hlmllarity aetlemnt has heen
reached. Qtherwle there exliste K, B € {1/ ~ auch that B Pra,[ B 3 o and
EnPra, (B lza proper aubest of K forenme o € E. Then the algerithm reflnes
the partiticn by splltting K inte B.Pra, [ B and BY Pra, (B'). This procadurs
1z repeated dther fnrewer or imitll & Mdwllarhy fictlent k& reached.

Ineplred by the shows bldmulation alppdthm, we would 1ke to have an alen-
thhm for ohtalning fiaftebldmnlatne of analytle woctor Aelde. More preckesly,
the orlglnal transitlon spstem consdsts of & Inflote cardinalty] real analytk
maniold M sl the trancdtlon relation e prwerated by the e of an analythe
wector fekl. A cnllectlen of enbeste A of A can he e to degrihe Inktlal con-
eltlnme, guards conedltlome, lnearlante as well a2 nledrable reglnne of the state



epire. Theses gate typleally mxls wlithin each dlerrete ncatlon of & hyhrk systen.
Glven A we attempt to partltlen M lnto s fnite blstw Darlty quctent A -
K the attempt e enceessfil, then checkhng reachabhllty of wmrloue slrments of
A ran he directly dene cn the findte trandtion apstem M ~. Even though an
algnchhm cromapntinge hletmulatlhoe may wot, In general, terminate, 1t may be
feaglble to gnarantes termnattn for certaln clasess of vector Aekke axd etz In
creler to tackle these very Interesting questlooe, we Wl uee the Tamewnrk of
gnbanalytls sate and siratlkstlsn theory.

3 Svhanalytic Seta and Stratificaticns

3.1 Heal avalytic fmoctions, Manifolds, amwl Stratificat ouas

In thils eactlom we deserlbe eeme fimcamentsal propertles of subanatyde acta, We
roncentrate oo propertlss whikh are ieefil for the purpeee of constructlne &
Hedmulatlon for the Aor of & real analyty wector Sekl. The mest Important
Teamlt here 1z the Stratlficativa Thennem: (Theorem 2). For this and other oper-
tant reslts ro enbanalytk: erte the mat refrrences are [5, 12, 16]. We bagln by
Terallng grweral standard crooeepts axd facts (gee [6] and [9] fr more detalls).
In this paper, “manlinkd™ mesneg nlte-div meknal, Hasdor, eecond countable
mantold. We say & manifrld 15 reaf anaigi: (=) ¥ the tranddtlon maps between
loeal charts are analytky fiometlene oo thelr demsIng [which are cpen enbeste of
B). An embedded submanifiold 5 of & manifeld M % & topolegleal enbspace of
M together with & difementlable gtrictire such that the Iwhelon from 5 nte
M & & smooth Inm erelon [1e. kas full rank at every polnt). A wector Sekd X oo
the real analytk manlfcld M ls anaiyle 1 s coondinates v any lecal chart are
anslytle. If X k an amlytle vector 8ok then any ntegral cires of X k analytle,

Ye are nvterested In Intereectlon propertles of eote. From thks pelnt of vlew,
Infinltely diferemtlahle (-] fimctlons are oot suficlently “ploe™. Fer example,
1t k& oot bard to ccnstriet & O -fimetlon whess were eot 1 & Cantor-11ke est.
(Fo fart, any clrerd aubest of B 12 the seme et of eome O -functlen.) On the
riber hand, real anelytle iinetong are free foom ench patholoeles, The fnllwilng
rlagzlcal result Mustrates this pelnt.

Theoreny 1. Let I be on open (nterual and f: f — B b an anaiydde function
It 2 ={m g I|f(x)=0}. Then elther Z =T or Z has an arcumubsdon prin

im I Frubaiendy 0f § @ oot (deateaily sem tien cery ronepact aubaek of I
rontaing af moak o finlte aumber of sema of

Definftion 1. LetM be o roal anaiydle maniffold. An andytle () stratifieation
nf M [ a partdtinn & of M with e fulbwing properdes:

I ek FES [ o ronneied, neal anadyde, cnebedded aubma alfold of M,

£ & [ heally fadte e cery compact aubact of M (gt ot mosk finftedy
meany aet In 5]

% pluen b acta J P ES, P ¥ F auch thot FN P # 0 then F C P and
dim 5 < dflm P. {Fre deante by P the cdoswre of P)

The aeta In o atradfiraton am calkd gtrats,



3. Sewdanalyti aowd sohanalyth aeta

Let M and N be resl analytk manifelle anl 1ot O9 A, N deote the eet of
analytle funetleme from A Wt W, @ f € OW(M, W) we ey § % of clas 0@
Glven an analyty mandfnld I7, we demote hy B[, B]) the Bonlean algehra
generated hy the eete of the form {= @ fi#) = 0} or {= : f(#] = 0}, wheme
FeECHT H.

Deflniton 3. Let M e o el anoiydde moanlfold 4 subeet 4 of M B eeml-
anelytle In A IF for coery p € M, there [0 an ppen adphdorfiond T7 of p
M aush ot T4 € BO«[T7H). fAC M semivnalyde in M we urite

A € GUIAN[ M),

Deflnition 3. Let M be o nai onalytr manffold. Define SBAN. (M) and
TBAN[M) by

1. A g SBAN_ (M) if and ondy 0f there @0 [N, £, 47) auch thot W 08 o resd
analyti maniffold, € OV M), 4 £ GRIAN (N, 4~ i mdatiuedy mmpact
amd A= FA-);

2 A € GBAN(M) (f and naly f 4 [ o ieeslly finite wnlon of memben of
SBANK..[M).

We zay that 4 1z subsnalyti in M ¥ 4 £ SBAN[M). B k& sasy to eme that
A EFBAK [ M) ¥ and eoly If 4 s snbanalyty: In A axd relstlvely oom pact. The
Inllwing prepertles of snbanaly th et are sadly derlwed fem the defilndtione.

1. SBANK[M) 1z cloaed uncker lneally finite 1minne and htemzentne.

2 K 4 e 3BAN| and F' M — N 1z of claze ™ and preper on A, then
f14) € SBAN(N). (A functhn § 15 proper i f—' (K] & oom pact whenever
Kl

3. FAeSBAN(N) aml f: M — N & nf clage O, then f~'(A) € FBAK[AM].

The frllewlne twn properties rermilre more enbitle procds. They can be derlwed
frema the the sratlflcstlon theerem for snbanalytls eota.

4. E 4 e SBAK (M) then MY A £ SBAN[M).
5. A enbanalytky et kis & leeally Anlte mmaber of connes ted compoments, each
of whirh k eubamalytle.

Ezampie I. Prlntg are subanalytk:, and e ls any locslly fnlts imbo of prlnte,
for example ™ az aubeet of B, The empty set and M are beth 1n FSBAK(M).
Let o, 6 €R, a < & then [a, 8], [2,8), (a,8] and (4, §) are subanalytk In B The
cpen ball Bip, +) centerad at p of caflug ¢ In B k& o SBAN(H).

Ezampie & In geoeral, g 1 clear from the definitlen, SRIAN (M) 1z crotalned
In SBAN (M. In partleular, any eemlalgehrale subsst of B 12 1n SBAN[B™).

The frallowlng propertles clarify firther the relatlon between subanaly i gote
anl thelr amblent gpace. Here we sesumie that M g & real analytle mandfrld.



6. Let N be & O™ embedded enbmantfrld of M. Then 4 £ JBAN (M) =
AN KN e SBAN(N). _

T. Let W e agIn (5). Let 4 C N be relatiwely compact and 4 © N, Then
A EABAN[N) =+ 4 e TBAN[M).

& For evary ¢ € M axl every nelghborheed W of ¢, there exkte an open
mghtetieod ¥, of p ech that! [a) Vg 12 relatively enmpact, (h) ¥ C W,
and V3, £ SBAK[M).

Remeark 1. Let N be a0, smbedded subman okl of AT, Then If 4 £ SBAN [N
anl W £ SBAK (M) ¥ dews not follow that 4 £ SBAN[AM), & the fnllvwing
example ghewe,

Ezampie § Condder the eet §= {1« £ N}. Az & aubest of the apen Interwal
(@, 00) the get § 1 enbanalytls dnee every compact ubest of [(,00] Intersants
5 1o fnltely many polnte. However, a2 & gubest of B 1t 18 oot enbanalytls, [Ses
Thenrem 1.)

Theorem 3 [Stratification Theorem). Lt A b o real analydr manifiold
and A C SBAN[M), A treaily finite. Then there @0 o O semtlfintion & of A
Aurh that

i & C HBANK[M),
2 & D romepatide with . That (o, every ek ind @ o wnlon of abmta frome .

Hemeark & B 15 posglble to obtaln stratlficatlone n which the strats hawe wl-
fltlnmel propertks. Wik menthn coe hers which wll be wesful 1o the proct of
Thenrem §. A bivek In M k& & relatlwely compeart, conmected, O, embedded snb-
maniold F of M awch that thers exdate s O eurjactlve dlfecmorpblem ¢ O — F
— where {7 1z the open imt eube In B®, and &= dlm 5 — euch that the graph
of ¢ 1z ebanalytls In B* x A We wil aenme from now oo that the strets In &
are blocks,

The frllowlne therrem 1z wery meefil In preslng that rertaln gote are swhan-
alyti.

Theoreuy 3. (onslder any formuln F of finat order predivate od-ulus wdkh frees
wriohle =, ... 2 M snaiyde moandfobls M, ... M, which @ okalned fmm
formeutae fa fome st F thot fanive the #; ond other 2arfnbies g, {yj € N; N
an anaiytl: manifold) by meeans of e loglea? operations of majunedon, digun:-
ton, negabinn, walweral and czlidondsl quantlfi-abden. Juppose thok the quan-
Hfirations are loeslly bounded (e, that ey timee o quondfier (Im; oouwes,
with ) = 3 nr )] = W, then, 0f S,.;,[mi,ﬂ [ the arnpe of (l2; and ¢ am the
nther varlables thok are free in Fo, 0 follous ot for cery mmpact 2t K of
the g domealn fhere 0 o compact J of the 5 domala suct ok, for each § E K|
Q) Fglws, 1) * a sotafied (f and oaly i “[Qe; € J)Fplm: 5] " [ soakisfied).
Them If the formutse (o F define subanabyds acta Ao doea F.



The thenrem 1s slmply & conesipens of the cloenre propertes of the class of
gbanalytls gote imder Benlean nperatlone and takng direct ancd Inwerss Images
[prowlded that In the cage of direct osges the map e proper, gee [16]). I view
of thl resnlt nme can, 1o many chzes, prowe that & &5t le eubamalytl: by writlng
ltg definltlon. The nllowlng 1z an example.

Propmaition 1. fet X e on anolyele wetor ficid on B™, Lee S CHY e a O
emebrdded aubmeanffidl, which @ obin o subamaiyde ot It P ={g e Xig)
ToF} (here TLF @8 the tangent apare &0 F ot g). Then I is subanaiydr: (n B

Proof. We ran wrlte = X' [T.5) and & tangemt waetor (g, #) 1z In 7.5 ¥ and
rnly ¥

JEFAM=0V
(fe P<e<l)={3p PEFAPFgai(Ir>0Taz0 (V" =p-q

At = |lel* A llalp — q) — eol® < %% Allg - pl* < £)000))
Mrrenwer, &2 long &8  remalne In & compaet aot, the warlbhles g ¢, aned 8 can
be regtdeted teo 1 In & compaet gat. m|

The fnllrhg propesltlon can be presed glmllarly and w11 be el In the
proant of the Thecrem .

Propoaition 3. Lek & [ 1]_—&& bre o {7 surjectiie diffeomonphian with B C

wal it
A deeper and mere central resnlt Inr o amalysls k the fllowlme, Bara proof
e [15].

Theoreny 4. Let A be a ol fiale fandly of waempty subanoiybs aubacka
of o nai anadyde manifold M. For mach d £ 4, bt F[4) be o finit: et of mai
analytle vectnr ficdds pn M. Thea then: canks o subsnalyde atratifiation & of
M, mmpatibde wikh A, and foulng the property Gk, wheacaer 5 28, F C A,
AE A X € FiA), then efther (1) X @ ereryuhier: onment o § or (0) X i
apawhen: gt to J.

We fnlsh thls eectlen with & slmples propedtloo which Nhstrates avme of
the prawl Intareartlsn propertlss that analytle uress hawe with enbanalytl eote.
The “Intemees” prperty Indleated In the propreltln malkes b poesthle to deflne
tranditione hatweon grats n & natural way.

Propmition 3. fet [ e an open (mtemal M o meal anaiyde meanifoid and
7 0 = M a nal anaiyels functon, Lety e o O aimilfradon of A by subana-
tytd: aets fthot @, 5 € & = 5 € GBAN[M ). If[a, 8] C I then then: czioe o finite
pardton {®, ... %} of [a, 8] with the property thot for ek =1, n—1
thene eziags o agramum 5; € F awch dhot (9, ® 1) C 5.



Proof. Conaler the famlly T= {4~ (51 [8,8]: § €S} See ([a,8]) & com-
part and 5 1z lncally findte, the famlly Tls s Anlte partiton of j3 8. By Froperty 3
of enbanalytls gete the sete In T are enbanalytls In f. By Thesrem 2, there exlzte
a ™ gratlfication F of [¢ 4] compatible with T. Therefore, F comslste of & 8
nlte mmiber of polnte amd cpen Intervalk. Moreewer, for each J € 7 there exlste
JE & awh that 4[J)] C.5, &z degired. m|

Frampie J. The asnmptin of anbanalrtbby In the propesithn can et he
tirepped . Comslder the gtratlfieattn of B by the hllowine Awe este:

A=A}
L= {[m,:r}l: o0 A r=mﬁn£}

= {[m.:r}l: o0 A r=ﬂﬁn§}
Si={togr2#0 Ag> o’ ) g 9>
= {[m.:r:l: oFENDA r{ﬂﬂin%}U‘[[ﬁL n: g}

Kotlee that 5, 5 and 5 form the graph of the finctlen f(7) = ms'.ln::
(£ = 0), whie 54 and Sk denote the reglon abowe and the helow the graph,
Tespertively. Fach get 1 & O, embedded snbmanifiold of B? and they clearly sat-
1y the condltlon oo the dmemekn of the sirata n the closure of other stoata.
Flually, condder the constant vactor feld X = ;.,"% Then the Intagral curwe 7 of
X threugh (9,0) 18 the #-axls [parameterlred by # lteelf). Therefore, the Image
by o of any Intereal contalndng () Intereects both 5 aned 5 an nfinltr mmher

\ e/
e

Fig. L Infinite rorwuingw mm & immpert interml




4 Bhimulatiora of Analytic Vector Flalda

Here we degrlbe & process for the comstructlon of & Welmulatlen for the Sow of
& real analytle wector Seld. We assume that we are glven & real analytls weetor
Bekl X oo & coomented real anelytls man¥old M oas well ag 8 Snlte famlly A of
relatlwely compact subanalytls eote. Thees eote may desnribe Inktlal comdithne,
guerds, hwrlants or nxlesirable meglone of the othiens evclutlen within &

dlarate leathyn of & hybrld ainomaton.
We o Inenke Thenrem 4 [here there 1z s ngle wacter fiekl oo ewery atratum )

tr ohtaln & stratlfieatlen & of M by snbaxalytls gete which 1z onmo petihle with
Al amd guch that oo each stratum X 1z sther everywhere tangent or mewhers
tangent. hnre precleely, for each § € 4§ elther: (1) for all 9 1n §, X 15 tangent to
Fat g or (2] for all 710 .5, X 15 oot tangent to § at 4. We now wsh to atudy
e the vtepral cirvee nf X enter and ievae sach gtratim of & Fer thls we mosd
& mnre pEdes definitlen of what we mean by eatering aned kaving & stmiim.

Definiton 4. {len tue subacis 5 T of M, and o reai anadyle curwe 5 J—
M {I an npen fnteraad), we aoy that 7 leawes § thoough T (or enters T from 5)
ifone of the fribawiyg ceidng rmoadidnns [ aaolfed:

El there cziat g, b € I such that (2] €5 for ol £ € [a, 8] and (6] € T
Bl there eziat g, b € I auch that yla)] € F and (1) € T for all £ € [a,5).

The frllewlne propealtleo ghews that thk defipdtlen cowers all poesthle -
Mng” gtwatlome for gtrats of &.

Propmaition 4 Iet F E& and 1 e as abooe, F themne celg 3y, & € 1 swsh that
wlto) €5 ond (i) .5 thea them 2 o seramwm T oauch that dther E1 or EQ
Jinalda,

k 1& clear from Defloltlen 4 that 1o cae E1, TIN5 # 0 By property 3 of
& gratlflcatlon, we coneliee T C 5 and dlm T < dim 5. fmollarly n case B3,
FCTand dm 5 < dm T

Deflaithon B. Wremil otmom J £ & tangentlal (f e vecior field X @ tangent
ko F of cvery point of F. We mil o abatum tramswersal piierwise

The fnllowlng proposttlsn clarlfles firther the preslhle ezl ctuaticoe.

Propmaition b, fet 5, T i atrata in & and 7 on Mntegmi cwrse of X whidh
bnues F thmough T, Then oae fand eoaly vae) of e folivaing b b

1. ronditivn El heids, 50 o tangential aeratun: and T (4 o randieraal straium,
£ rondition B helds, 5 [ o ransaerand atratum and T' (s 8 tangendal straium.

O pral 1 to croetmiet & Welwnlatlen as & gietlent of the aqpiwlenee rela-
thrn Inchiced by the sgtratifeation & Aore precizely, we wonld ke to define the
alwlenre ralatlon e by fooeug g U g belome te the esme gtratim of & In
Hf cug there 1z & translthn form the gtratim 5t the dratum T HE an ntegral
curee of X leawes J through T In erder o chtaln s Bedwmulatlen we nesd the
gtratfleatlon & o gatlkfy the fnlleng twe condltione:



1. ¥ an Integral curve of X starting at & polot of the stcatum F does oot 2x1t
5, them oo other Integral cirve starthg 1o T eawes T,

2. whenewer an Integral enree of X which starte 1o F lesses the gtratim throagh
T, them all nther Intagral cirves which start In F leawe the steatum throagh
T

In order to eatlefy thoes oomefltlome we reflne the sratlicatlon firther ae-
rnling to exlt features of the ntegral curees. We dearrlhe the 1teratlve process
below, whikh s analoesie to the Belmulatlcn algerthm descrhed In Bectlon 2.
K the proces terminates we chtaln the desired Belmulatlon.

Definjtion 6 (Aefinement Proceda). The prress hios Gon steps which wii
aeed kb (Eemied fn the firat atep we refiae (e tongential strafta and I Gie
Aerpad we refine the tmaavemal stk

Step 1 Iet F e o tangendal aomum. Fr mch TES. T CF T # 5 bt Fr
dennk: e ack of point g £ .5 for which e tegral care of X firough
by F thmugh T Let 5 = FY WS, when: the ualn [ taken puer off
Atrata T rontalned in §F and diferent fom 5. 5o, B [ the 2t of polnka
g E.F such thot ghe InEegral curve of X dimugh g ot time L= (), memalna
S furallt =0 Weaubdivide 5 (nkp the acts Fr and 5y, This 2 a finfe
Aubdiviaion of F.

Step 2 Iet B be o tmnsversnd sbaiume. It B = {F S F# K R CF}. Fr
mh FER and T C F {17 3 ), iet B e the act of polnts ¢ € K auch ot
the Integral curve thmugh ¢ leoves B dimough Jp. Ala, ki Bo dencke the
ot pf pointa ¢ £ B auch that the (abgmi rarue firough ¢ Eaoes B throwgh
o We subdivde B Intn the sets Bo o Bo where J varies caer Ot Thia s
o finlte aubdiainn of .

Hemeark ¥ The new aubdleldon eets fom Step 1| axd Jtep I are oot In peneral
gibamalytls, Therefnre, Step 2 equlres enmae clarlficatlon elore we clalm that

trajectorles “leawe K through™ rme of the eete Jr or H. Aorendng to defindtln 4
we el to werlfy dther El or Bl The followlne propodtlen glves the ey
AT Fnit .

Propoaition d. Assume the tangendol abratume F [ audalofd ef as in Feep 1. Det
o [fo, 8] = M B an Integrad cwrve of X osuch that (D) EF forp 0. F
them palats o st Fo neaudtdng fmome the subdivision of 5 auch that () € 5= ond
FE) EFm then(f) ESa forfo S 210

Propf. It fnllows Inmecdfiately fiom the deflodtlon of the este o Step 1, sloee
ree & polnt of & trajectory 1s In coe aich set, then for a3 lone a2 the trajentory
remaing In F 4 Wil helog to the same @t. m|

MNotation: we wlll wilte «; to dencte the Integral ourve of & which pesses
threngh g &t thae 0, Le. whth 1 (0] = 4.

Propesition T. Fith J and K as above, for each ¢ £ K such that g; Ieates B
through F, then: palatn So (5 = Fr for some T oor o= S} such that 4 bave
F, thmugh 5-.



Pronf. Letwyy I — A a 8 £ I besh that 4{a) € Kand 4(f) EFfora <1 <48
[we are azsuming K 1z trangweresl g B helds)]. Let 51, ... 5 be the gets In
the entellvlekn of 5 glven by Step 1. Let & =Inf{1 € [a,8) @ 78] € %]}. Then
¢ = min{&} = &z, for enmae ép. We clam that 4 leawes K throagh 5. Th eee
thig let 4, E (e, 8] be guch that yp(a )] € 5, Suppees there lea whh ¢ < a8 <4,
aml 7 (8] £ .5; for § % ép. Then thers exlate ap With & < ap < 8 < 4, anxd
#rl8n] E 5, But thk mrotradicts the previous propesitlon, &n we must have
e8] E B, fora <8 =4y m|

Krtle that In Btep 2 we may he subdlvldhe svme eate which ame In the
rlraire of enme tangenitlal gat. Thk requires the lteratlen of the two stepe. In
general, we ghenld net expect thle proeess to terminate swen I we deal wih &
Bnlts nimaher of stratsa or 1f wa Nmlt cur ety to & ccmpeet get. The fnllwlng
ezample Mustrates thiz point [gee Figure 2.

Frampie 5. Let M = B and X be the Dwear vector Add :i _11 x. Agsume
the stratfcatlon oonslets of the fllewing fee strata: 51 = {0,001, %= {(1,M]},
Si={l=M:0<e <A}, Su={z0 x> 1} and § =B\ UL & The

Fig. 2 Mmrrsw eloew oot termmste

Integral eurees of X are aplrale movine away from the erieln. Hers 5, and 55
are tangentlal strata. The cthere ame tramewaresl gtrata. There 1s mo aubdbelElon
pradhle [or meosseary ) for 5, . The muwes theough 5, exdt at one of the thres
etrate F B, or B Step 1 repidres that we aubdlvlde 5 Into thres reglone.
Twn reglems are cnmpresd of [parts of) the ntegral oirees of X which exdt 5
threugh 5z amd 5y respactieely. The thind k& cempreed of (& part of | the dugle
Integral euree whirh edte thoeeh the polnt S Step 2 mew reqilres that we
gihdlelle the tranewemnsl etrats aconrdg to s mllar Tile, bt new curees from
Ja leawe thremgh thres dlfferent replone and we st anhdlvlde thls stratum



firther [Inte three reglems, In fart). The snbdiviglen pelnt correspemxds to the
firet print of Intereerthn of Fr amd the Integral oirve foem Sy o backwande
In e, Thils now camess o of the regheos 1o 5y to be enkdlvlded Hirther and
clearly the process Wil oot terminate.

For lmear wentor Sekle eo the plame, the exletenee of “sploal™ pelnte, such
a3 abowe, g the coly obetrictlen to the precedire a: the Rlowlng thenrem
Muetrates.

Theorem §. Let A =B, X be the fnor sector fidd dx and assume that e
egenyaturd nf A are elther mal or pumely MMagnary, Lt K e o mmepact act
and define S = {F € & F1 K # 0} (which @ themfore finlte). Then the
Aefilnement Droeas appiled & Gar Eermelnakes,

Proof. We wlll carry ot the proef In mome grnerality than meeeszary. Soo the
Temiark helow.

K 4 = (Jthen the provess terminates whh Step 1, dlnes far oach 2-0 mmedenal
S owahawe F= 5 F A0 then the sern eat of A s elther {0, 0]} or &
e throngh the crigh. We wil deal In detall with the Arst ches. The sanemd
cagn can he analyeed whh dmllar methode. We will asnme that {000} 1= &
gtratum of § [§ can be made oom patihle with {(0,0)}). This lmples that tan-
gentlal 1-dimmsloma] strata w1 oot be anbdlvided furtler gnee oeh & stratim
1z an are nf & Amwele trajectory of X Henee, we ooy nesd to atdy the tanmen-
tial Tfimendnnal strats awl the tranewersal 1-dlmensdonnl gtrats [there ane ne
tramwarm] 3-dinondnma strata).

The frat Yeration of the proeess reqines & speclal analpsle. Let B 5 €5, 5
2-dm metnal and B 1-daemaonal, tranewersal and contalned In F. Lat 5 be
22 1n Btep 1 awd B, &2 1n Step 2. The fnllnorlnge lommns charartorines B,

Lenowxs 1. There @8 o finit: sentffiacion of K, by subanaiytl supeets of B3

Pronf. finee B 1z & block [gae Bepmark 2, thers 1z a O+ diffecmnrphlem & ¢
(1] —+ F whees graph & subanalytls In B x B, On the Intereal [, 1] the
monectad gote are ntereak sand henee subanslytle In B Thersfers, conneeted
gfte In K are subanalytle and thelr bonmlary [In K) oondsts of at mest two
pehote. Th prowe the mms w0 ghow that Ho bhas fobely many connected
Yl PrEn .

duppees to the enotrary that B, bas hfinltely many connected compe-
wents. Then there exdste twe Inflolte sapemes {4}, {&] In the btereal [, 1)
ah that, for all é, a; < &; < a3, $la;) € Fgq,, and $(L] & g . For each ¢,
crmebder the eurve {f mucde wp of the arcs §[az, 4 [), Fi= {708 12 = 0},
Lo = {¥aa(2) 1 2 2 0}, and the polnt [, 0). Thlk k2 & contlvnene, cloesd,
gmple eurwe and thersinre 1t dlvldes the plane Inte twe open connected eote.
The trajectnTy 7y, enters one of these gete. This trajectery does not Intersant
the nthers and 1t can oot pase thoowgh [0,0). Moreower, 1t can oot leawe the
reglen threneh B flnee all trajecterles eroes B 1o the same diveetlon. Therefors,
-'rﬂ*_.}[t] met remaln ln the eame reglon for all £ 2 ). Qb the nther kand, by



CODETIRTIED e, BONEL leawe . Let I he the fivst £ ench that Fr,i,-,{*_.}[:f] g5 S,
& = Tap[E) E F4 5. Theeet 5 EU{(0, 07} ¥ connected, relatlvely compart,
gnbamalytle, and contalne sach O By eoostnetlen each ;1= 1o & diferent con-
mecte] ermpenent of 54 5, it this 1z & contradletlen dAnece 5% 5 hag a finlte
onnather of cromected compenente. Thersfore, e dees Ba, a8 deslved. m|

Hnee the gete Jp Wil mot he subdleldxl 1o enbearjent teratlone of the e
fnement precesz, nelther Wil the eote g, Hthegtratum T S, T C 5 e
Qmemairnal (1e. T & & shgleton) then By 18 alae (-dlmenadonal (by nolige-
weas of avliteng). The fllowing uma characterines the sets Fq, when 715 &
1+t meknal stratum.

Lewna 3. JfT £F @8 1-dimenaional then Ko, @@ open in B

Fronf. Let ¢ € Ha,.. The trajectory o enters Jp and leawss J throagh T Let
I be the emallet vahie of I ech that 4 (2] ET. Set p = 7 (5] FAwee X Ik
trangwergal tn K and T we can ixd relatively open [reonected) nAghborhoods

wefgin B, NrofpIn T, and § > 0, such that ¥ = {7,(2): ¥ € Nr, [f < 4}
and W = {m(f) : ¢ € Nr,|t| < 8} ae cpen, VAW = 0, VR = Na,
aml W N T = Nr. Merecwer, we can choves the abowe o that {y,(1) @ ¢ €
NpQ<t< 8 C SNV and {7f): ¢ E N, -8 <1 <0} CFNW. [These
crmgtrictlong are & conesene of hagle theorems oo dlfErentlal amatine.)
We can alen assume that the coly strata of dlmenslon ) or 1 which Intersact
SUVUW are B and T [becange § 1g & aratlficatlon). Netls that ¥ v & &
trajectery of X auch that (4] € W, then there exlste 8 aich that (8" € B 0T
awl 4{f] € W for all £ hetween 4 and 4. By contlmens depexdence on 1nltlal
eomclitlene, for all £ > () there exlet & nelghborhecd We C Wa of ¢ 1o K and
0 &< &ach that |y ) — )| < ¢ braly € ¥ = Nz x (—4,4) and
Dt Theeget P={p(0 0 <<} ls ompart and contaned n the
open est 5, = FUVUW. Sot d = Ldlstig,{7,(2) : § £ ¢ < 5 }). We chooes
g» 0 aenthat g « & {r dist(+,]) < g} C 5, axl the tall, By £), of center
and radlie £, 1z contalned I /. Then for all ¥ € Kx, Fﬁ,[:] ES, et =g
awl (5] € B(p ). We asmime firther, that N C Blge) Let i = hifr >
08 € W] (a0 fa > 0 hecames ¥ W = 8], We dalm that EyEI;'g,thm
i'|-f]l,[:f] E Fforall (¢, Buppres to the contrary that there axlete & with
Q< pand ) FSUW. Let I=hi{t: 0 <t <557, £ FUW]
Hnew i1-31,[1.‘.‘] ESfrd <t § wmeknvwthat T 2> 8 » (. On the other hand,
#,[¥) € V. Therafnre, «,(f) € 5 5, and an =, [3) € BNV = Kg C Blg, £). But
then et [2),q) = dist[r[£),7,[Z]) + dlst{y, [£),4) < 2=, whkh crotradiete
the rhelew of ¢ Hemee, we haws "I’;..[T] EFfory E Rgand ) <1 < 1. By the
tefniten of £y axd bacsaee T 1s open we can Amd £ 2> Qauch that "r‘,[t] E .Ffnr
<< iy+raxl "r‘,[:;.+3] €W . Thk mplles that 4, muet exdt J threngh T
1e. 4 £ Ry, Therefore, Ky C Fg, and B, 1z open n K. m|

We nentowe wlth the maln procf. For & 1-d1memelneal gtratim T we can wrie
T = u;lqﬁ[ﬁ], whth &K open Interwls. For each endpelnt a5 of & = = q&[ui:]



Iz In the complement of Fan. 30, diler {%;} = Fqp, for eome (+imenshmal
gtratum 7%, or #; &k 1o the relattee boumdary of Be, In B Io elther cage, thers
are coly dnltely many eech polnte ®;. B frllows that Ko, kas & Anlte mmber of
rrnlecte] comprments.

We have chown that after nme 1teratlon we ohtaln & fnlte mmober of lmglaton
grte [pelntg) P and 1-dlmensdonsl conoected enbanalytle ete ALY oweh that
all the new enbdiviclon eete are 1mbne nfeste In AL AL Hiheeiuent keratlone
w1 eoly depend co gote of the form Fe, with T £ P4 QA0 (0ot on Fa, ). In
fart, if we deflne for a0 @ 2, P} ag the mllartlon of eete B, with T E*.r:"f'n—l},
then aubesrpient subelvizlong depened oo P 2 8 [that 1s, 1f P =  then the
Eefinement Process term nates]. Sweh sete Ky, are always ngletong and there
1z always & Snlte mmber of them. Morenwer, by lte definltlon, fnr each polot 5
with {5} £ P} there 1z a nnbye {g} € P and £, < 0 aneh that 5= (1)

Suppees oo thiat the BEeflement Proosss does oot terminate. Then there 1
& trajectory v of X and an Infinlte @qienee of polnte 7, whth {%_} £ P and
x, = (L, ) With &, — —oo. Fnee we are coly snbdlvlding eote n 5y the eapience
st gtay 1n & compact got. We may aznmie that {#. | conwerges to & pelt .
Condder firgt the case when the elgenwalies of 4 are real. Then =p = (9,0).
Mrreower, there exkte a oo dimemehnal stratim B of & which contane Infindtely
NMADNT Fn'e axl therefrre (0,00 £ E. Agsmie that K g difEcmerpbhle 1o the
Interval (), 1) vl o & abowe, with Um, o dla) = (0, ). By Propesitlon 2 there

exlate # = 1m, o ]g:H—[ A efirect calrulstten shews that the fllawing Mt slas

exlete: W) = Amay _, &% We nnst awe # ¥ —m, ntherwrke B can oot
Interaant o for [fn| lange enrugh. By chandng coonfinates and mestricting the
gtudy to & nelghhrrhood of [(,0) w8 may asmime that {4{f) : & < &} and K
are hoth graphe of functlons, . and yw respectlvely, with domatn [ 1] At
twn coneecnties Intereactlnme 4, 43 of theee graphs, the weactor X must pelt te
npprelte gldeg of the graph of gtg. By contlimty, for enmie a8, 8, < 8 < a3 the
vertor X (4w (4]] st he tamgent to the B This contradicte the tranwmenzaltty of
I Theretors, K and 4 can oot Interesct moar [I:I,I:I] and the Eeflnmment Precess
st termnate. Jn cage 4 has purely Imaglnary dgenwmlnes, 7o 3 (0] sloee all
trajacterles are parledle. 3111 & elwllar argument applles elng » a2 abowe awd
# = X [7,). Thiz renehides the proof of the maln thenmm. m|

Hemeark §. The same pronf extexds to analytls wactor Aelkke oo the plane with
lnlated eqpdlibrls and whh the property that bhonmded trajectorles are stler
perlexfle or have “Tmt™ directlcne (the wactor m in the proe). The exlstene of
theas Nmlt directlomne wes the cnly part In the prooet that nesd the Anearlty of X
In an eesemtlal way.

§ Concliddons

We preemnted enm e prellminary resnlie oo chtahnine Anlte HAmulatione of awe-
Itk warter fokde. An alprrihm 1o prowlded and terminatien 1z psrantesd for s
rlass of Inear vector felidk.



Even theagh 1o thle paper cootflvicie dynamls eystems were comsldersd
the extemslone te hybrld systems, even thengh arder, are conceptaally glmllar,
Blelmulatyne of hybrdl systeme can gtlll he comldered In the Tamewnrk of
gnbamalytls gtmfcatlone by allwng saultlple wector Aaelde &z well a2 resst mape.
Hrwewer, the reget maps must b2 ln enmie emmee comapatlhle with the Sows e
the precedire to terminate. This rapdrement 15 alresdy neceezary when deallng
with & thaesd autcmata where the clewke nm with Irratlonal ekbpes.

B cheuld be neted that the maln regults of thk paper are exlstentlal glnee
they prwe the exlstence of fnlte hlElmulatlene. However, there s & lome way
it making thls procedire compitatlomally efectlve. For certaln clacses of vactor
ekl the comstructlen can be made sfectlve. Bor example, cne conld generalles
the decklabillty resnlt 1n [8] for muld-pelynomlal vector Adkds on the plane, by
effer thvely cenetmeting & Anlte blgtmulatln =lng techndipies slmllar to the cwes
In thie paper [alowing for e lalgebraln sets Instead of jwet polyhedra).

Furthermors, ¥ the bldmnlatlon algerithm does mot terminate [orls met oom-
putahle], 1t mag bhenssful to conslder gystem verappeEinstlons, or abetras thne
[11], for which the algrrithm weuld termolnate (or can be conapated).
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