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Abatraet

We presont, & frrmanla for & etablieing foadback law
nmler the assumptinn that & plecawlss amenth mnotrnl-
Lyapunew metlon edats, The rmailting feedback 1z cnn-
tlmice at the orlgln and smecth everywhers except, oo
& hyperawrface of oxllmenclon 1. We proewkle an ex-
plklt aml “nnlwerzal” fomula. Flally, we mention 8
gemeral regnlt, conmecting asymptotl cootrellabilty and
the exlstene of ceotrel-Lyapinee fimetlons 1n the semes
of memementh epfmieation.

1. Introadoction

In thle wrrk we want, fo fveie o nenemeeth Lyapnines
hietlhme that, can he obfalnsd by “pasthe tomether™
ameoth ewea (e [§] for other approaches). For thess
Tt the verficatlon of the Lyapimew propenty can
be cartled cut elng gradlents, a8z In the enenth cass.

A regult. by ArtstAn [1] guarantses the sxktance of
& globally stablielng feedbark law prowkled the evstam
haz a emecth rmatmi Iynpunoy funcdon. Sontag [5] gawe
& renstmetlve proet previdfing a fnrmula e the fedback
law In tarme of Lle derlvatlves of the Lrapimer imetlon
and whih iz In a grmee "unlvemal®. Jentag and Lin [8]
then need a glmilar Mea to allow fne certaln types of con-
trel enngtralntz. Here we generalles that, kea to certaln
cazre when we enly hawe a pleeawilae amooth Lyapines
i tinm.

Neoo-helenemle gystems of the form & =577 | f(#n;
(whirh appear natmrally n the ety of mechanleal sys-
tams) cannet he stabillzed by continioe statln fedback
at, the orlgh slnee they de oot gatlafy Brockett's neoes-
gary romitirng (eee eg. [7], 9actln 48). Srabilising
Iopdback laws hawe hom frumd for eeweral auch gyetams
nalme Ather tlme-warylng fosd back or dynamk fesdbarck
g8 [3] and refrrenone there. Bacently, howewer, plane
whke contlmens Fedback laws wers preentad fnr o
auch meamples In [2] andd [1].

The appresach preeeated here permlts the ccnetrietlon
of & perewles contlmene globally stabllelng feedhack
law from & plecewlee emocth rooiool Lyapnioey Himetdon.
We Ihstrata the thecrem with an example,

Flmally we mentl:n & general meanlt oonmecilme
agymptotle contrelablity and the edastenee of ceotrel-
Lyapnnew fimetlnoe 1n the eemes of nememecth cptilmiea-
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2. Stahility

Notaticn. We demota by M the cloaure of the est, M.
g kavwrtorolden B™ and V' R™ — K 1z s emonth
fimtlnn then we dencte by LV the Lie cderteatlve of V¥

with regpect to g e L,]-"[mi: VVI(x) - ale]).

Definftion 2.1 We zay that & subeet, T of [R™ % & sep-
armting hiyperaurfuree 1 T e an embedkded | crlentad, oom-
nected, (1 — 1)<Imemsienal sub-manlfld and K™ 4 T
has twe cnonected compeoents. E I' k a eeparating
byperairfare 1et, O, £ = 1,2 be the two connectad com-
proents of [ 4 T' and let, uj7) be a 1mlt normal vector
rm I whirh definez the criemtatlon ewh that &' 1z oo
the “pealtlwe gkle”. That lg, I ¢ £ T and we chross
loeal eoemdinates (Fta) centared 8t p ' which WO s
the m.{[ml,...,mﬁ) EW '®m1=...=%, =0} and
aEI=[ ... 01 then T AW = {7, ..., " EW:
%n > O}. Ve eay thata vector Skl § point mwards O
oD Wym £ T’ (7)f(x) = 0.

Definftion 3.9 Let M b a ceomectad open anbest, of
K™ euch that. ) £ M. Let. § be a [Lpachlts] weetar feld
oo MU {0}, with f[0)] = 0. Let I7 b an open aubest,
nf K™ guch that 0 € IF C M L {0}. We say that I7 15
F-hnwarlant, if ewery trajectory of § atartimg at ® € I7
remalne In 7 foral £ . Afintlon VM 2 R
called & Lynpuncy funcdon for § on 71

(1) 7 1z f-lnwariant,
(M) V 1z contlonens oo M| and of clas 0 oo M
] ¥ % pealtive definlte and proper oo M

(7] o= e IF = 0, LV () < 0.

Definftion 2.3 Let, I he an open enbest, of [B™ wlith
MEN. Avertorflald f on N % aoymptodenily stadée on
Ny i e each nelghorbeeed W ef O there 1z 2 nelghboreod
W of 0 ewch that, '¥e € ¥V 1 N the Integral ewree of f
gtartimg at ®, $® 1), 15 defined for &1 £ > O, S, 1] E
VN, and dm,_,, $im 21 =10.

The fnlowine ton lommas can be presed whth clasdeal
anpunumta together with the fart that trajectarles de et
leawe 1l appropdate regloms.



Lenuna 2.1 fet M, 7 and § s in definition (32.2).
AetV e n Lyapuncy fanction for f o I7. Then § 8
rus perip ko tlrrlly Atndde on 7

Lennna 3.3 fet ML, M7 be i open ronnectod subets
nf IB™ such thut M Ly M= B W0}, Zet oM —

E" £= 1,2 b mue wetor flekds. Asiume nbn, ot
ﬂiEl‘P czlats n aeparating hyperaurfare I' with Q € T and
{0} C M OM? Zee I, 07 be e tun eonmerted
r) TR £ nf IR AL el rasume thet 00 C MY and dnk

F opoines owarda F o T foré = 1,2 Finclly nasume
thit ' 2 are mwpmﬂm!iqlnmﬂp o M', M? Then
the vector fleld F K rlefined by
1= e € [rx{u}]ucl
- 0 3
0 iF o —

[ pivdaily napmpndeily stabie,

3. Control-Lyapmaoy Foacticag

Deflnftion 3.4 Let M he an cpen connectad swhest, of
E". (Aven the gyatam

® 4= 1+ Y e

& fimctlem V' ' M — K %k called & eongmi L ynpunon
funetion {1f) for © on M I the Sollowing held:

(1] ¥ 1z eentliens oo A, and of elass O oo M
(1) V¥ 1z praltlve definlte and proper oo M

(W) lof _ge{L; V() + wilaViF) + - +
tim Ly V®]} < O for each = £ M.

The frllewlng thenrem pressnts the coostoietlon of 8
plerewles motlonme sabllinhg fesdbark law.

Theoreny 3.1 et M7 § =12 be rmnnertod open aub-
aet o f I auch Bk M LAY = K™ {07, onaider the
ayatem (K] as above. Juppose them caeks o separmbing
hylpmwﬁmn Twith DT, TY {0} Cc M na i.ns
07 be it eonneeted mmpeneng of BTV T, w
(}’a ::Ma fors=12 Lt Vi ' Mi K" b mn!m!
Lynpunou functinna fr:-r fE) om Ad
Asaume the folloudng bmnaverantity rmondibona fiodd:

) fix) tangent o T for ntim e T,

i) —Lp. ¥Wé (7)) gil®) prints b0 ¢ onT forg= 1,2,
=1,... m.

Them thers cziitn o globaily stebiang feodback aw
whith 8 amonth on O LC0

Prsow.  Crodder the et § = {(s,8) £ E"
Qrer a < 0} Defloe

41":;*: a#u
wes=-{ o 8%9
Then + k& analytd: on F. 1 fimetlon = 4Hs, 8] 15
a gnltlen of 53 — 2ap — b = Qfor (g, 8) € 5.) Deflne
forj=12¢=1, . m2E M-",rqm fimetlong ef (2] =
L¥i(z), b () = Ly, Vi(a),and ¥ (n) = T ()%
The third cencitlon 1o the definifien of clf, appled
to Vi M7 1z apidvalent, 1o asking that #(5) = 0 =
aé (2] < (). That, &, [2f[], ,u'i-‘[m]] ESfri=112

Wi deflne Sedback lows ¥ = (K. K., § = 1,2
Ty
j-':l:'.ﬂ:] { —ﬁ"[ﬂi:]‘]}[!f I:-_'ﬂ:] ﬂi‘[ﬂ::]:] :fg P EM"

Thess funtione are emooth oo Mi, I § 4; 8z well ag Vi
are real analythk then & 1z real analytle. On each A7
thk 1z the zame nnlwverzal fnrooula nesd 1o the emeoth
casn [gee [5]].

We now deflme wartor felde Bé om M7 for § = 1,2
by Ri(z)= fl=) + 0, ]:;‘I;m]gl[m] Thess weeter felds
are emoeth en M?. Slnee B (7] pelotz lnto & oo T for
4 =12 waeowlude that i 1z b -inwarlant. Flnally,
the fIIIl"ﬂ.m] Vi k& a Lyapunew fimetlen for & em OV,
§=11 Idesl

LsVim) = LiVila) + KL V(R + -+ kAL, Vix)
= of (%) — F (=i (=), ¥ (%))
= -V@EPFE®PE < 0

By Lemma 2.1, the warctor fAelds &7 are asymptotleally
gtable. We can apply now Lemma 2.2 to conclhide that
the femd hark law

K= melut
wy={ b TG

resultz 1n a globally asym ptotleally stable gystem. 1

4. Examnple
Conelder the ayatem oo K £ = #(Em where £ =
[= )7, and gi£) = [#2 — 32 hy]T. Here s = 1 and

F =10 The orblte of 4 are In Figure 1 (a]. It ran he
ghrarn by & topologleal argnoent, that, thls systam 18 wot,
lewrally emrxcthly stabllizable.

In thls rase a matural Lyapimew fnnctlon 1 glven by

the fnllnwing formnla (gee alss Flgure 1 (h))

(3] % (0]
T = ’;I' = I:I
Ingtead of =lne splieltly thle fanectlon, we may ono-

gidor twn partially defined fumethne. Lat £ > () and let
K!' K2 te the cones whh wertax at the erigin gleen (1o

=i F]
Vimy) = { e



Level curvesof V

Flooe 1: Qrhlta of 4 and ewel oowes of 1V

pelar ronrdlinatas) by, Kb = {[¢ %) 'r —s £ 0 < x4+ £}
and K= {[+ @) ' —£ <@ £}

Ve can take Mi = "-lK?' and congder V¢ om

. _ L _ =i

Mi for § = 1,2 deflned by Vijm,g) = ny%,
a2
V2ns) = E2E, e VI0.0)= VA0.0)= 0.

Ag geparating hypersurface I' we can take the j-axls
rrientsd with the right half-plane a2 the praltie slde.
Clearly, V7 1z emooth on M and oontlmics oo i
The fimetlone ¥ are alen proper oo Mi doee Vi(r, ¢ <
B= a3 g o TR

A dlrect ralulatlon shewrs that, the crmd1tleng of The-

crem .1 are then easlly checked. We comehicke that, the
fepdbark law

(=) _
e % = 0er (= =0 and y £ 0)
EF) = qﬁ;ﬁ*
Y = x )
1] E=y=10

makes the system glhbally agympiotically stable.

b. Forther Hemarks

In [§] & rooweres Lyapunew thenrem for aomtonl Liya-
pimew finethne was prowad.  Anee preclsly, B mae
ghewn that, asymptot centrellahIty (defimed helow),
whirh g & ninlmal mnecfltln for stabllzabllity, 1z endfil-
clent, o lngire the scktame of a contonl Lyapimes fime-
flom V' which 18 O b oot Decessarlly smocth [with
derlvatives of V° replaced with Dind derivatives).

Definition 5.5 Condlder the syetam # = j"t[m, W, mE
E" with f e CHE =R™), v £ 7 C B" homeled,
10,00 = 0. We zay that the aystam 1z nsymptoticuiiy
rorimiinie If the fnllowlne comditione hekl:

1. %2 £ K", 3n(), measumhle, lcally sezentially
boumded, w @ [0, ] —+ T7 euch that, the enlitlon
correspond ing 1o the comtoel w, $(L, 2 ), & defined
for all £ and (T, %, ) — Qas - oo

2. ¥e = 0,34 =0, awch that, ¥ ||=] < 4 then In-) s
In (1) auch that =(f] — Q&g & — oo and ||#(2)|| <
g, fhralt =0

The abowe mentloned coontoel Lyapumsy fimetlen was
glwem by

vimy=nf [ N(l6( 2wl

where W k& a antably renstmcted himetlen of class K.
The reziultime fimrtlen Vo k contlmeng, proper and pre-
Itive definite, aml mflsfies & Dind comditlon [gee [§] for
mrre detallz). We mvw glwe a more geometrle nterpme-
tatlon of eich & comdtlon =lng the thenry of entxlifier-
entlak.

Definftion 5.8 For 8 ootlnime fimetden 3 ¢ 12 C
E" — K, 1 cpon, we define the eubellfforen tial
B~V [x) az the et

e o Vig) — V(=) —ply — =)
D ?[m]—-[p.]!mﬂ iy 7] =0}
T elog & standand cakulatlon, cme can ghow that the

fimetlen V 1g & #lecslty superechitlon of the Hamltam-
Jarnhl-Bellman eqiatlsn. That 1g,

Wn, Vo€ DTV(E)  mp{-pfinw) - (]} 2 0

Therefore, Infugrr{ff(m, w1} < —N(||=]). Shoee for = 5
0 N(||=][)2 = 0, there adsts & such that,

Nl
2

(O bzerve that, thils 1z mactly the comdlflnn that a gan-
dard Lyapnmee fnm-tlon munst gatlefy with  replacime
the gradlent.

<)

fof(m w) <
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