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Abstract

We propesr e generel siradery for sofboing the medion
plomang preflem for reel analplie, eenlmllable sypobe s
wifewl drfl. The precedvre sleris by eemprling e con-
ol thel sirers the moen mdiel peind e the desimed lar-
el poind for an eclended sgulem, i whick & viber gf
Lie braebe by af the spslesn veclor ficlds ere edded (e e
righi-fand side. The mmin poind ien o e we formel
mlrvlnlinny besed gn ke prodeel coensisn wiclioe s o
I Hell bevdy, (e predeee enolher conirel el aeficoes
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the desired ol on the formal feoel # then lvrns ool
el iy conire! provides an conel sohelion af Lhe orig-
ual problew if the moen spedenn o nalpolent. When the
spolern el ndyelend, oue eon 30l yroduer an dere-
for alperithn thel renverges very ool (o e solelion. -
g the lheory of feedbark rfpeicnlzelion, one can fod
Hesses 6f uen-wipalend syl for which e alperifn,
i mende wilk o precompensaler, yreduers en eonel 26-
fulion & e fisdie nwsnber 6f seps. We alvs iefude ne-
sl af sivdeliony whildh iffwimic the cfferlivenesy gf

the procedvre.

Introduction

We presenl a general slralogy or sa ving Lhe Molion Planning 'rob-
lean (M1} for conlrollable syalemns withoul drifl. Following Lhe
line of rescarch inilialed by Brockell and Sasiry (el o [Bra3l],
[M590a] ), we propose aslralepy based on Lools [ran “diferential ge-
omelric canlrol theory " and making syslanalic use o Lis brackels
ol veclor ficlds and Lic algebrae properlio.

We consider conlral syslomns:
b =1y fala)+ ... + g S} L}

where: (L} fy,. .., fm are resl enalplle veclar lelds oo IA™, and
(2} £ 13 complelely conlrollable. Molies Lhal the rghl-hand ade
ol (L} dem nol conlain a lerm of the Lom fyla), thal 18, we arc
asmining Lhal frere v ne drlff. W 13 well konown Lhal Condilion [2)
iz oquivalmi Lo lhe LARC [Lic alpebra rank condilion}, 1o 1o Lhe
candilion Lhal L[f) [Lhe Lic alyebra of veclor felds generaled by
S =1, . u)]—ibe eeuirellebiliy Lie algefim of 2} spans FA™ al
cach poinl.

The MIL (Mlion Planming Problan) i Lhe problan of foding
reamcnable algorilhios producing, or cvery pair p, g of poinls, an
opau-loop canlrol

t — ulfh = (wmL),. .. um(t}) (2}



Lhal slevrs plog.

The conlrollatalily candilion LABC gnaraniom Lhal such a con-
lrol exisls for cvery pand §. Hers we wanl Lo show a reasonable
procodure thal will commpule one. Whal i3 “reasanable™ depends on
Lhe parlienlar sinalion and many solulions are pomible. Here we
demeribe aue saulion and presonl dala [ran sionlalions.

The ML has bom sludicd by a nnober of anlhars, nolably
Saslry, Hanser, Murray, Li el al., cf. [HSKS%], [MSO0L], [MS904],
[SLA9]. They have proposed procodurcs Lhal work very well in a
number of spodal cases. (flen, thess procedures: [a) allaopl Lo
us oplimal coonlrol; (b} roguire speclal asmmplions [(cg Lhal for
cwvery £ Lhe span of Lhe Lie brackels up lo order £ bas consland

dirnension); (o) work in spodal caso.

The slralegy proposed bere in a modilicalion of Lhe approach
menlioned abowve, in lhal: [a) il doos ool in priociple roquine spe-
clal asmmnplions on Lhe spans of lhe Lic brackels: (b} il does ool
use oplimal canirol; (e} il works exaclly [or sdfpelend and nifps-
fenliznble spulemis [delned below); [d) 11 works approximalely [or
canplelely general syslems, and can be used Lo produes a “suc
cemive approximalions” alpornibn Lhal convergpem quile [l Lo an
exacl solulion.

The Strategy

The main poinl of the slralepgy proposed bere i3 1o consider, i
canjunclion wilh ihe ariginal ayslern 2, an ealended spalenn

Ee: @ = filaw)+. oSl )+ o foga e+ 4o fela)
(3}

where fnga,. . ., fr are higher-order Lis brackels of Lhe f7, chosen
so Lhal fifa),. .., frle) span IR Jor all o, or al leasl for all o o
sorne presalbed bounded regon R



Hemark 1 We prefer le aflow r ie be fomger then e for dwe masons.
Fird, we enn gel v beller eondilioned sysdem for the comguinlion

af v oy eoplrined befow Sermnd, we can fooe 8 ficed a0l 6f Oreebeds
whick span IR af coery poind af Lhe remen af dnleresd.

{Jnce wo bave selecled an exlonded syslan 2, lhe solulion pro-
posed here o the ML invalves Lwo basic sieps:

STEP I' Find a conlrol v Lhal sleosp log o 2,

STEP II: \sc v lo compule a conlrol « Lhal slees p o g [or 2

Slep lis in prindple casy. In Ll Lolind v, we bogin by choosing
a Gt eurve -y [0,4] — LA™ lhal gom [rom plo g, A slraghi-line
sogrnenl will work perfoclly well, allbough i1 we are dealing wilh,
[or examnple, an obslacs avoidane: problemn, alher eurves mighl be
mnore suilable. Having chosen v, we Lhen wrile ihe Langenl veclor
4L} an alincar combinalion of a8}, . .., e[} The remlling
cocllicenia are Lhe w1}, The problen of expressing 31 as a inear
canbinalion of fie]), ..., frle) lnvolves mwverling a square malnx
(il » =) or compuling a pecudanverss.

Slep U s harder and involves somne inleresling alpebra, Lhal, will
be discumsed 1o deladl below.

Some terminology

We recall Lhal a Lie alpebra £ s said Lo be sdfpelend i Lhere
im an mwleger £ > 0 wilh the propaly lhal all ihe lie brackdls
[ea, [, . .. [t%,veqa] ]| vanish, The smallesl such £ is the srder
af ndpaleney of 1., and 1 15 sald Lo bo ndfpeiend af srder k.

The syslem 2 will be called safpelend i ils canlrollabilily Lic
algebra L[ )19 a pilpolenl Lie algebra



We nse Al Xy, .., Xn) Lo denole Lhe alpebra of noncoanronla-
live polynamnials in (X, .., Xm) Wilk Lhe Lic brackel dafined by
[ 6] = -0, AlXy, .., Xn) s also a Lie alpebra, We Lhen de-
fne L[Xy,. .., Xm)lobelhe Lic mbalpebra ol A{ X, . ., Xo) gao-
craled by X,,. .., X5 The cemends of £(X,, ..., X, ) are known
as far polyneminly n Xy, . X We also nas ..’1[..3'(1, o Km ) and
L(Xy, . .., Xy) Lo dmole, nepeclively, ihe sel of seneemmmeindion
Jermiel power series and lhal of Lae seres 1o Lhe X;  Thal is,
.r:].I:.Il?. X ) congisles of all (ool nocssarily Ooile) linear com-
binalions ¥y carM o monomials, and £(X,,.. . Xe)is the sl of
lhomse S £ AlX,, ..., Xn) such Lhal, [or cach §, the §-ib horoose-

noous compowenl of 5 1= o LK, ..., Xy])

The nilpolenl wemiona Ag(X,, ..., Xn ), LelXy, ..., Xn) [al=so
denoled AP, L) are Lhen defined by jusl kilhng all the manomials
ol d::g;m k+ L. Then ..-'li“ and L ara kn-;.w.rn? ruapm‘l.i\.rul_}r, am Lhe
Sree ndysiend mssorinlioe algelm gf erder k£ and the free ndusiend
Lir algelre 6f order k.

Wriling down a basizs of A7 1s al ways very camy, [or all aoe bhas
Lo do i3 L=l all Lhe poesible mnanomials of degres = & Wriling
down a basis of L7 is harder bocanse among Lhe brackdls Lhere are
“relalions” [skow-symnmelry, Jacobi denlily).

I bue concapl of a I+ Hall lremsis a Pari.icula.r weay Lo gl around
Lhia dillienlly and Lo sdecl a bams  For a definilion of a 1) Hall
bama me [Hat?ﬂ]? [Suzﬂ?] , 0T [Suzﬂ'!] Here we jusl gve an L.‘L:I.T.I:I.PJ.:..

Example: Lol ra = 2 as bolore, and lel Lhe indelerminades be
XY The, up Lo degros Dve, Lhe lolowing conalilule a 1. Hall bar
sim ol L(X, Y} XY, YKL Y Y[ Y X X X YL
[¥.[X, [, ¥, [¥.[¥, [, ¥, L. [, [ X Y,
[¥: [, [X, [, YNNI [ [ L L YN, O I [ L, YOOI [0, Y ) L B YT
and [[X, ¥].[¥, [X, ¥]]]



Step 11

Il will be froperlant Lo reslhcl our cholee of Lhe exlended syslan a
bil [urlher, by roguiring the “new® ff Lo be brackels arising [rom a
I Hell besds Slep 1 Lhen procoods ss lollows, We chooss £ such
Lhal all the f; ¢ = ra bhave degree < k. Then:

. We do formal enfrebiiens on Lg[Xy,. .. Xy ) The X; ac
purcly [ormnal nenesmulng indelermdnels The calenla-
lians are done n Lwo alepa:

Ha: Solve a smple differenlial equation [Lhe “lormnal exlonded
uqu.aii-;m“} oo Lhe Lie group G.E[-Il, o ;,.I,-,._} [auu bulm'.r}? s
g 1’ Hall coordinales.

11k Find # [rom the 1 Hall coordinales oblained in 1la.

P. Hall Coordmates

Il #* is any cloment of AfX, .. X or AglXy,. .., Xp) thal has
no conslant lerm, Lhen the exponeniial ef 15 wall defined by rneans
ol Lhe vsnal power srics. We dafine

(e B hiX:,. .  Xa)),
fc? 2 E fefXa, .. X)) .

Xy, .. Xn)

G = GulKa,.. e ()

(Examnpla of clanentaol (X, ¥} of = L+ X+1 X34 1 f6X34
¥l = | 4 (X, Y] + R 4 L N NN I
3[..3'{? Y]+.. .. Exmu}:lmufdmnmiaufﬂg[lrf}: o = J.+.I+%..3I=?
¥l = | [ Y], AT = ) X Y 3K Y] X - Y
[Molice thal the mneaning of ¢ depends on whelher * ia regarded
as an clanenl of (20X, ..., Xa o of (5%, ..., Xn).) Then bolh
Xy, .., Xn)and 2 are dased under mnliplicalion, Lhanks Lo
Lhe Carnpbell-Hansdorf Formmla, Moreover, sines ¢—2e? = L, thoy
are bolb groups. In facl, (77 = Lhe conneclod sinply connecled Lic



group wilh Lie alpebra 07 We call (7 the fror ndpalend Lie growp

af srder & wilk ro dnfindiesimnel genemion.

We now lol £y, Hg ..., Hybe al’ Hall basis of Le[X,. .., Xn).
Then i i3 well known Lhal every 5 £ Gy(X;,. .. , X5 ) has noique
CXPTLEA LS

5= L.-E'uE-IL.-E'-;—J.E:—J. o _u‘&!E!u‘EI.E:L . [5}

5= LLEluE"E’ .. .L:Llﬂ“luﬁ“ﬂ‘ ) [E}

The maps 5 — (fa,. .. fe) and 5 — (ka,. .. Fa) arc global
courdinale charls ou 77, and wlablish global dilleornorplioos be-
Lwomm (77 and #2*. The fy are Lhe fesbward 14 Hall eosrdinaies of
5 The f; are Lhe JSorward I+ Hell soordinaicaol 5.

The formal extended equation

We arc now ready o give more delails abonl Slep la, We lx a 10
Hall bamiz of 1he Lic alpebra L%y, ... Xy}, where ki chosen as
oxplained I § . We lol &y be Lhe “owlvalion map® thal amigms
lo cach * £ L(X,;, ..., Xy} the voclar feld oblained by plogenge
in Lhe fi i = L, .. ra, lor the corresponding X;. [Far examnple,

(X, D, X X} = (oL [ al]] ) We asmuame that the
veclor felds faga, . .. fr are giwen by fi = By X)) for j = a4+
L,...,r, where Kmga, ..., Xr armo such Lhad Xy, ., Kewmal Hall
basia of L3

We them salve Lhe O E.

Bre:  S() = S walllKa+ . +wllX)

S0y = 1 (7

?

in backward 1" Hall coordinales. [This 0D E. will be called Lhe
“lerrnal exlemded uquati-;m."} Thal 1, wo wnla Lhe malulion as a
product

S(f) = BB B i (8)



The advan lage of nsing backward 1. Hall coordinales s Lhal e
Senclionas ki(l) are ensdy eompvied by solving e splemn 6f O D F s
wilh ingwl . This syslon 8 solved by jusl mecosive nlogralions
and algebrale operaliona. The prool Lhal Lhe compuilalion of Lhe
f; can be done by inlogralions was given 1o [Sus86] Lo Lhe sioopler
came In which lhe ayslan Hye i3 nol axlended. An aliosl ogually
sitnple prool warks [or Lhe exlended case. [The delals will be @ven
in [SL].} "The [ollowing exarnple llnslrales whal bappens o general.

Example 1. Say k= 3, =2, r =4, [ [f1, M4, fo =
.08, 05] Wecan lake Hy = X H; = ¥ H, [X.¥], B, =
[‘I?[‘I?r]]r H; = [r? [‘I? l---]] Then Ky = [‘I?r]? Xy = [‘Ir [‘I?r]]?
X: = [¥,[X.¥]]. Spesr = 4, we solve [T) wilh v =0 Then
Ayft), ... halt) are comnpuled by solving

#1 = 1,
ha = wa,
lfla = Jl'11"'-'3 +ta [EI}
th. = %-&:'I'-?ﬂ + fravn + v,
fla = fl:'l'-’a + hlh!i'f-?i )
(0} = kafl) = ko) = A(0) = A(0)=0.

Hemark 2 Kovalion (1) @ formefly cuslogees ie e equelion el
defines e “Uhen series, ® dnlmmdverd v eondrel theary by M. Flicas
fef. WERS]), elthough ¥ differs from i i bwe wepe fo) in e
defindion af the Cfen series oue does el hewe the eclre Orocbeds
Xoga .- Xy, and fb) (7] B dnlerpreled oy rosfoing o AT mifer

ihen in lhr ufgﬂﬁm nffnn:mf FOWET dETies.



Finding «

We now prococd Lo Slep 1k Io Lhis slep, we work wilh Lhe “lormal

equalion”

(8 = S mta+ 4ol Xa) |

S =1 (L0}

which 13 Lhe narne asm Lhe lormnal exlondod oqualion, excopl thal 1l
im nel exlended, 1e. only the ndelerminaba X ¢ = L,. .. m, bul
ILik h.igh--;.td::r br.a.ck::ta? AP EIAT 11 the ﬁght—hamd mide.

The goal of Slep 11k is Lo solve Lhe Tollowing problem:

P v P Hallcoordinaioe by g, R ofan 5 £ 07 (X, . ... Xy ),
fnd & coirad | — wfl) dhal vy e o an 5727 hal bas
theve coordinal o,

I'roblemn P oan besolved o a onmber of ways, Here we deser be
one a soveral posa blesolulione, The nain idea 18 Lo sal ve scparalely
[or cach exponenlial faclor, and Lhen concalenate the resulls 1L
luros oul Lhal 1hisis quils masy Lo do, 1 we ooly ask Lo do il “modulo
[aclars of higher order™ We illusirale ihis wilh an exarnple. We
awilch Lo [orward 1" Hall coordinales [or cass of expomlion. This
amounis 1o a dmple alpebraic ranslomnalion.

Example2. Fiodw for 571 = oo P AT ALYV AT
To solve Lhis, [x once and for all open-loop conlrols A, & Lhal
give fise Lo ¥ oF . Use o for “o limnes A" and 50 au. Use # [or

cancalenalion. [So A#H means A lollowed by 5.5

T hen:

# oA} BH 1 v rine Lo S XY



8 O = gt B ) (-7 H) “alooal” gwe fas Lo
S F] (W are amurning Lhal v =00 I v < 0 wo jusl mler-
change X a.udzl".} I'rocisaly, (7 gives rise Lo g8 F LA P-4

where § = %’;r’.

Sofar, webave shown Lhal o A0 Y 35, gty B — v AW — 1 H)
1veg put- L Lo
oo X oAV A X AN T AELF]] Wb sl we really warnl 13 oo XA LAY T [P [XLF]]

ey cachi v Lhia? 1l sulliceatlo nd aconlral Lhal glves riss Lo L‘ﬁx{xf]]fﬁﬂxf]]?
where 8 = §—3% E=z4 % Forlhis we could u=e

pAE p At p Bt (— pARE(—p B RE (— p ARt pligt p A3t (— pERE(—pARE
cBo Ao B —o ARt —c B R (—o B o Bfo A3t (— o)t (—od)
where p = [8)3, 0 = [£)5. I we work in 624X, ¥) the bigha ade

lerins vanish.

The end remull i a canlrol « made of 26 pleces Lhal solves aur
problen exactly. In olher words, 572 is realived in 26 mnoves.

The mam theorems

T her fod lovwing Lheorerns show Lhal the conlra « canpulod as above
1m In [acl whal we need. Becall Lhal a voclar lield s eomplele i ila
inlepral curves are deflined for all {imes.

Theavem 1 {f L[} & ndpolesd of order & and e weelor firlds
J1. S e comglele, Lhen lhe u rotupuded by (he ebooe welfod
sleery p le g exaclfy

Hemark 3 f the [; o uel eomplele then i oy hoppen tral e
frajeiory for e given condref w 1y nel defiied for el §oand coen i 1
i defined, the coulml may foil be sleerp le g



Thearem 2 For e general sgulern (1), kL ofp.g,e) be lhe poind
{6 whirk « serrs p Then, ou ony bovaded wglsn R, ke ermer

#lp,g) = ||otp, g,u) - gl| satisfics o bound
Hp,g) < (AL (L)

Jorell p g ER, where A= ||p—g|, =L+ %? aud ¥ : [0 .oc) —
[[I? -:c:] i uﬁ:-neﬁﬂn whuk l'.tlﬁm:{: arie Elﬂundﬂdfﬂrﬁ near 0.

Hemark 4 The fenclion # o elffowed {6 be infinade if A Lo snfli-
piendly fempe. This fy beenwar i Theerern 8 ve o el eswiing
eemplelenesy, a8 ¥ moy & focl feppen el e dreyeelary for o s
wel eoen defined for eff £

Cﬂl‘ﬂ]]&l‘}’ 1 .!'f?i.". w g hounded TEO, then dhere eopvin A = 0 apek
thel, if p,g E R and ||p — g|| < A, then Bfp.g) < Zlp— gl|-

Deflnition 1 ke svpremvm of el the nombers A thed selivfy e
eendiion af Corellary § o called e erilien! disdener for B, aud s
denoled by ASR). Any nwnber A suek thed 0 < A < ASR) will
fe ealied on sduissdle slep fenuglh for R

The iterated algorithm

o far, we bave explained bow Lo solve Lhe BMIPL i Lhe sysloan s
cxaclly pilpolenl. For a goneral syslem, lhe canlral « oblained by
Lhe presaiplion of the proceding seclions s only an approsimale
solulion. W luma aul, however, lhal we can use our melbod Lo
oblain a canlrol Lhal slesrs plo g wilkin any arbilrary preseribed
crror. U'lis is done by dfereling Lhe alporillon, and wsing always
dislaneces nol greater Lhan Lhe ailical dislanes AR).

The eralod alparilbm works as lollows. We work inoa flxed
bounded region R, and [x ones and for all an admissible slep lnpglh
Alx R Supposs we are @ven p, g, and an npper bound & lor Lhe

permnizg bl cmar, Then:



Loaslpo=p ¢ =0, and g Lo 2

E.J‘Lppl(y‘l.hu' 'Lhmtuguﬁunp;hjg;?whumg;:p;+

L2 g —m). Lel gy be the e lling pant.

TrETE
? le—mill

I U||wn —g|| < cslop. Elsecd =+ 4 | and go 1o 2
We raler Lo Lhe above as Lhe deraicd alperilfon.

Thearem 8 Lel R be o bovnded regon. Led A, be bhe eriliead div-
faner for R, and fed A be suek (hed0 < A < A Asmne |l2—gl|| =
vA. Then the deraled algorithm slops in af meosl 2[p] + .fuyg[%}

aleps.

Feedback Nilpotentization

Hocall Lhal a ferdback frensformmalion o 2 cangisls of a incar change
of coulrols u; = Eillﬂ,’[ﬂ}tﬁ . such Lhal ,3[1:} 9 & nmainglﬁa.r

malnx for cach &, and B(x) s mooolh as a lnelion of .

Lel us call asyslem ¥ ferdieek ndpsieudiable [FIN) i1l can be
tnade mlpolenl by a leodback Lranslormnalion.

Focdback nilpolenlizalion was sludied by H. Hermes, AL Lundell
and 1. Sullivan in [Her®9] and [HLS84]. They proved, lor inslanee,
Lhal any syslen

&= m fafe)+ wafale) = € IR (L2}

for which f3(F), (T}, [f1, )5 (T} are hncarly mdependenl 3 feod-
back nilpolenlizable on a neighborhood of 7 ln many casa, Lhe
nilpolenlizalion can be carried onl cxplidily Exanpls of scwveral
nil poleniizable syslans will be shown below.



Rezults from simulations

We consider [rel ihe problen of slesring a unieyele [Fignre L)

o3

o1

Fignre L Unicyele.

The canlrols are Lhe droving speed and Lhe sloming spoed. The
equalions for Lhis syslem are

& = cafzakn
-“i = am(zapmn , (L3}

where [y, og) are Lhe Carleslan coordinales of Lhe emler of Lhe

nnicycle and @ s Lhe angle 1ls main axis abkes wilb Lhe oy-axis.

We can rowrile Lhis syslamn as & = wy fy () 4 g falc) where )=

(s (e}, sin o), O) aud fofie}= (0,01} . Cloarlylhcvoslors (e}, fale), Lfs, fil )
span FAY near o0 = 0, 30 [ L3} 18 locall y nilpolenlizable as menioned

carlier in § . Howeowver, [13) I3 nol pilpolenl. In Lacl, nfﬁl[fl} =

[ =L} comea), min (), 0 for > 0.

We poncralod fral an approximale lrajeclory lor Lhe ayslemn
umng Lhe milpolml formnal syslem o arder 2. In Lbis case o-F] =
et ¥ ¥ and ihe Jomoal solulion can be wrillen as 5717 =
pesd g ¥ X ppaF pen X W gan realive Lhin produel of exponenlialae
by choosing a plocowise conslanl coulrol made up o § ploces, cach
ploce generaling a move comasponding Lo a lrajoclary of diber f)
or Jfa. Howower, Lhe conlrols noed nal be plecowise conslanl. We



could ume inslesd coulrols (8} = —6eal(d — 1), wa = 0 [or limoe L,
cle.. Aller concalenalion we would Lhen gl a conlimmons coulrol.
Clearly nang higher order polynomiale we can oblain as sooolh a
conlrol as demred.

Spealically, we ined o dove Lhe syslan [ran oq = (0,0,0) 1o
oy = [2,1,0). As relenmes frajeclory o compule the v's we used
Lhe slraighi-hne sepmoenl belweon Lhe iwo panls paramnelrized fom
010 L. The remliing conlrols are plolled n Figure 2 (bang-bang
on lop and conlinuons, ploccwise-polynanial on Lhe bollom}.

Aller lwo tleralions Lhe Lrajoclory reswches the Largel wilkin an
errar & 5 004, [The ballom plol repramaia Lhe unicyele drawn al
discrole lirnes along Lhe trajeclory) The backward 1 Hall coordi-
nalam for our cholce of w5 are [—1,0,2) [ar lhe [l ileralion and
(—0.16,0,—0.46) Jor Lhe socond. [We are nsing an order 2 appros-

malion.

Thiz procedure carreaponds Lo guessing Lhal Lhe ailical dislance
im larger Lhan ||on — @f||. LU, bowewver , we slarl wilh a smaller gneos
Ay = 0.5 [or Lhe oilical dislance, then the loal Lrajeclary slays
closer Lo Lhe segmoend [rom ep Lo oy bul i lakes § sleps Lo roach
Lhe demired larpgel. Thia 1= slill monch smnaller Lhan Lhe wppa bound
ol Ll predicled by Theoremn 2. Fignre 4 shows Lhe raull of such a

girnn Lalion .

Sinee lhis syslomn i nilpoleniieable we can acloally gl Lo Lhe
Largel polul in one slep exaclly, Mare preascly, Lhis syslan can be
tnade mlpolenl using Lhe lollowing bodback

_ L
BT o) (L4}
g = comfagng .
The ayalem Lhen bosomnes
R .
23 = lanfsam , (L)
By = com[aalng
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which is pilpalenl of order 2. We Lherelore campule he desired con-
lrols as [ollows. Fiml apply Lhe procodure Lo the nilpolenl syslem
Lo oblain lhe conirols vw; Then uEng the kodback [14) compule
Lhe coulrols for Lhe ofginal syslan. The resulls of auch a siion lalion
[wilh lhe sarne og o a8 bolore) are presmied o Figure 5.

A socond exarnpleis given by a fronl wheel drive carl [Fignre 6).
The canlrols are the driving specd of Lhe [raol wheels [w) and Lhe
lurming spoed of Lhe Fonl wheels [eg). The syslem cqualions arc

coa[wa oo ae o
coa[waain [z

%‘ Eill. [ﬂﬂa}ﬂl .

(L6}

11

where oy wg are Lhe Qarlesian coordivales of he carl, oa = Lhe
slocring angle and oy in Lhe angle Lhe nain asds of Lhe carl makes
wilh Lhe @y-axis. Lel's rowrile Lhe syslan as & = w fafc)+ wa fa5lc).
Thon the voclors (2}, fae), [, fal (), UfasLfss fall (o) span 284
a naghborhood o @ = 0. Agaln we can aes lhal lhe syslan 1s
nol nilpolenl. In lacl, ﬂlf}:fl =[—1Pfylor e > 0. Alle Lhres
leralions an acceplable cmar (€ 0.01) 13 achicved [aoc Figure 7).
(lu Lbis plol we renarne Lhe variablos ag o = @y, w= g, 41 = @y and
f =iy}

The carl iz drowven [ram op = [0,0,0,0} Lo Ty = f0,—L,0,0).
The canpulalion of Lhe coulrols wse the lormulas cxplaned
Examnpla | and 2. Aller somne cancollalions and regroupings Lhe
remnlling conlras are plocewise conslant [|w;| < L) wilth 19 awilches
[or cach alep.

Thiz syslern is also nilpolentizable and Lherelors & one slep pro-
codure can be nsed Lo neach Lhe Largel exaclly. The lollowing keod-
back rnakes Lhe syslemn nilpolent.

= L
T cos(wajoos(we) 1
#a = oo (it} cos® (s hog — %dn[h}:ﬁg}ha}ml . (L7)
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Figure 6: Froml whews] drive carl.

Iu lacl, il we mnake Lhe change of coordinales

= Eﬂ:nuaa[;i;;} my=lanfey) z=ag, [L8)

Lhe sy=lemn bocane,

E1 = m

g = g,

s = L (L8]
a = 7t

Z4 = Eaum ,

which s elearly milpalenl of order 3. Hemnlls of the siton lation ueimg
a procomponsalor are @wen in Figore 8.

Aller ihe #@iven change of coordinales the end poinls bocomne
ep = [0,0,0,0) and xf = (0,0,0,-L1) U f, f5 are the veclor
ficlds [or Lhe nilpolent syslemn, Lhen the desired molion 1a exaclly
in lhe direclion of [f3,[f;,f3]]. The backward 1. Hall coordinales
are in [acl [0,—L,0,0,0) In Fignre 9 we show plols of cach van-
able apainsl &, MNolloe Lhal Lhe conlras penerale poriodic lrajoc-
lorfa for A = 2, and ¢ = &, While 8 gom around onee, ¢ Lra
veraea Lwo loops. This is a conssquence of the identily oFHEFT =
e AT =¥ T which holds in £,(% ¥), and ihe lacl thad 1he
voclors .lrlrfir Llrlr .III;J] ? [.Irlr [-.Irlr .lll;i]] mmmd Lo lhe courdinale axes
&1, 0, &, 03 rapoclively, 1o general, the lrajeclorios proscribed by
Lhe [orward 1. Hall coardinales [ which n Lhis examnplears (0,0, 0, — L, 0})
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are made up of mowves 1o Lhe direclions of cach brackel in the 12 Hall
bama The move corapanding Loa given brackel reanlis in pariodic
molions of Lhe variables coraemponding Lo lower arder brackels.

1
0 L -
0 L |
3
>
s .05- .
- 4
-2 1
2 0 2 0
X X
2 antrols
0 L -
S
- i
= o050 : E;
1 L L _2 L L
-2 0 0 5 10
X time

Fignre 9 DPlols of the dillerenl variables againel @ lor Lhe ool
whedl drive carl wilk a procompensalor

Finally, we preseol an examnple of a nilpolenlizable syslan of
higher order. Congider a [ronl wheel drive carl as belore bul which
in addilion @ pulling a lraile [Figure L0}, The ayslkan has one
mnore equalion than belore Lo accounl for the vatable repreenling

Lhe angle Lhe Lrailer makes wilh Lhe o) -axis.
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Fignre 10: Frool wheel drive carl wilh trailer.

The cqualions ars,

£y = ooaladypoos]ag

&g = ool dspein o

o= 0
£y = jaufadaj ,

&y = Eain[;c... — &) coalzajy

The span of { f1(z), fal), [fr, fa](e), LA, L f&)Ge), Las s D Al )
im SRS [or & near zero. The syslem s pilpolenlizable. In Ll il is
[eedback cquivalenl Lo a nilpolad ayslem o ordar 4 The calen-
lalions are smnilar Lo the ool whesl dhve carl exarople bul bave
Lo be loraled Lwice [camplole delails are avadlable m [LS90]). Al-
Ler [oedback Lranslomrnalions and chanpge of coordinales Lhe syslem

hﬂﬁﬁ.‘l’.ﬂﬂﬂ

':bl = 'I'.I]_?
‘:.ﬂ'.i = “5?
fa = (21}
Ly = aam
-1
Iz = (;ca(w'l.+;ﬂ) +.'1:.|.)'r.|:1.



Outline of the proofs of Theoremsal and 2

The quickesl way Lo prove Thearen L islo nse slandard Lucls aboul
Lie groups, Llogelher wilh a goneral nmoll proved by B Palais (el
Palas [PPal57)):

Thearem 4 fel L be v fode-dinewisuel Lie algelre 6 veclor
Jieldy an a0 sneolh menfeld M, ond asswone thed f3,0 . fo &
genemmiors af L. Assviie thal he [; ore complele. Lel (7 be Lhe
penneeied sinply eonneeled Lie grevp wif Lie algelm L. Then
there moly v vidgee eelion 6f (7 ou M wissr differendind o e
idenlily ey

We rocall Lhal an erfion of a Lic group 7 au asnoolh manilold

M 13 a monoolh map M ¥ 07 3 (2,9) — oy £ M auch lhal 2(gh) =

(gt and oo = o for all @ € M, gk £ 7, where ¢ 3 Lhe idadily

clernend of 7. The differendinf of Lhe aclion is Lhe mnap thal asigns

Lo cach mernbear A of lhe Lic algebra £ Lhe voclar feld v defined
by

el ) = E coapl LA}, (22}

it ls—n

where “exp™ 1a Lhe exponeniial map [fom £ lo 7. 1o lhe spedal
came when £ 18 alrcady a Lie algebra of veclor felds, il mmakes senac
Lo lalk aboul lhe diferenlial being Lhe idenlily nag.

We also recall thal il is parl of the conlenl of Palais® theoremn
Lhal  under the slaled asmmnplions, il lollows Lhal all the manbers
ol £ are comnplele. [1Lisool truein general ihad Lhe Lie alpebra gen-
craled by ascl of complele veclor lelds consisla aolirel y o comnplele
veclor fields.)

We can define a moap 0 L0X, .. X)) — L0 by jusl plog-
giny n Lhe f; lor ihe X; Bocanss A ) 18 nilpolenl of ordaer &, Lhis
tnap im a Lie alpebra bomomorphisn . So Lhe nap exlends Lo oa Lie
graup hommomarphism (also denoled by e} fom Gy (X, .. ., Xy ) Lo
(7, where (7 is Lhe connecled sinply connecled Lic group wilh Lie
algebra L[ ). Unng Thooremn 4, we pgol an aclion of (7 oo M. LI



we are gven a coolrol £ — wlf) = (i), . ,em(i)), & = & < &,
and wanl 1o [od Lhe comemponding lrajoclory | — o[} slarling
al xfa) = T, we can proceed [omoally by solving ihe equalion
S0 =503 Xa+ . . [} Xn) ou Gl X, .., X wilh inilial
candilion Sfa) = | and lhen “projocling down” Lo M. DProcisely,
wao can dafine i) = e(3[4) LY £ L[ Xy, . ., Xw) 13 arbilrary,
Lhen r [:HI:.L}L:‘P:] = [:3[1}2 e = [:SI:L}} ¥} bocanne v is a
homanarphism. Then Bu

d vy _ d :
d_.'H|,|=|:|F [:SI:L}L" :I =4 l=I:I:.-'[:l (H}]
il 1" in any enrve In €7[X;,. .., Xy ) such ihal 170} = S74) and

1'[0} = S[)Y. 1o parlicular, we can lake 1'Ms)= 5[L + #), in which
came ¥ = e [0} and we pel

d m(h [:Htr}j) — (Eu,—[t}.ﬂi,—) (: v [:S[L}D ,

1 &l = i izl ). So o) = alrajeclory, as staled.

dr

Il i= clear Lhal a snilar canelnsion halds [ frajecloris of Lhe
cxlended ayslen. Using ihis, Lhe ssscrlion o Thooran L lollows
irnrnedialely: il e and v give fse Lo Lhe sane S(7), then lor any
given 1nilial condilion & lhe Lrajoclaries carresponding Lo « and v
will go Lhrongh FefSTL) al line 2, 1o bolh v and v slew 7 Lo
Lhe mamne panl. 1

ln arder Lo prove Thooran 2, il 18 moporlanl 1o use a con vedenl
formpalisn. W lurns ool Lhal 11 15 besl Lo nee Lhe formalism n which
veclor felds and Hows acl on lhe righl, as supgeesled by Aprachov,
{Garnkrelidze and Sarychey i Lhar papers on Lhe “chranological
calculus" [cl., cp. [AGTE]).

Alsy, sinee Lhe pomibilily of explofions inlrduees exira com-
plcaliona, we prolar Lo do mosl af Lhe work wilh veclar felds i
DA™Y, Lhe space of mfvilely dilferentiable voclor lelds oo fRT
wilh comnpacl supporl, and Lhen redues the gonoral case Lo Lhis one
by mocans of aculoll argnneni.

The [ormnalisn 18 as [ollows. Paols of A", as well as many
olher objocls much s langenl veclors al a poinl, can be reparded



as Schwarle dislribulions, 1o, as [near hoclionals oo Lhe space
DI} of comnpaclly mupporled real-valned [incions of class &
on SN Lel B3 f I IR™) be the sel of all globally delined mugoctive
dillcomorphisns & : " —

For £ 'DI:.H'E‘}? f E I’“[ﬁﬁ‘}? o P e ﬂ:&ff[iﬂ“}, lel um usme g,
) o as allernalivenalalions lor o), fTo), $#x). Uvis alang=al
vaclor al o, and w E I’I:_H'P}, Lhen g demoles whal 1= uzru.all_}r
referred Lo as Lhe “direclional denvalive of o al & n Lhe direclion
ol v." 1e (v, Vole)). U v = ling .5 g%“—ﬂ where &) 13 a €1
curve much Lhal 2(0) = &, Lhem o in jusl oqual Lo limg_ g ﬂ'ﬁ}%ﬂ.
Every ¢ £ D5 f [} acla ao PIA™) by an obvions dualily: we
lel dxple) = ol ()} 1., n our nolalion, 2(de) = [Dhp. [So
[ran now oo we can jusl wrile o@p. ) Oon Lhe oller hand, 1his sane
dualily now cnables us Lo have € acl oo Lhe rightl on Langenl veclors:
il v 13 a Llangenl voclar al @, then 8 v Lhe langanl voclar al o8
defined as Lhe mnap o — wfdp), 5o thal (8 ke = ¢} and | anee
agaln, wo can drop lhe paalhedia and wrile ke, Nolice Lhal w8
im Lhe voclor Lhal in Dillereniial Geomelry s nmally denoled 40y,
or dd (v}, Lo lhe immage o v uode lhe dilfaanlial of ¢ 0 we
wrile naps g IH™ — JA™ [such as mernbers of 26 f(IR™) ar ol
D™ A"} as columna of real-valned [uoelions, and nae g Lo danole
Lhe Jacobian moalrix of p (1o, lhesquare malrix of hoclions whoee
rows arc Lhe gradienls of lhe componenls of [}, lhen w8 i3 jual
L) v

The spacc T[IH") 13 a Lic alpebra. Morower, o any f £
DA™} we can defline Lhe norns

Iflle = =up{|lfGell]: = € L87) , (23)
£l = =up{||Lfl=)]: = 2 LH7) . (24])

For f E I’“I:.ﬂf‘}? i.T.L‘Lug;ral Lrajuclories arc defined [or all Lirnes. We
lat ¢ — 2™ demole the inlegral curve of f Lhal poos Lhrough o al
linc £ = 0. W in cloar that Lhe map [f,2) — od s of class &
and salisfics oM = oM (o all L s and

gmut'f: ;cutff . [25)



The: 1niaps frid belomg Lo B8 f f{IHY). In parlicolar, .'ﬂr.:t'f-sl,r:.:_'t'1r im &
wall defined Langenl voclar al & whanever ¢ £ TR}, 50 L#gr.:_t'f
im a well defined veclor feld, which 1o casily som Lo be in DT IR™).
Thia veclar feld will be demoled & H?[g}. Wwelx o, f.g,l, and lal
v} = ect®s (g}, Lhen w(f) = w0}, where s — wofa) in lhe salulion
ol lhe varialional oqualion

(s) = Df(ee?) i) | (26)

wilk lermminal condilion w(f) = gledd). This ioplie in parlicnlar
Lhal the bound ||w(f)|| < ekl Ik || gledt )| bholds. So

| (g} o < ekl gl . (27}
W almo nood an eslitnale ao the Lipac.hii.z pormo of &7, Deline

o —
||"I"||Ls'p:3uP{”T|E_:|:|b”Ziﬂ,yEHF,;cgéy}. (28}

Then (oo wall™s i.T.Lu:luaJiL_}r imp]iua Lhad

||E=I| |1d'p < cRISR [Eg}

Veclor fields acl as differenlial oporalom oo inclions: if f £
DY Iy and o £ DA™}, Lhem fip ia lhe nelion @ — (2 kg, [He-
call Lhal &f 13 a langpnl voclor, and langenl veclors acl oo lone-
Liona ) Oneeagain, Lhe definilions are sel up solhal of fo) = (2 e,
s0 wo can simnply wrile e . The hoclion fip i3 ollen denolod £
in Lhe conlrol lileralure, and referred Lo as Lhe “Lie derivalive of o
in lhe direclion of [ bul lhe nolalion usoed horeis bolb mnore con-
venienl and consislenl wilth ihe one commonly nsed 1o Dillereniial
{oomelry, where veclor felds are defined as dillarenlial opoeralors
on nelions.

Il we lel DU ™) be Lhe algebra of smmoolh lincar dillereniial
oparalors on IA [solbal overy memnber of DO IR™) acls ag a inear
operalor [romn DI} Lo D[ 4™}, Lhen producls of voclor felds are
well defined manbers of D0 IR™).



Il im them clear Lhal

Sy = Mfg—gfiV

S (L))
Fran 1his one gels by mecemive micgralions by parls

(30)

i — * 'f'l’
ety =3 8

i=n J}-

nd}lig} N JE (L —Ma}k oreds (ﬁl[y}) ds . (3L)

We now asmume thal we are plven voclor lelds &, .. ,0n E
DY), and an nleger £ > 0. We ld By = X, ..., Hy = Xg,
and lhen choome Hy .. H, =0 Lhal Hy . H, iz a 1" Hall ba
min of LXKy, .., Kp) We ld g = Eﬂ[_ﬂj} for = ra4 L,...,2
whore &, is Lhe “plugwing i the ¢'" cwalualion map, 1o Lhe map
Lel Xy, ., Xn) — DPYIA™) defined by plugeing in g, .., 4 lor
Xy, . . . Xm. [MNollce lhal Lhis map =3 #el o pooecral a Lic alge-
bra bomomorphizn, Far mslanes, U & = L, then [X;, Xg] = 0 iu
L[ Xy, .., Xm), bul [gn,ga] noed nol vanish )

We now causider aourve L — 21}, 0 < L < L, which 18 a salulion
ol adilfereniial oqualion
ety =, (g le(th+ .+t e+ Alelt)) . (32)

where we asmine Lhal | £ ¢ € &, cach conlral { — (1) is bounded
and meamrable, and § — f; 3 a meamrable bounded TP (IRT)-
valned hinclion. [Le. fyfe) is joiolly measurable and bounded as a
[unelion of & and &, and f; € T} for cach £} We rewnle Lios

in our nolalion am

it} = w(t)em g + .. +enulbhn + ) (33)

We lel WS (1) = B [r)dr, and wrile
wll)= m[t}u‘w"{t}ﬂ" . (34}
An casy calenlalion then shows Lhal g L) salisfio

(8} = it [ a (ha (o (S} ooy (D belolt})
(35)



We them wrile aach veclor feld L:W'{t]'“ﬂl:y#}, r+lSp < a,an

My i . K " — L
i 3 W7, (LY i (1 Wate) wﬁmﬂ (ﬂ.f;_nﬂ[yp}) do |
=0

7! Ky

(36)
uang (3L}, The x, are chosm so Lhal ﬂd;:‘[y” bas degree =1 £ bul
ad¥ (g, ) has dogron > k. The brackels adl (g,.), 7 < K, cau be
wrillon as incar combinalions 3, ¢ipnge o g1, . . . ¢, wilh consland
cocllicenia. [This [ollows becanse 1L i Lrue oo Lhe purely [ormoal
lovel, mines the H; oo a basis of L(X;,. .., X)), aod Lherdore
ihe ady (X} are incar comnbinations of then )

Al ks paol il = audal 1o obsave Lhal n Lhess expraesians
all Lhe LT varish [or o < p. T soe Lhis obsorve Lhal Lhe olanonls
of Lhe 1 Hall basis are fomogeacsws. Therelore n Lhe expression
of a hanogmeons brackel # as a inear combination of the H auly
Hi's of lhe sane degree aa # will oomr. The brackels n.d';,_[gu}
wilh g =0 all have dcg;ru. aLrchl_}r la.rg:r Lhan Lhe d::g:u: al if
and Llherelore also sloclly larger Lhan the deprom of Lhe g wilh
Lo I:Hu:.nma:. in the 1. Hall bamis Lhe urd::rmg 13 n;.m:t}u‘l.ihlu wilh
degroe, 1o degrec(Hi) < dogroc(Hp) il i < £} Soin lhose brackels
1, - i do nol ocour. As for Lhe nd"ﬁl:yﬂ} wilh § =0, Lheme are,
of courme, the ¢, thomsclws, or g > r, 30 again thdr oxprossions
do nol involve g, . .. 4. Therelore i salisfes

iD= vl +. . +dbe+k) , (30
wilh obvious [omonlas for Lhe tD; and &

@, =3, W-—f‘wpﬂm ; (38)
P
}i: = g mp[.t}.)j:'i"-{r] W;yudﬁ (Wltﬁrp})m+ﬂw'{t}nﬁ (k) .

(39)

We wanl Lo use Lhese [ormonlas 1o eelimmale 0. W lums ool Lhal
1he beml fomn of Lhe eelitnales 19 1o lemons of Lhe difedion werm. Lel
8 be the degres of B, Deline |. .. | IR — IR by

o, el = 3 bl (40)



Then |, .| =3 called the *dilalion norm™ [oven lhongh il s nol a
norn o lhe nmal xmes). For a coulrol £ — wfl) £ " we deline
Lhe dilalion normn w0 )] = supfje(f)]: 0 <& < 1), W then [ollows
[ram [(38) Lhal [ )| = K|w( )|, where A ia a porely commbinalorial
canslanl, depending only on ra, &, and the choloe of a1’ Hall badis,

We also arlimnale & Using (39) and (27) we canclude Lhal
1Belle = M| | 4 A oo (SrtBtiy (41

where K is a conslant thal depends only oo the || .. |0 norms of
Lhe “bad brackels" [1.e ihe brackels nd"ﬁ,;"ll:yp} wilh §b, + 8, < &k =<

7+ LM + &)

Mow lal ¢, . . g £ TP[E), &, and Lhe brackels ¢ 5. .. 9,
be as abowve, and such Lhal mn addilion ¢fe),. . g, @) span FR"
for all & mch thal ||| = £+ 1. L Lhe follows o parlicolar
lhal, if v £ #" is any veclor, and ||| © £+ L, then we can
wile v = ¥ ;epp(a) wilh lhe v mch Lhal |o] £ O||r|| [ar sowne
fixed conslanl . I we now pick lwo poinla p, g 1o A" and Lake
4 0 [0, 1] — £A™ lo b defined by 4[4 = p+ Lg — p), we can
Lhen define Lhe unelions £ — wifl) as belore, and pgel the bound
@) € TN, e ol € OA, whae A = [lg— gl I
parlienlar Lhis ioplis thal the dilation nomn of w4} 13 bounded by
a fixod constant limnes Ak, (From now oo we only congider poiuls
p. g much Lhal A = | sotlhal A AT 02 L)

We lhen compule « fom v as explained in 89, We now have 2' =
L. We obsorve Lhal Lhe 1 Hall coordinades of S{4") are bounded by a
[ixed conaland Lines A and therelore Lhe v commpuled by our el hod
ims bounded by a conslanl Linnes Ax Since w aoly has cornponenls
associaled Lo Lhe H; of degree 1, Lhis immplis Lhal Lhe dilalion norm
ol t1s also bounded by a conslanl e Ak

We now consider lhe lrajecloris £ — 28}, L — &t ol & =
.c['u:llﬁ + ... 4 'r.:l,y,} wilh imilial condition il and lor Lhe Lwo choices
t0 = vand = u I bolh cas=, we perlonmn repealedly Lhe Lrans
[ormation descrbed above, oblaning rajeclonam £ — &8}, £ —
ity of & = wfvlg;+. . +ulg+hl) ad @ = wluely;+ . 4oy + ),



rempeclively, [Nalurally & = &, &, = &, ?zt =0, jl.lt =0, = v,
u! = ) Aller & applicalions of Lthese lransformalions, we aud up
wilh rajoclories &, 5 &, of Lhe sysloms o = .'n?:""'l?;i: = .cj’::h"l By
repeatod applications of our cslimales we gl II?:‘II.: < F{A)AT
where # 13 a inclion ihal rapains bounded as & — 0, and a sionilar
bound for |k |o. From this it follows Lhal ||#,,1 — pl| and |2, —pll
are bonnded by F{AJAME  and 50 |[d,40 — Eaa|| © 2FLAMA+E

Maow, while we apply the Lranslormalions Lo Lhe &5, &5, we can
simnullancously apply lhan as well 1o Lhe sadulions fg}'j? ﬂrj ol Lhe
carremponding formal cqualions, begnning with 578 and S(6), Lhe
solulions of Lhe oonal exlonded equalion 5= St Xa+. . ek},
and of Lhe formnal equation 5 = Sl Xy +. .+, X, ) reapoectively.
Il im casily sem Lhal Lhe lormonlas Lhal give he new s and w's o
Lerrns of Lhe ald aoem are exaclly Lhe samne foe Lhe oronal syslons as
[or he original dilferential cqualion. However, o Lhe [omal case,
aller we ol Lhroogh all Lhe iranslormnadions, the dghl-hand sides
ol bolb cqualions are jusl zero, bocanss Lhe brackols of degres = &

variah .

50 we cnd up wilh Lhe bllowing ogualions:

(L} = Eppafl) M8

BL) = dya(L)efeds pPa

f;rI:J.} = L;‘I-';‘ g (42)
;‘?I:J.} = S AN

Bocans: of Lhe parallelisn poinled ol above belwom Lhe Lranalor-
mnalions [or Lhe [ornal and non-lomnal syslomns, we bave o = 5;
and & = G lor all . Ou Lhe olber bhand, # is coustrucled ao Lhal
f;-rl:l.} = S(L}, so thal [by the uniquencss of the 1 Hall coordinatos)
o = B am wall We Lhen bave 21} — (L) = Zeqa[ L — Eaa (L),
where @ 18 Lhe map

z— zdf¥ M (43}
In view of (29}, Lhe Lipachils norm of 4 is bounded by L:EH? where

H s a bound lor lhe nomns ||g;)|y avd € 13 a bound lor Lhe o, Bul
Lhen € can be laken Lo be bounded by a conslanl Lines A So we



bawe Lhe bound
|l Ly — Z{Ly]

< oA |E LY — Bl L
g F[ﬁ'ljlﬁ;f%[} (LY (44)

[or sane choice of F

This canpleles the proal for the case of voclor felds in ¢ £
D). 1 we now bave veclor lelds 7 ihal are nol nocemsarily
ol canpacl mpporl, we procood as [ollows. ick a ball Bg = {« -
||=|] = f]. Lel 5 = 90f;, where 4 13 a oclion 1n D{IR™) which
im oqual lo | for ||| = 4 L. 15ck p and gin Lhe ball B, Then
lhe f; and ihe o apgroes oo Lhe sspmend [rom p lo g, 5o Lhe v oare
Lhe marne whelbher we cornpule Lhern wsing Lhe f; or the g5 The oy
are Lhorelore Lhe sarne as well, sines Lhe calenlalion of v [rom w 1s
puraly [armal. In parlienlar, Lhis nplics Lhal Lhe o) are bounded
by a fxed causlant {ime A% Therelore, if A i mllicimily smoall
Lhe Lrajoclory of lhe ofginal ayslan thal commpands Lo o cannoel
lesawes Lhe ball e : ||| = £+ 1), Bul Lhen Lhis lrajoeclory 1 also a
lrajeclary of Lhe g-ayslan, and Lhe bound proved above bholda. 1

Conclusion

The melhod prescoled above Lo solving the M1 rals oo asound
Lhearelical bagis, and our preliminary sivoonlalion resulls appear Lo
show Lhal 1 perlorios ralber well o praclice. Nalurally, the proce-
dure we bhave oullined can slill be improved na numnber of ways,
and Lhis requires conlinned rocarch an several Imporlan imsnes,

A crucial problemnis Lhal of elimading Lhe eilical dislance. The
prool of Thearan 2 ooly providas a very rough ecslimale of ALR).
In Lhe siroulalions, AL(R) appoars Lo be omeh Larger,

Anolher oporlanl quesiion is Lhal of Lhe class of canlrals «
bedng used. The mnelbod described bere involves Lhe concalenalion
ol conlrals thal realise molion along Lhe Lrajoclodes of the veclor
felds f; Qne can use bang bang conlrols, bul Lhis is nol noccmary.



For inslance, Lhe role of A in Exarnple | can be played by aconslant
caulrol #y = L, wg =0, during line |, bul we can also nse mslead
a nonconslanl conlral —eg. wm(i) = ;Hiﬂ-f-? 0<! <% —aslomg
as 1la inlegral is oqual lo L. 1o Lhis way we cnd up wilh conlinmons
canlrols. Allemalively, we can nse mnore comnplicalod ploces Lo build
up our coulrols—eg. conlrols thal direclly gonorale exponcoliala
e+ 1y ihis way, the Lolal mumber of picces can be cul down
canmderably.

A lhird imoporianl mme = lhal of hily exploiimyg the pomibl-
liem of [ood back milpolmlization. This roguires Lhal aue look for
new clama of nilpolalizable sysloms, and also Lhal one nprowe
Lhe exisling nilpolenlizalion reaulls by making Llkon as explial as
posaible.
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