HIERARCHICALLY CONSISTENT CONTROL SYSTEMS
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ABSTRACT. Large scale control systems typically possess a hierarchical architecture in order to man-
age complexity. Higher levels of the hierarchy utilize coarser models of the system resulting by
aggregating the detailed lower level models. In this layered control paradigm, the notion of hierar-
chical consistency is important as it ensures the implementation of high level objectives by the lower
level system. In this paper, we define a notion of modeling hierarchy for continuous control systems
and obtain characterizations for hierarchically consistent linear systems with respect to controllability
objectives. As an interesting byproduct, we obtain a hierarchical controllability criterion for linear
systems from which we recover the best of the known controllability algorithms from numerical linear

algebra.

1. INTRODUCTION

Large scale systems such as Intelligent Vehicle Highway Systems [34] and Air Traffic Management
Systems [28] are systems of very high complexity. Complexity is typically reduced by imposing a
hierarchical structure on the system architecture. In such a structure, systems of higher functionality
reside at higher levels of the hierarchy and are therefore unaware of unnecessary lower level details.

The main types of hierarchical structures are classified and described in the visionary work of [23].

Figure 1 shows a typical two-layer control hierarchy which is frequently used in the quite common
planning and control hierarchical systems. Multi-layered versions of Figure 1 are used in both [2§]
and [34]. In this layered control paradigm, each layer has different objectives. In performing their
tasks, the higher level uses a coarser system model than the lower level. One of the main challenges
in hierarchical systems is the extraction of a hierarchy of models at various levels of abstraction

which are compatible with the functionality and objectives of each layer.

In the literature, the notions of abstraction or aggregation refer to grouping the system states into
equivalence classes. Depending on the cardinality of the resulting quotient space we may have discrete
or continuous abstractions. With this notion of abstraction, the abstracted system will be defined
as the induced quotient dynamics. Discrete abstractions of continuous systems have been considered
in [7, 8] as well as [2, 10, 31]. Hierarchical systems for discrete event systems have been formally
considered in [6, 35, 36, 38]. In this paper, we focus on continuous abstractions. Therefore, our first
priority is to have a formal notion of quotient control systems. More precisely,
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Figure 1. Two Layer Control Hierarchy

Problem 1.1. Given a control system

(1.1) T = f(z,u) xr€eR" uweR™

and some map y = h(x), where h : R" — RP, p < n, we would like to define a control system
(1.2) y=9(y,v) yeRP veRF

which can produce as trajectories all functions of the form y(t) = h(x(t)), where xz(t) is a trajectory

of system (1.1). That is, h maps trajectories of system (1.1) to trajectories of system (1.2).

The function h is the “quotient map” which performs the state aggregation. System (1.2) will be
referred to as the abstraction [27] or macromodel of the finer micromodel (1.1). Note that the control
input v of the coarser model (1.2) is not the same input u of system (1.1) and should be thought
of as a macroinput. For example, v can be velocity inputs of a kinematic model whereas v may be
force and torque inputs of a dynamic model. This is therefore quite different from model reduction
techniques which reduce or aggregate dynamics while using the same control inputs [3, 15, 16, 17, 18].

The difference between model reduction and abstraction is illustrated in Figure 2.

We will solve Problem 1.1 by first generalizing the geometric notion of ®-related vector fields to
control systems. A notion of ®-related control systems would allow us to push forward control
systems through quotient maps and obtain well defined control systems describing the aggregate
dynamics. The notion of ®-related control systems introduced in this paper is more general than the
notion of projectable systems defined in [18] and [22] (see Example 3.6), as we will show that given
any control system and any surjective map @, there always exists another system that is ®-related
to it. Our notion of ®-related control systems mathematically formalizes the concept of wirtual
inputs used in backstepping designs [14]. The fact that the aggregation map sends trajectories of
(1.1) to trajectories of (1.2) will enable us to propagate controllability from the micromodel to the

macromodel.
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FIGURE 2. Model Reduction versus Abstraction

Aggregation, however, is not independent of the functionality of the layer at which the abstracted
system will be used. Therefore, when an abstracted model is extracted from a more detailed model,
one would also like to ensure that certain properties propagate from the macromodel to the mi-
cromodel. The properties that are of interest at each layer may include optimality, controllability,
stabilizability, and trajectory tracking. If one considers the property of controllability, then one
would like to determine conditions under which controllability of the abstracted system (1.2) implies
controllability of system (1.1). Obtaining such conditions would ensure that the macromodel is a
consistent abstraction of the micromodel in the sense that controllability requests from the macro-
model are implementable by the micromodel. Such conditions will serve as good design principles
for hierarchical control systems. Different properties may require different conditions. For example,
the notions of consistency [23], dynamic consistency [6] and hierarchical consistency [38] have been
defined in order to ensure feasible execution of high level objectives for discrete event systems. In
this paper, we will focus on controllability of linear control systems and characterize consistent linear

abstractions. More precisely, we will solve the following problem:

Problem 1.2. Given the linear control system

(1.3) &= Ax + Bu reR" ueR™

characterize linear quotient maps y = Cz, so that the abstracted linear system
(1.4) y=Fy+Gv yeR’ veRF

is controllable if and only if system (1.3) is controllable.

In addition to hierarchical control, the above ideas could also be useful in the analysis of complex
systems. In order to tackle the complexity involved in verifying that a given large scale system satisfies
certain properties, one tries to extract a simpler but qualitatively equivalent abstracted system.

Checking the desired property on the abstracted system should be equivalent or sufficient to checking



4 G. PAPPAS, G. LAFFERRIERE, AND S. SASTRY

the property on the original system. The area of computer aided verification, which must be credited
with this notion of abstraction, typically faces problems of exponential complexity and abstractions
are frequently used for complexity reduction [9, 13, 21, 30]. Depending on the property, special graph
quotients which preserve the property of interest are constructed. More recently, a methodology for
constructing finite graph quotients which have equivalent reachability properties with analytic vector
fields is presented in [19, 20]. A similar construction which characterizes reachability of a continuous

system in terms of an associated discrete system may be found in [8].

In this spirit, and after having characterized consistent linear abstractions, we obtain a hierarchical
controllability criterion which has computational and conceptual advantages over the Kalman rank
condition and the Popov-Belevitch-Hautus (PBH) tests for large scale systems. Intuitively, instead
of checking controllability of a large scale system, we construct a sequence of consistent abstractions
and then check the controllability of a system which is much smaller in size. Consistency will then
propagate controllability along this sequence of abstractions from the simpler quotient system to the
original complex system. The computational advantages of this approach are verified by recovering
the best of the known controllability algorithms from numerical linear algebra [11, 12] as a special

case of the hierarchical controllability criterion.

The structure of this paper is as follows: In Section 2 we review some standard differential geometric
concepts and the notion of ®-related vector fields. Section 3 generalizes these notions for control
systems and establishes the connection between trajectories of ®-related control systems. In Section
4 we define consistent abstractions and in Section 5 we restrict these notions to linear abstractions
and characterize consistent linear abstractions. These results are used in Section 6 in order to obtain
a hierarchical controllability criterion. Finally, Section 7 discusses many interesting directions for

further research.

2. ®-RELATED VECTOR FIELDS

We first review some basic facts from differential geometry. The reader may wish to consult numerous
books on the subject such as [1, 24, 33]. Let M be a differentiable manifold and 7}, M be the tangent
space of M at p € M. We denote by TM = Upe o IpM the tangent bundle of M and by 7 the
canonical projection map 7 : T'M — M taking a tangent vector X, € T,M C T'M to the point
p € M.

Now let M and N be smooth manifolds and ® : M — N be a smooth map. Let p € M and let
q = ®(p) € N. We push forward tangent vectors from 7,M to 1;N using the induced push forward
map ®, : T,M — T,;N. A vector field on a manifold M is a smooth map X : M — T'M which
assigns to each point p of M a tangent vector in 7T,M. Let I C R be an open interval containing

the origin. An integral curve of a vector field is a smooth curve ¢ : I — M whose tangent at
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each point is identically equal to the vector field at that point. Therefore an integral curve satisfies
¢ =ci(1) = X oc(t) for all t € I where ¢,(1) denotes ¢, ().

An abstraction or aggregation map is a map ® : M — N which we will assume to be surjective.!
Given a vector field X on manifold M and a smooth map ® : M — N, not necessarily a diffeomor-
phism, the push forward of X by ®. is generally not a well defined vector field on N. This leads to
the concept of ®-related vector fields.

Definition 2.1 (®-related Vector Fields). Let X andY be vector fields on manifolds M and N
respectively and ® : M — N be a smooth map. Then X andY are ®-related iff

(2.1) P, 0oX=Yod

If ® is not surjective then X may be ®-related to many vector fields on N. If ® is a smooth surjection
from M to N, then given a vector field X on a manifold M, the push forward of X by ®, is a well
defined vector field on N only if ®.(X,,) = ®.(X,,) whenever ®(p;) = ®(p2) for any two points
p1.p2 € M.

Example 2.2. Consider for example the linear vector field
(2.2) = Ax xzeR"

and the onto, linear quotient map y = Cz. Then in order to obtain a well defined quotient vector

field,
(2.3) y=Fy y € R™

by C-relatedness we must have C Az = FCx for all z € R". But for z € Ker(C) = {z € R" | Cz = 0}
we must have CAx = F(Cxz) = 0 and thus Az € Ker(C). Thus, a necessary condition to obtain a

well defined quotient vector field is
(2.4) AKer(C) C Ker(C)

It turns out that this is also sufficient for the existence of a unique quotient vector field [37].

The following well known theorem gives us a condition on the integral curves of two ®-related vector

fields. A proof may be found in [1].

Theorem 2.3 (Integral Curves of ®-related Vector Fields). Let X and Y be vector fields on
M and N respectively and let ® : M — N be a smooth map. Then vector fields X and Y are
®-related if and only if for every integral curve ¢ of X, ® o c is an integral curve of Y.

!Note that any map ® gives rise to an equivalence relation by defining states = and y equivalent if ®(z) = P(y). In

order for the resulting quotient space to have a manifold structure, the equivalence relation must be regular [1].
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If ¥x and Xy denote all integral curves of vector fields X and Y respectively, then Theorem 2.3
simply states that X and Y are ®-related if and only if ®(Xx) C Xy . Therefore Y overapproximates
the collection of curves ®(Xx) and allows redundant evolutions. This is the notion of abstraction of
dynamical systems defined in [27]. Instead of checking reachability of vector field X, it is sufficient
to check it on Y, which is of smaller dimension. If the map ® is surjective then under some technical
assumptions it is clear that if X and Y are ®-related vector fields then ®(Xx) = Xy. In that case,
checking reachability properties of vector field X is equivalent to checking reachability on vector field
Y.

Even though ®-relatedness of vector fields is a rather restrictive condition, the above discussion
provides the correct conceptual framework for generalizing these concepts to control systems, where

due to the freedom of control inputs the equivalent conditions will not be as restrictive.

3. CONTROL SYSTEM ABSTRACTIONS

In this section, the notions of Section 2 for vector fields are extended to control systems. We will
develop such notions for rather general control systems since it does not require more effort to do so.
In addition, generality will ensure that the concepts of this section do not depend on the particular
system structure. We first present a global and coordinate-free description of control systems which
is due to Brockett [4, 5] and can also be found in [25]. This global description is based on the notion
of fiber bundles which are defined first.

Definition 3.1 (Fiber Bundles). A fiber bundle is a five-tuple (B, M, n,U,{O;}ic1) where B, M,
U are smooth manifolds called the total space, the base space and the standard fiber respectively.
The map m: B — M is a surjective submersion and {O;}icr is an open cover of M such that for
every i € I there exists a diffeomorphism ¥; : 7=1(0;) — O; x U satisfying 7,0 W; = © where 7, is
the projection from O; x U to O;. The submanifold 7= (p) is called the fiber at p € M. If all the

fibers are vector spaces of constant dimension, then the fiber bundle is called a wvector bundle.

Definition 3.2 (Control Systems). A control system S = (B, F) consists of a fiber bundle 7 :
B — M called the control bundle and a smooth map F : B — T M which is fiber preserving, that

1s ™ o F' = m where ' : TM — M s the tangent bundle projection.

Essentially, the base manifold M of the control bundle is the state space and the fibers 771(p) can
be thought of as the state dependent control spaces. Given the state p and the input, the map F'

selects a tangent vector from 7M. The notion of trajectories of control systems is now defined.
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Definition 3.3 (Trajectories of Control Systems). A smooth curve ¢ : I — M is called a
trajectory of the control system S = (B, F) if there ewists a curve ¢ : I — B satisfying

7TOCB:C

d=c.(l)=FocP

In local (bundle) coordinates, Definition 3.3 simply says that a trajectory of a control system is a

curve x: I — M for which there exists a function u: I — U satisfying, @ = F'(z,u). Note that even

B is not necessarily smooth. The

B

though Definition 3.3 assumes ¢ to be smooth, the bundle curve ¢
definition therefore allows nonsmooth control inputs as long as the projection 7 o ¢” = ¢ is smooth.
We are now in a position to define ®-related control systems in a manner similar to Definition 2.1

for vector fields.

Definition 3.4 (®-Related Control Systems). Let Sy = (Byy, Fay) with mwpy © Byy — M and
Sy = (Bn, Fy) with 7y : By — N be two control systems. Let ® : M — N be a smooth map.
Then control systems Sy and Sy are ©-related iff for every p € M

(3.1) ®, 0 Fy (n3} (p)) C En (73 (2(p)))

Control system Sy will be referred to as an abstraction of control system Sys ([27]). Condition (3.1)
states that for each p € M the left hand side of (3.1) first takes the input space available at p, and
pushes it through F; to obtain all possible tangent directions of the control system Sj; at p. This
set of tangent directions is pushed through @, to obtain a set of tangent vectors in T, IV. In order
for Sp; and Sy to be ®-related, this set must be contained in the image under Fiy of the input space
available at ®(p). Note that many control systems Sy may be ®-related to Sy, as the set of tangent

vectors on N that must be captured, can be generated using many control parameterizations.

It is easy to show that ®-relatedness is transitive. Indeed, if ®;: My — My, ®9: My — Mj, Sy, is
®;-related to Syy,, and Sy, is Po-related to Spy,, then Sy, is ®9 o @-related to Syy,. It therefore
makes sense to consider a sequence of ®-related systems. In addition, given M, N, amap &: M — N
and a system Sj;, one can put a partial order on all possible ®-related systems Sy, where the partial

ordering arises from pointwise subset inclusion of the right hand side of (3.1) (see [27]).

To see that Definition 3.4 is a generalization of Definition 2.1, consider vector fields X; on M and
Xy on N. Then Xy and X can be thought of as trivial control systems on M and N respectively
by letting By = M, By = N, wy = tdyy, 7y = idy, and Fyy = Xy, Fv = Xy, where idys, idy
are the identity maps on M and N respectively. Condition (3.1) becomes ®, o X/(p) = Xn o ®(p),
which is Definition 2.1 of ®-related vector fields.

The following proposition, which is an immediate consequence of Definition 3.4, shows that every

control or dynamical system is ®-related to some control system for any map ®.



G. PAPPAS G. A A S. SAS





































































P N
] 3

Ratio of Floating Point Operations
o
5

Ratio of Floating Point Operations

(T
B Sei
"&\\\\‘\\‘Q&&&x&i\

sy

SR ==
S
N
OO SOREE SSssos3XS

9SS “2\\‘35‘:‘:::‘:{‘“

l' SO “‘ eSS
>

20

===
\‘\‘“‘ o 15
5
Number of States 0o
Number of Inputs

9
by
URTIAA

i

i
PSSO
RIBRAANAARG o
,;;‘,,'li)f;,,,mvm
,l.,’:«//ﬂl:

7
i
Oty
g
Lt

Wl Ml
i
/2
llica
i

1 80

AR
g

40 60

40

Number of States Number of Inputs



i o
suopeiado uiod Bureo jo oney

Number of States

Number of Inputs















