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Abstract

We propesr e generel siradery for sofboing the medion
plomang preflem for reel analplie, eenlmllable sypobe s
wifewl drfl. The precedvre sleris by eemprling e con-
ol thel sirers the moen mdiel peind e the desimed lar-
el poind for an eclended sgulem, i whick & viber gf
Lie braebe by af the spslesn veclor ficlds ere edded (e e
righi-fand side. The mmin poind ien o e we formel
mlrvlnlinny besed gn ke prodeel coensisn wiclioe s o
I Hell bevdy, (e predeee enolher conirel el aeficoes
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the desired ol on the formal feoel # then lvrns ool
el iy conire! provides an conel sohelion af Lhe orig-
ual problew if the moen spedenn o nalpolent. When the
spolern el ndyelend, oue eon 30l yroduer an dere-
for alperithn thel renverges very ool (o e solelion. -
g the lheory of feedbark rfpeicnlzelion, one can fod
Hesses 6f uen-wipalend syl for which e alperifn,
i mende wilk o precompensaler, yreduers en eonel 26-
fulion & e fisdie nwsnber 6f seps. We alvs iefude ne-
sl af sivdeliony whildh iffwimic the cfferlivenesy gf

the procedvre.

Introduction

We presenl a general slralogy or sa ving Lhe Molion Planning 'rob-
lean (M1} for conlrollable syalemns withoul drifl. Following Lhe
line of rescarch inilialed by Brockell and Sasiry (el o [Bra3l],
[M590a] ), we propose aslralepy based on Lools [ran “diferential ge-
omelric canlrol theory " and making syslanalic use o Lis brackels
ol veclor ficlds and Lic algebrae properlio.

We consider conlral syslomns:
b =1y fala)+ ... + g S} L}

where: (L} fy,. .., fm are resl enalplle veclar lelds oo IA™, and
(2} £ 13 complelely conlrollable. Molies Lhal the rghl-hand ade
ol (L} dem nol conlain a lerm of the Lom fyla), thal 18, we arc
asmining Lhal frere v ne drlff. W 13 well konown Lhal Condilion [2)
iz oquivalmi Lo lhe LARC [Lic alpebra rank condilion}, 1o 1o Lhe
candilion Lhal L[f) [Lhe Lic alyebra of veclor felds generaled by
S =1, . u)]—ibe eeuirellebiliy Lie algefim of 2} spans FA™ al
cach poinl.

The MIL (Mlion Planming Problan) i Lhe problan of foding
reamcnable algorilhios producing, or cvery pair p, g of poinls, an
opau-loop canlrol

t — ulfh = (wmL),. .. um(t}) (2}



Lhal slevrs plog.

The conlrollatalily candilion LABC gnaraniom Lhal such a con-
lrol exisls for cvery pand §. Hers we wanl Lo show a reasonable
procodure thal will commpule one. Whal i3 “reasanable™ depends on
Lhe parlienlar sinalion and many solulions are pomible. Here we
demeribe aue saulion and presonl dala [ran sionlalions.

The ML has bom sludicd by a nnober of anlhars, nolably
Saslry, Hanser, Murray, Li el al., cf. [HSKS%], [MSO0L], [MS904],
[SLA9]. They have proposed procodurcs Lhal work very well in a
number of spodal cases. (flen, thess procedures: [a) allaopl Lo
us oplimal coonlrol; (b} roguire speclal asmmplions [(cg Lhal for
cwvery £ Lhe span of Lhe Lie brackels up lo order £ bas consland

dirnension); (o) work in spodal caso.

The slralegy proposed bere in a modilicalion of Lhe approach
menlioned abowve, in lhal: [a) il doos ool in priociple roquine spe-
clal asmmnplions on Lhe spans of lhe Lic brackels: (b} il does ool
use oplimal canirol; (e} il works exaclly [or sdfpelend and nifps-
fenliznble spulemis [delned below); [d) 11 works approximalely [or
canplelely general syslems, and can be used Lo produes a “suc
cemive approximalions” alpornibn Lhal convergpem quile [l Lo an
exacl solulion.

The Strategy

The main poinl of the slralepgy proposed bere i3 1o consider, i
canjunclion wilh ihe ariginal ayslern 2, an ealended spalenn

Ee: @ = filaw)+. oSl )+ o foga e+ 4o fela)
(3}

where fnga,. . ., fr are higher-order Lis brackels of Lhe f7, chosen
so Lhal fifa),. .., frle) span IR Jor all o, or al leasl for all o o
sorne presalbed bounded regon R



Hemark 1 We prefer le aflow r ie be fomger then e for dwe masons.
Fird, we enn gel v beller eondilioned sysdem for the comguinlion

af v oy eoplrined befow Sermnd, we can fooe 8 ficed a0l 6f Oreebeds
whick span IR af coery poind af Lhe remen af dnleresd.

{Jnce wo bave selecled an exlonded syslan 2, lhe solulion pro-
posed here o the ML invalves Lwo basic sieps:

STEP I' Find a conlrol v Lhal sleosp log o 2,

STEP II: \sc v lo compule a conlrol « Lhal slees p o g [or 2

Slep lis in prindple casy. In Ll Lolind v, we bogin by choosing
a Gt eurve -y [0,4] — LA™ lhal gom [rom plo g, A slraghi-line
sogrnenl will work perfoclly well, allbough i1 we are dealing wilh,
[or examnple, an obslacs avoidane: problemn, alher eurves mighl be
mnore suilable. Having chosen v, we Lhen wrile ihe Langenl veclor
4L} an alincar combinalion of a8}, . .., e[} The remlling
cocllicenia are Lhe w1}, The problen of expressing 31 as a inear
canbinalion of fie]), ..., frle) lnvolves mwverling a square malnx
(il » =) or compuling a pecudanverss.

Slep U s harder and involves somne inleresling alpebra, Lhal, will
be discumsed 1o deladl below.

Some terminology

We recall Lhal a Lie alpebra £ s said Lo be sdfpelend i Lhere
im an mwleger £ > 0 wilh the propaly lhal all ihe lie brackdls
[ea, [, . .. [t%,veqa] ]| vanish, The smallesl such £ is the srder
af ndpaleney of 1., and 1 15 sald Lo bo ndfpeiend af srder k.

The syslem 2 will be called safpelend i ils canlrollabilily Lic
algebra L[ )19 a pilpolenl Lie algebra



We nse Al Xy, .., Xn) Lo denole Lhe alpebra of noncoanronla-
live polynamnials in (X, .., Xm) Wilk Lhe Lic brackel dafined by
[ 6] = -0, AlXy, .., Xn) s also a Lie alpebra, We Lhen de-
fne L[Xy,. .., Xm)lobelhe Lic mbalpebra ol A{ X, . ., Xo) gao-
craled by X,,. .., X5 The cemends of £(X,, ..., X, ) are known
as far polyneminly n Xy, . X We also nas ..’1[..3'(1, o Km ) and
L(Xy, . .., Xy) Lo dmole, nepeclively, ihe sel of seneemmmeindion
Jermiel power series and lhal of Lae seres 1o Lhe X;  Thal is,
.r:].I:.Il?. X ) congisles of all (ool nocssarily Ooile) linear com-
binalions ¥y carM o monomials, and £(X,,.. . Xe)is the sl of
lhomse S £ AlX,, ..., Xn) such Lhal, [or cach §, the §-ib horoose-

noous compowenl of 5 1= o LK, ..., Xy])

The nilpolenl wemiona Ag(X,, ..., Xn ), LelXy, ..., Xn) [al=so
denoled AP, L) are Lhen defined by jusl kilhng all the manomials
ol d::g;m k+ L. Then ..-'li“ and L ara kn-;.w.rn? ruapm‘l.i\.rul_}r, am Lhe
Sree ndysiend mssorinlioe algelm gf erder k£ and the free ndusiend
Lir algelre 6f order k.

Wriling down a basizs of A7 1s al ways very camy, [or all aoe bhas
Lo do i3 L=l all Lhe poesible mnanomials of degres = & Wriling
down a basis of L7 is harder bocanse among Lhe brackdls Lhere are
“relalions” [skow-symnmelry, Jacobi denlily).

I bue concapl of a I+ Hall lremsis a Pari.icula.r weay Lo gl around
Lhia dillienlly and Lo sdecl a bams  For a definilion of a 1) Hall
bama me [Hat?ﬂ]? [Suzﬂ?] , 0T [Suzﬂ'!] Here we jusl gve an L.‘L:I.T.I:I.PJ.:..

Example: Lol ra = 2 as bolore, and lel Lhe indelerminades be
XY The, up Lo degros Dve, Lhe lolowing conalilule a 1. Hall bar
sim ol L(X, Y} XY, YKL Y Y[ Y X X X YL
[¥.[X, [, ¥, [¥.[¥, [, ¥, L. [, [ X Y,
[¥: [, [X, [, YNNI [ [ L L YN, O I [ L, YOOI [0, Y ) L B YT
and [[X, ¥].[¥, [X, ¥]]]



Step 11

Il will be froperlant Lo reslhcl our cholee of Lhe exlended syslan a
bil [urlher, by roguiring the “new® ff Lo be brackels arising [rom a
I Hell besds Slep 1 Lhen procoods ss lollows, We chooss £ such
Lhal all the f; ¢ = ra bhave degree < k. Then:

. We do formal enfrebiiens on Lg[Xy,. .. Xy ) The X; ac
purcly [ormnal nenesmulng indelermdnels The calenla-
lians are done n Lwo alepa:

Ha: Solve a smple differenlial equation [Lhe “lormnal exlonded
uqu.aii-;m“} oo Lhe Lie group G.E[-Il, o ;,.I,-,._} [auu bulm'.r}? s
g 1’ Hall coordinales.

11k Find # [rom the 1 Hall coordinales oblained in 1la.

P. Hall Coordmates

Il #* is any cloment of AfX, .. X or AglXy,. .., Xp) thal has
no conslant lerm, Lhen the exponeniial ef 15 wall defined by rneans
ol Lhe vsnal power srics. We dafine

(e B hiX:,. .  Xa)),
fc? 2 E fefXa, .. X)) .

Xy, .. Xn)

G = GulKa,.. e ()

(Examnpla of clanentaol (X, ¥} of = L+ X+1 X34 1 f6X34
¥l = | 4 (X, Y] + R 4 L N NN I
3[..3'{? Y]+.. .. Exmu}:lmufdmnmiaufﬂg[lrf}: o = J.+.I+%..3I=?
¥l = | [ Y], AT = ) X Y 3K Y] X - Y
[Molice thal the mneaning of ¢ depends on whelher * ia regarded
as an clanenl of (20X, ..., Xa o of (5%, ..., Xn).) Then bolh
Xy, .., Xn)and 2 are dased under mnliplicalion, Lhanks Lo
Lhe Carnpbell-Hansdorf Formmla, Moreover, sines ¢—2e? = L, thoy
are bolb groups. In facl, (77 = Lhe conneclod sinply connecled Lic



group wilh Lie alpebra 07 We call (7 the fror ndpalend Lie growp

af srder & wilk ro dnfindiesimnel genemion.

We now lol £y, Hg ..., Hybe al’ Hall basis of Le[X,. .., Xn).
Then i i3 well known Lhal every 5 £ Gy(X;,. .. , X5 ) has noique
CXPTLEA LS

5= L.-E'uE-IL.-E'-;—J.E:—J. o _u‘&!E!u‘EI.E:L . [5}

5= LLEluE"E’ .. .L:Llﬂ“luﬁ“ﬂ‘ ) [E}

The maps 5 — (fa,. .. fe) and 5 — (ka,. .. Fa) arc global
courdinale charls ou 77, and wlablish global dilleornorplioos be-
Lwomm (77 and #2*. The fy are Lhe fesbward 14 Hall eosrdinaies of
5 The f; are Lhe JSorward I+ Hell soordinaicaol 5.

The formal extended equation

We arc now ready o give more delails abonl Slep la, We lx a 10
Hall bamiz of 1he Lic alpebra L%y, ... Xy}, where ki chosen as
oxplained I § . We lol &y be Lhe “owlvalion map® thal amigms
lo cach * £ L(X,;, ..., Xy} the voclar feld oblained by plogenge
in Lhe fi i = L, .. ra, lor the corresponding X;. [Far examnple,

(X, D, X X} = (oL [ al]] ) We asmuame that the
veclor felds faga, . .. fr are giwen by fi = By X)) for j = a4+
L,...,r, where Kmga, ..., Xr armo such Lhad Xy, ., Kewmal Hall
basia of L3

We them salve Lhe O E.

Bre:  S() = S walllKa+ . +wllX)

S0y = 1 (7

?

in backward 1" Hall coordinales. [This 0D E. will be called Lhe
“lerrnal exlemded uquati-;m."} Thal 1, wo wnla Lhe malulion as a
product

S(f) = BB B i (8)



The advan lage of nsing backward 1. Hall coordinales s Lhal e
Senclionas ki(l) are ensdy eompvied by solving e splemn 6f O D F s
wilh ingwl . This syslon 8 solved by jusl mecosive nlogralions
and algebrale operaliona. The prool Lhal Lhe compuilalion of Lhe
f; can be done by inlogralions was given 1o [Sus86] Lo Lhe sioopler
came In which lhe ayslan Hye i3 nol axlended. An aliosl ogually
sitnple prool warks [or Lhe exlended case. [The delals will be @ven
in [SL].} "The [ollowing exarnple llnslrales whal bappens o general.

Example 1. Say k= 3, =2, r =4, [ [f1, M4, fo =
.08, 05] Wecan lake Hy = X H; = ¥ H, [X.¥], B, =
[‘I?[‘I?r]]r H; = [r? [‘I? l---]] Then Ky = [‘I?r]? Xy = [‘Ir [‘I?r]]?
X: = [¥,[X.¥]]. Spesr = 4, we solve [T) wilh v =0 Then
Ayft), ... halt) are comnpuled by solving

#1 = 1,
ha = wa,
lfla = Jl'11"'-'3 +ta [EI}
th. = %-&:'I'-?ﬂ + fravn + v,
fla = fl:'l'-’a + hlh!i'f-?i )
(0} = kafl) = ko) = A(0) = A(0)=0.

Hemark 2 Kovalion (1) @ formefly cuslogees ie e equelion el
defines e “Uhen series, ® dnlmmdverd v eondrel theary by M. Flicas
fef. WERS]), elthough ¥ differs from i i bwe wepe fo) in e
defindion af the Cfen series oue does el hewe the eclre Orocbeds
Xoga .- Xy, and fb) (7] B dnlerpreled oy rosfoing o AT mifer

ihen in lhr ufgﬂﬁm nffnn:mf FOWET dETies.



Finding «

We now prococd Lo Slep 1k Io Lhis slep, we work wilh Lhe “lormal

equalion”

(8 = S mta+ 4ol Xa) |

S =1 (L0}

which 13 Lhe narne asm Lhe lormnal exlondod oqualion, excopl thal 1l
im nel exlended, 1e. only the ndelerminaba X ¢ = L,. .. m, bul
ILik h.igh--;.td::r br.a.ck::ta? AP EIAT 11 the ﬁght—hamd mide.

The goal of Slep 11k is Lo solve Lhe Tollowing problem:

P v P Hallcoordinaioe by g, R ofan 5 £ 07 (X, . ... Xy ),
fnd & coirad | — wfl) dhal vy e o an 5727 hal bas
theve coordinal o,

I'roblemn P oan besolved o a onmber of ways, Here we deser be
one a soveral posa blesolulione, The nain idea 18 Lo sal ve scparalely
[or cach exponenlial faclor, and Lhen concalenate the resulls 1L
luros oul Lhal 1hisis quils masy Lo do, 1 we ooly ask Lo do il “modulo
[aclars of higher order™ We illusirale ihis wilh an exarnple. We
awilch Lo [orward 1" Hall coordinales [or cass of expomlion. This
amounis 1o a dmple alpebraic ranslomnalion.

Example2. Fiodw for 571 = oo P AT ALYV AT
To solve Lhis, [x once and for all open-loop conlrols A, & Lhal
give fise Lo ¥ oF . Use o for “o limnes A" and 50 au. Use # [or

cancalenalion. [So A#H means A lollowed by 5.5

T hen:

# oA} BH 1 v rine Lo S XY



8 O = gt B ) (-7 H) “alooal” gwe fas Lo
S F] (W are amurning Lhal v =00 I v < 0 wo jusl mler-
change X a.udzl".} I'rocisaly, (7 gives rise Lo g8 F LA P-4

where § = %’;r’.

Sofar, webave shown Lhal o A0 Y 35, gty B — v AW — 1 H)
1veg put- L Lo
oo X oAV A X AN T AELF]] Wb sl we really warnl 13 oo XA LAY T [P [XLF]]

ey cachi v Lhia? 1l sulliceatlo nd aconlral Lhal glves riss Lo L‘ﬁx{xf]]fﬁﬂxf]]?
where 8 = §—3% E=z4 % Forlhis we could u=e

pAE p At p Bt (— pARE(—p B RE (— p ARt pligt p A3t (— pERE(—pARE
cBo Ao B —o ARt —c B R (—o B o Bfo A3t (— o)t (—od)
where p = [8)3, 0 = [£)5. I we work in 624X, ¥) the bigha ade

lerins vanish.

The end remull i a canlrol « made of 26 pleces Lhal solves aur
problen exactly. In olher words, 572 is realived in 26 mnoves.

The mam theorems

T her fod lovwing Lheorerns show Lhal the conlra « canpulod as above
1m In [acl whal we need. Becall Lhal a voclar lield s eomplele i ila
inlepral curves are deflined for all {imes.

Theavem 1 {f L[} & ndpolesd of order & and e weelor firlds
J1. S e comglele, Lhen lhe u rotupuded by (he ebooe welfod
sleery p le g exaclfy

Hemark 3 f the [; o uel eomplele then i oy hoppen tral e
frajeiory for e given condref w 1y nel defiied for el §oand coen i 1
i defined, the coulml may foil be sleerp le g



Thearem 2 For e general sgulern (1), kL ofp.g,e) be lhe poind
{6 whirk « serrs p Then, ou ony bovaded wglsn R, ke ermer

#lp,g) = ||otp, g,u) - gl| satisfics o bound
Hp,g) < (AL (L)

Jorell p g ER, where A= ||p—g|, =L+ %? aud ¥ : [0 .oc) —
[[I? -:c:] i uﬁ:-neﬁﬂn whuk l'.tlﬁm:{: arie Elﬂundﬂdfﬂrﬁ near 0.

Hemark 4 The fenclion # o elffowed {6 be infinade if A Lo snfli-
piendly fempe. This fy beenwar i Theerern 8 ve o el eswiing
eemplelenesy, a8 ¥ moy & focl feppen el e dreyeelary for o s
wel eoen defined for eff £

Cﬂl‘ﬂ]]&l‘}’ 1 .!'f?i.". w g hounded TEO, then dhere eopvin A = 0 apek
thel, if p,g E R and ||p — g|| < A, then Bfp.g) < Zlp— gl|-

Deflnition 1 ke svpremvm of el the nombers A thed selivfy e
eendiion af Corellary § o called e erilien! disdener for B, aud s
denoled by ASR). Any nwnber A suek thed 0 < A < ASR) will
fe ealied on sduissdle slep fenuglh for R

The iterated algorithm

o far, we bave explained bow Lo solve Lhe BMIPL i Lhe sysloan s
cxaclly pilpolenl. For a goneral syslem, lhe canlral « oblained by
Lhe presaiplion of the proceding seclions s only an approsimale
solulion. W luma aul, however, lhal we can use our melbod Lo
oblain a canlrol Lhal slesrs plo g wilkin any arbilrary preseribed
crror. U'lis is done by dfereling Lhe alporillon, and wsing always
dislaneces nol greater Lhan Lhe ailical dislanes AR).

The eralod alparilbm works as lollows. We work inoa flxed
bounded region R, and [x ones and for all an admissible slep lnpglh
Alx R Supposs we are @ven p, g, and an npper bound & lor Lhe

permnizg bl cmar, Then:



Loaslpo=p ¢ =0, and g Lo 2

E.J‘Lppl(y‘l.hu' 'Lhmtuguﬁunp;hjg;?whumg;:p;+

L2 g —m). Lel gy be the e lling pant.

TrETE
? le—mill

I U||wn —g|| < cslop. Elsecd =+ 4 | and go 1o 2
We raler Lo Lhe above as Lhe deraicd alperilfon.

Thearem 8 Lel R be o bovnded regon. Led A, be bhe eriliead div-
faner for R, and fed A be suek (hed0 < A < A Asmne |l2—gl|| =
vA. Then the deraled algorithm slops in af meosl 2[p] + .fuyg[%}

aleps.

Feedback Nilpotentization

Hocall Lhal a ferdback frensformmalion o 2 cangisls of a incar change
of coulrols u; = Eillﬂ,’[ﬂ}tﬁ . such Lhal ,3[1:} 9 & nmainglﬁa.r

malnx for cach &, and B(x) s mooolh as a lnelion of .

Lel us call asyslem ¥ ferdieek ndpsieudiable [FIN) i1l can be
tnade mlpolenl by a leodback Lranslormnalion.

Focdback nilpolenlizalion was sludied by H. Hermes, AL Lundell
and ). Sullivan in [Her® | and [HLS8 | by proved, lor inslanee,
Lhal any syslen

=1 ylc)+ug glz), (L2}

for which §(F), a[F),[ 1, @[T} are ncarly mdependent is loed
back nilpolenlizable on a neighborhood of 7 ln many casa, Lhe
nilpolenlizalion can be carried onl cxplidily Exanpls of scwveral
nil poleniizable syslans will be shown below.
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