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Abatrerct. The thenzy of fomal werifiatiom iw nne of the main ap-
prrehes o hyrhril emtem analywi DierSdabibty qnewtinos fir wrifiratnn
aFrrithme &e ohtained hy cnosdrueting finite, rechability peerving
nmuotient waimow caled ksmnbshions In ths pauer, o e rerent esnlte
fmm wimtifiiatiom thenoy, snbanalts: wes, and mode] thenoy in ooder to
rxctensd the wiate=rdstheart rewnlts oo the potrne of imnlatnos fnr
trrinin rluwes nf planar hyhrid wuteme

1 Imtroductlon

Hyhrld emetem e rnnelst of Anke state machines Interaeting with d¥ferant sl eopes-
thrne. Yarloue mrdoling fnrmalleme, analesls dedden aned oontoel methednloelee,
a3 well sz applicatlons, can be fomd In f-5, 100 17]. Formal wedflestlom le the
maln oo pitatinsl appreseh for analyedne properties of hybrld eysteme. Owe of
the mrat I prrtant werlfiestlon probleme fnr hybrk eysteme e the rearhabty
prehlem which scke whether trajerterles of the hebrld sratom can mesach oortaln
melegtrable roplnne of the ate apane. Anoe hyhrd systems hawe Infinte stato
epases, the darklabhity of werlfieatinn alperthme 1z wory Important.

A nplfrnrm framewnrk for tarkling the decldabllty lemie 1z proelded by the
mrtlnn of blalmubvtion BlaAwmnulatlome are opetlents of the aolgine] bl apstem
that ane rearhabIlty progereine. Shwing that an Infindte atate hyhrld apetem has
& fnlte state hlEmulatlon k the Arat gtep In preovlne derkabillty. This appresech
haz heen aeeneafilly appled to tined automats [2], multirate autemats [1], and
Initiallend rectangular automata [19, 12). It shenld be mentinned that the notlsn
of hletnlatlon & rleedly related 1o the warlme cooddgtoney wotlnme for dlsrets
and conthiens evateme [T, 8, 18).

HAnee the derrste dynamle are alvesady Anlte, Y e clesr that deckdabilty
reanlte fnr hyhrld systeme depend eruclally oo the seeess of abtalnine Anlts
HeAmulatlome for oootlonee dynamioe. The cases condldersd & far In the 14-
erature dealt with dmple dymmie & = 1 for tied snemata (2], & = & for
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nultirate autcmats [1], # € ¢, 8] for ractamgular atemsata [19]), and A4 < § for
Inear hybrid auntemata [11]. I thils paper, we extend the Hsinulatin methodol-
oy i hyhrld evetenie with more general d yoam ke, We Arst present the standand
Helmulatlon algerithm which, wpon terminatlon, provldes the desind Ante hk-
mllarty quetlent. In [15], we meed purely gecmetrls metheede to siew that the
Heimulatlon algrrithm termnates for & clase ofhybrld evstems with planar lnear
dynemice. In thk paper, we comblne mathematlesl technlyes from difemntlal
geemetTy ancd recant resinlis In logle mexdel thenry 1o coedet to prowe exlstence of
fnlte Helmilatlomns for wmrolone new clesses of hyhrld systemes wlth planar contln-
g dymanlog. Thls conwengemee of mathemationl 1ol and diferentlal geome-
try alen prowlkdes & natiral famework for extemding the decldabifity Sentler fne
nre gemeral classes of hybrld evstene. Such extenslnme w111 cajilre pushing the
benmedary of decldable thenrkes In mathematinal logle.

Abgtmetlng & dleemte graph from & hybrld evstem raypilres the amalyele of
trajectorle: of wector Bekle axd thelr nteresctlon propertles relatlve o & glven
rolleetlon of erts. Conslderlng hiybrkd eysteme with arbltrary dynamles amd &r-
Htrary state partltihhne wonld eccn lead to patlelogleoa] stnatlons. Fubanaiyde
2t [6,13,21] prowlde & rvh clag of erts which have many degirahble keal Inter-
e tlom propertles with trajectorles of anaipil: vactor felde. Subanalytls sete can
alen be parttloned Into emocth embedded snbm andfold: v & form aultable e
rrnetrikctlng & Badmilatlon, Siweh parthlons are callsd atratifativas, Moreswer,
we ghow that relaxing the clase of vector Aekke or eete 1o esme nalve ways leade
i pathologloal gtwatlone. On the ctlher hand, the comeept of n-mdnfmal thee-
e 1o bele [21-26] Identlfles rlages of eets with grod htemeactisn properties
giltahle fnr the ghhbal stikly of trajectories of wactor Selde. The cnmoblnatlon of
techolrjies from hoth Aelde highlghts the HMwd of pmpertes of sete that play &
rentTal role ln ohtalning dkerete abatractlone.

The nutlloe of the paper k &g nllows: In Sectlon 2 we revlew the notho of
Helmulatlone of tramdtione epetrmc. In Bectlon 3 we define the olass of hyhrld
grgirme mder stikly amd deserThe the maln bldmulatlon algerihm. Sectlon 4
preeents ennle besde facte abowt etrat¥catlon theory amd snbanelytl; erte and
relates them to the conetmectho of HMamulatlone. In Sactloo b we present recent
reanlie In mexiel theory whidh are uesd o Sectlon 6 In exder to obtaln clusses
of evgtems for which the Walnlatlen alperthm terminetes. Sectlon T oontalne
rrnclhielnng and lemes finr further rersarch.

2 Bhimulatiomns of Transltlon Syatems

A trangttien gyatem T = [{], B, —, ()5, (#) conslats of & [not necesearily finkte)
gat ) of gateg, an alphabet B of evente, & transltlen melatlen —C {) = B =],
a gt {Jo C ] of Inklal states, ane & a8t {Jz € () of Boal statee A transltlen
[n,emin) E— 1z dennted a2 g 5 in. The transtion gystem 1z finlte I the
carlhallty of ) 1z Anlte and Y 1z Infindte ctherwles. A reglon k& & eubest P C (.
Glven o £ 1 we deflne the pradessesnr Pra, [P of & raglon P ag

Pra, [Pl={g £ |3p € P and g 5 5} (1)



alwen an aypilvelence relatlom ~C ) = {), we defle & quictlent tramdtion system
tf ~u s frllows: Let (Jf~ dennte the qctlent space. For  reglen P we dencte by
Py s the eollecthon of all aypilvelenee classes which Wtergact P The transticn
relatlon —. oo the qetlent space 1g deflned s follows: for O (Ja € Qf ~,
L S (o M there exkt g € ¢ and en € (Ja such that = gu. The rpactlent
trandthon evgtem 2 then Tfeu= [{] o B —e. Lo fr, Qfo).

Glven & parttlon ~ oo ), we call asst & ~-bloek 11t 12 & 1mloo of equlealenee
rlagees, The parttlon -~ 1z & dlalmaistnon of T M {)o, {7 are ~hlwke and e
all ¢ £ F and all ~-hinekz P, the reglen Pea, (P 15 & ~-hinek. o ths cace the
gyateme T aned T'f e are called blsimdiar A bEmulatlon 1z called fnite 1 1t has
& Inte oumber of aplwmlenee claces. Blelulathne are very Impertant hecaes
checkng reachabllty oo the Relmllar transttlom eystem 1z eqpiisalent to checking
Teachatilty of the orlginel transttlon gyatem [11]. Therefrre, If T 1z Infinite and
Tf~ g & finlte bEmulsticn, then verlfeatn alperithms for infinkte aystems ane
guarantesd to termimate. If ~ 18 & Bedmilatlon, 1t can be saslly chewn that
o~ ] then

B1 FE'gr ¥ g€ Qr, and pE (Jo ﬁunﬂ"
Bl ¥ g — 5" then there exlete ' guch that § — " and ¢’ ~ '

Based nm the abrwe charartereation, pheen & trandtion eystem T the fnllwing
alpnrithm compntes hemeasingly Awer pertltinne of tle state apame (.

Algorithm 1 [Blshmlstion Algerithm for Tmodthn Systems)

Set {/~={laNfr Qe \Qr drY e G [Ha W Jr)}

while 3 PP £ {)f~ and € F auch that 1 P Pra [P £ P
set B = P Pra, [P, B = P\ Pra, (B

refioe {Jf~=({/~{PHU{A, B}
exm] while

F the algrrithm terminetes, then the resiltine quotlent trandtlen epstem 1z &
fnlts HMsmulatlsn. The gral of the next eoctlooe 1z te ghow that the aboes
alpnrithm terminntes fnr trandtlon eyetems proerated by & clase of planar hybrld
EfEi e

3 Blimulationas of Hybrid Systoma

In thie paper, we freie oo tramdtlon evetome praerated by the fnlowine oloee of
hybrld eyatems.

Deftojtion 1. A hybrld aystem 5 = (X, X3, X7, F, B I, G, F) mnsiats of

— X =Xp xX b the store space with Xp = {q1,. .. ,gn} ond Xz an analys
mean ol

— Xy C X n the aet nof [nftlad skokes

— Xp C X I the aet of final atakon

— F X — TXo amalgna to each discrcte stake 4 £ Xp an analpgie wecior

field Fig, )



— BC Xp = Xp 8 the aet of diaemete tranaidons

— I Xp — 277 nanigna to eoch discrete siate o et Jg) © X coldd the
uariant

- @' B — Xpx2™ amigna o2 = [y, da) € B o puard of the forme {q } =17,
7 C I ).

— R B — Xp x2% amaigma o 2= (1, ga3) € F o maet of the form {sn} <V,
¥ C L),

Trajartories of B start at any [g,7] € X, axd conglat of contliens evelitlom: cr
tlarrate jumpe. Crntlnime rajartorks evnlee aeording to the contlmens 3o
Fig, ) aslong as the atate rrmatng In the hvarlant 2ot I(g). E the flow exdta I]q),
then & dirrete transtlon e fored. I, dirlng the contlonee evchitln, the state
(g, %] enters & reglen (Fa) for eome @ € B, then diarrete tmadthn 8 15 e bled,
and the atate may Instantansously imp frem (g, ) to any [, ') € K[s). Then
the system ewolwes acormding to F{g', ). Kotle that the digmete transiflone
allowed 1o our mrxlel are mllar to the type allewsd In hitlalieed rectangilar
autemats [19). Floally, we asnme that eor hybrid syatem model 1s aoa-doeking,
that 1z from ewery state shher & contloicne evclutlen or & dlerete transtlon 1s
pradhle.

Ewery hybrld apstem H = (X X, Xz F, E I 7 F] generates & trangtion
E?Et!‘.'ﬂl Tr= [Q|E|_"|Q|ﬂl|qr] h? ﬂthﬂ Q = XI 'Un = an Qi' = Xi'l b=

Ev{r}, and == [\ cz )l —+ where

DMEEE Travaitions [§, %] =+ [, #') ora € B W (g,7) € F(d) axd [, 27 €

=

Conthmons Transitions [gq,%,) — (@, 7a) ¥ § = 3 and there exlate § = ()
and & euree =2 [, 8] — M with 2(0) = =, #(d) = =3 and forall £ £ [, 4]
b eatlefles #' = Fiq, (1)) and =(1) € L(q ).

The crotlmuicie ¢ trandtlone are tlme abstract trancdtloms, n the eemes that
the tlme 1t talee te reach coe gtate fem amcther & lgmored. Havlong defined
the eontinneme aned dierete randtone —+ axd —» allows 18 to formally define
Pra [P and Pra,[P] for ¢ € B axl any reglen P C Y sing (1), Funthermers,
the dlanrete transtlene allesped In eur hybrld system meekel reanlt o

L. YPNER)=14
Prea(F) = {G’[ﬂ] 1 P (1 Rja) # O 2)

for all dierrete trandtlons @ £ E and raglome P Therefore, If the eate Ba] and
(F[2) are hlreke of any partiflon of the state spame, then o partithn reflmmemt
Iz mreeraTy In the bEmulatlen alperthm die to any dlzrete tranddtlome o £
E. Thie fart, decrmples the contlmens amnd dlarrete comprmente of the hybrld
evgtrm &z long ae the Indtis] partItion 1o the Wslmnlatloo slgerithm oootaln the
Inwedantz, puards amwl et sate, ln addithn to the Inhtlal awl fnal eete. Thls
allows 18 tocarry ot the hldmnlatien alperithm Inlependently fnr each dlarete
etate.



hirre preclzely, define for any reglem P C X and f € Xp the et Py = {2 £
X '[g,2) € P}. Bor each dllerrete gtate § € X crnekder the finite enllactlon of
B E

Ar = {I0) (Xa)g (X )} WG )y Bie), 0 e € B} EY

whirh deerribeg &1l the relevant @vte aserwlated with dlermets gtate . Let &; be
the crarerst partitlen of Xz compathle with the ecollectlen A, (by compatible
we mean that sach 2ot I 4, 12 & imien of eote In 5;). The [fnlte] partitien §;
can be esly compited by eeceestvely dndlng the Interesrtlone hetween each of
the eate In A, and thelr eomplements. Thees collectlome &; Wil be the starting
partlthm of the lowlng Wdmulatlen slgerithm for hybrld eysteme.

Algorithm 3 (Blshunlstion Algerithn for Eyhrid Systens)
Set X/~ =1 &
or g Xp
while 3 PP € §, awh that § £ P11 Pre, [F) £ P
Set A = P Pree [P Pa=PY Pra [F)
refloe §; = (5% {FLu{P, B}
exn] while
el Kor

A fmw crmamente are In creder here, The ey prohlem 1z to lowestlgate how
the fiew of F(g, ) Interacts with the ota &, Ior & glngle dlarrete gtate 4. Thls
Teilres that the tmiscteries of the wector fold Flg, ) kawe “ploe™ Interseetion
prepertlss wlth ewh eote Blwee the gral 1= i obtaln Andte partlthoe, 1t w1
berme Important that we restriet the etudy to cleasse of eete with gred “Hnlte-
g prepertles, for example | gete wlth dnltely many conmected comprments. In
the enbesnent esctione we Mentlfy classes of eote and wector Aelds which exhiblt
gih propertls and fnr which Alporithon 3 terminstes.

Om can akn view the partltlons In the alpgerhhm a: & wayr of dlametl=ing
the g¥stem trajectnrle. Thk aygeests stielvlng the contlmens trancstlone by
lnoling cnly at the pelote at which the trajecterles meove from coe eot In 5 te
an “acdjarent™ nme. Thls & 1o gemeral not peeslble becanes eats conild hawe rather
mathelgleal eimlaries (20 alon Fxample 4). We wil goe 1n the next sactlon
that enbanalytls eote are free e @eh pathologles aned that o fact coe can
fnrmalles the kles of tra]ectery dlaretlzatlon asseclated to the partltion 1n that
CREA .

We nocluele this eectlom with an exam ple that chowe that, ewen ln apperent iy
emple sltnatlone, Algporiihon 3 dees oot terminats.

-11
Frampie I. Let F be the lmwoar wacter feld (_1 _1) x oo B, Agmmie the

partitien of B conalsts of the illowing three eetz [gee Flgure 13 A = {[=,0) :
Demed, B={=n0:-1<x<0} Pr=H" [P U5 The hiegral
curees of F are eplrak moving away from the orleln. The frat 1teratlon of the
algrrhhm partithoe By Inte Py = By Pra [A] = {[=0] ' = = = < } and



'
A

Fig. L Algnithm 3 does oot terohnate

B Pra [P). Here 2 < 0 12 the senondfinate of the first nterssetlen polot
of the splral threwgh (4,00 with Pa. The geermed herathn subdivldes Py nte
B=RAnNPea(PY={(=0:0 < < x} awl A\ Pra [F) where 23 > )
1z the mreordvate of the =t polnt of nteresctisn of the epleal with A . Thls
preeess centlomes hdeinltely dlneoe the gpleal htersecte A o Inflnltsly many
printz, aml therefore the algerithm dess mot terminate.

4 Snhanalytic Seta and Stratificaticns

In thk @ctlon we deserlbe eome Hmcdamental propertles of subanaiytle acta
(=ee [6, 13, 21] fior mrre detalle]. A difiorentable mantold Lz el anadgele (O
If the trandtlon mape hetween kbeal coondlnate charte are analytle hinetlhne oo
thealr demadng [which are cpen aubaste of B*). An etbedd e submeanffuid 5 of &
manteld M 1z & topologkal ewhepaee of M topsther with & differentlable strue-
tire sieh that the Inehislon foom 5 Inte M 1z & emonth Immerslon [Le. as full
rank &t ewery pelnt]. A wecter field Fon the meal analytle manifeld M s aaslye
Iif ltg evomellnates In any sl clhart ame analyty. B F 1z an analytky wector Seld
then any Integral e of F & amalytle

Lot M and I be real analytle mantfelds aned lot O M, W) dencte the est
of analyty funetlne from M Inte W K f € Ow[M N) wo &y 1z of dase O
Glven an analyty mandfnld I7, we demote hy B[, B]) the Bonlean algehra
generated hy the eete of the form {= @ fi#) = 0} or {= : f(#] = 0}, wheme
JECHTB).

Defhaition 3. Let M b a el analyde manlfold 4 subeet 4 of M @ geml-
anelytle o M IF for eyery g £ M, there [0 an open adphborfiond I7 of ¢ M
M osuch thot TN A € B(Ow [T H). f4 C M i semlanaiytr in M e urite
A £ ARIAN[AM).



Deflnition 3. LetM be o real anaiygi manifiold. Define JBAN (M) and TBAN[M)
by

i A g SBAN_.[M) f ond nnly (f there @ (N, f, A7) auch thot W @1 o rend
analyt manifold, & OV(N M), 4= £ GRIAN (N, 4= 0 ndatuedy mmpart
amd A= f[A4);

£ A £ GBAN(M) If and ealy if 4 @2 the univn of o iveadly finlte milection
of meembera of SBAN (M), (4 mibedon of set O @8 beally findee iF any
ramgpart sek ibem ot only finltely many aets In Q2]

We zay that 4 1z subsnalyti in M ¥ 4 £ SBAN[M). B k& sasy to eme that
A EFBAK [ M) ¥ and eoly If 4 s snbanalyty: In A axd relstlvely oom pact. The
Inllwing prepertles of snbanaly th et are sadly derlwed fem the defilndtione.

1. SBANK[M] 1z clrasd uncer loeally finite 1miens and htemesethns. -

2 F A€ SBANM) and f: M — W % of clage {0 and proper oo 4, the
dleare of 4, then f[4) € SBAK(N). (A fimetlen f s proper If f~L1K) 1=
eomipact whemewer K 15

3 Fde3BANN) and F: M — N % of cdlase 0%, then f74[A4) £ SBAK[M).

The frllywing twe propertles rauilm mone anbtle prect: it they gles the
firet Inefleatlon that thls will e a sltabls clase of gete fne cur etidles.

4. E 4 e SBANK (M) then MY A £ SBAN[M).
5. A enbanalytky et kis & leeally Anlte mmaber of connes ted compoments, each
of whirh k eubamalytle.

Frampie & Prints are subanalytl | and e le any leeslly finlts imbao of pointe,
for pxample ™ az auboot of B*. The empty et awd M are beth In SBAK (M)
Let &, 8 ER, a < & then [ 8], [2,8), 2 8] and [a, 8] are subanalytk In B The
opem ball Bip, +) erntered at poof raflug ¢ In B & I SBAN[E).

Definftion 4. LetM be o roal analyde maniffold. An analytle () stratifieation
nf M [ a partdtinn & of M with e fulbwing properdes:

i each F ES [0 o roanected, mal anaiydlr, embedded aubmea alfold of M,

£ 5 i heally finte

S pluen @ aew F P ES, P £ 5, auch khot FAP £ 0 then FC P oamd
eflm 5 < oflm I

The acta In o acradfiradnn an: caild gtrata,

The central result oo stratlicathne for o analyek 1z the fnllewlne. For &

Theoreuy 1. Let A e o ioailly fialie famddy of waenply subanaiyble subarcta
of o nai anadyde manifold M. For each A € 4, bt F[A) be o finite sct of nad
analyte vertnr ficdds on M. Then thene calsbs o subsnsiyde seeakifiation & of
M, mmpatibde with A ond foving the property got, whensaer F 8 FC 4]
AE A X g FlA), then pither () F 8 ceryuhers tangent o § or (i) F i
apuwhen: ngeat b 5. .:'S 2 rompabbie with A (@ epery act a A @@ o wninn of
At In 5.



Thenrem 1 1z Hhistrated by the fnllowlng exampls.
Frampie & Let F be the follwing analyty vector feld om B2

$=mj+ﬂi
=10

whirh has an lenlated eplllhrhim at the crieln and polnte In the prsltlve =
dirarthn otherwlze, Conslider the fnllowlnge two enbanalyth sste

Si={mt) ¥ |20 and [=-1)"+4" =1}
B={lry) X |y=0 and Q=< x<2}

ghewn In Figure 2. A enbanalytls stratficatinn of B whih % cnmpatihle with
the gate 5|, Fy aned the vactor feld F 1z alen ghewn 1o Flgure 2. It conslste of

— (ki enelhmal strats
« A =00, B=[20) and B = [1,1]
— l4imenehnal strats
e Ji={lx B |y=0 and Q<x <2}
e G={F e |p=] and 1<m <2 and [m—-112 442
e G={lF W |y>0 and QJ<x<l and [m—-174 47
— i melhnal strats
¢ Di={myeW |p»0 and [m-174+42 < 1}
e« By=H"\{A BP0, G G 0}

Keotlom that the vecter ek s tangent to A dloee ¥ 1z an erpillbrlnm sz well as te
0, D amd By The wector feld 1 trameverse te all the other stmta, Meorsswer,
A=A UBURUG UG and Sa=PUh UG,

1}
1}

F S1

F

Fig Z Mnhanalytic mtdcation emomple

I vlew of the abowe propertles we Wil restrlet or study to hybrld aysteme
Inr whirh the relewant eete are all relatlwely compeet amwd snbanalytl.



Agsmuantica 1 : For each dlamete gtate  the onllecthn A, condete of rels-
thwely roma paet enbenalyty eete. In partlmlar, we assume there exlete & compent
et K ewch that i 4 € A, then 4 C K.

The partitlon &; whith eerees sz the Inltlalleatlon etep of Algorithon 3 can
mw be ssnmied to be & eubanalytls etratfcatlon competlhle with A, and the
vertor fielkd F(g, ) (a2 glven by Theerem 1).

The lewlng propodtlon Mustmites avme of the poed Intersectlon propertkes
that analytls cirves hawe with snbanelytls sete. The “inlemes™ property ell-
cated 1o the proposltlsm makes 1t presihle to deflne transdtlnme between adjacent
gtrata In & netumml way.

Propoaition 1. fet I & an open (miervad A o real snalyde mandfold and
7! f =M o real analyie functon. Lek S e o O stadfieation of M by suban-
alytle aeta Jf [x 8] C [ then thers caits o fiaite partiton (= ... #0] of [a, 8]
with the property ot for ek é =1, ... — 1 there czlagn o stabum 5 £ 5
Auch that r(®z, w1 )] C 5K

Proof. The famlly T= {4~ (510 [, 8]: § € 5} & & finlte partitlon of [s,4] by
gnbamalytls gate Fach eich est mmelsts of & Anlte mmber of polote amd cpen
Intervale Teloe all ewch polnts amd the endpelote of such Intervals glves the
clesirad partlthm.

The frallewr e example ghews the type of patholekal dtuatlene that can he
encyvintered If the semmiptlen eo snbanalytilty 1z even dlghtly relased .

Fzampie §. Conslder the stratfcatlon of BY by the frlloe'hg Ave eote:
F={10,07}
1
3:={[=.:r):==>~u Ay =mdn ;}

,ﬁ:={[=.r]:m:u A :|'=!I'=Elni}
34={[m.n']:=a£ﬂ A r:msmi}U{[ﬂ.ﬂ!r}u}
55={[m.:r]:maéu A :n'cimﬂlni} | Hios): & <0}

NKotles that 5, 5y and 5; form the graph of the fimetlen fix) = ms'.ln::
(£ = 0), while 5, and 5; denote the raglon abowe and the helow the graph,
regpectively. Fach eot 1s & O, embedded enbmanifnl of B? and they clearly eat-
1oy the cendlitlon oo the dmemeden of the strats b the cleaure of ctler gteata.
Flnally, crnekler the mnetant vector feld F = % Then the ntegral rures o of
F thremgh [0,]] 15 the #-axls [parameter®ed by = lteelf). Therefrre, the Image
by o of any Interesl contalning () Intereocte hoth 5y and 5 an ninlts mmber
of imes. This 1z reminieeant of the nwlesrable zenn property which allows an
Infilnlte mmber of ewltches In Anlte t1me.



\ i/

Fig. 4 Infinite (xowainge mo a mmpat ioteral

Hnee the algnrlthm conelders coe dlrrete state at & thoe, we wlll glmplify
the notathn by asmmolng that the dlarete state 0 s Azl amd doop t 8z &
gbhETlpt. o partlmilar we Wl comslder & vector Sk F and & stratiflcatlon &
of X7 by snbanalytls eete ag provided by Thenrem 1. By X f ~ we will mean
the partltlom of X- lxhesl by F We #l dencte by 4, the Integral enree of F
which pasoes throngh = at time () 1e. with (0] = =

We mow provesd to formalke the notlon of & dlacretizatlon of the oonthoens
tramclthne relatlve to & glven partlthn & We de thk mahnly 1t emplifles the
argimients 1o the proef of the maln therrem (Theorem 2. In additlon t sup-
porte the Intultlwe ploture we kawe that & trajectory can be denmpoex] &z &
rncatematlon of pleres In pach of the &ote tn 5.

Definjtion § (Trawsition relative to §: verdion 1), ea sy £ X we

Aay = fr:.l 0fF thene (0 £ 0 auch ot 4L (1) = ¢ ond there oot F € 5 aurh thnt
Az(8) € F for Q< 8 < & and okl one of w4 0 a5

Th clarfy thls comerpt ane to Sdlltate further diemeslons axl procds we
Intrewhice adefithimel definithme.

Deflniton 4. (flen e audets 5, 2 of X7, and a real anobyele cwrwe 1
I — X where I i2 on open Interval, we say that o leawes 5| thoongh Sa for
enters Fa from 5 ) if vae of the following eeiting rondidons i aatisfied

El there eziaea AL, a < 8, such that 4(1) € 5, furalll € [a,8) and 7(8) .5
Bl there eaita §EFoa < & such thaty(a) €5 and () € Fa foralit € (28]

Bhea = £ 51 we any thak - leaves 5 Emugh B F elther E1 or EE holds with
=

The fnllnwlng prepecdtion e a dmple applesathn of Pepesltlon 1 awd cghews
that Deflndtlen § cowere 8]l preddble “exling™ dtuatlomne far etrats of 5.



Propmition A, Iet F £ & and 7 be o aboe. Jf there cziitn & I £ T awch
that (Ta) € 5 and [f1] € 5 then thene ek o straime Jy (5 5] such that
eitfier E1 or B hinids.

E 1z clear from Deflnitien 6 that In case E1, 55 1.5, £ 0. By the propertles of
gtrafflcatlome, we conelude Fy C 5, and dim 5, « dim 5, . Therefore, the Aow
exlte the gtratum F, thengh & gtratim of lower dimmelon. Amllarly n case B,
5 C 5y and dim 5, < dim 5y sl the Anw enters 5 fom & stramm of lower
dimenslom. The frllowlng propeeltlon fnrther clarifles the poesihle exh sltnatlhoe.

Deflaithon T. Wemil o a5 € F tangentlal Fthe vecfor field F' il tangent
ko 5 af cdery point of F. We mil o abratum tranawereal oifierwise

Propmaition 3. Iet 51, 5 e 2trata (2§ and 1 an Mmiegmi cwrve of Fowhich
baues 5 through Fa. Then pae fond oaly oae) of the following Aokl

i, maditina El fnide, 51 (@ o tongental abratume and Fy @ o tmnaveranl sbm-
L.

2 maditina Ed hnide, 5 @ o tmasvemaal aratune and 5y @ o tangentind atma-
L.

We ran neer glwe the alernatieve defindtinn of relatles transltone.

Definjtion & (Trawsition relative to 5: veradon ). Fr mch % £ X7 i
SIx) dencte the wnlfue stotum a5 which rontaine = Glea x ¢ € X0 we say

x5 = teaven Sm) throush g

k 1z rlesr from Propesithn 1 that ® = g 1 there exlst = ,. .., % mrhthat

-J:jrm—r jrm,.—ry We will demnte the H*anpmtnrm:damitn—hhy

Prag. The abowe remark sles Impleg that we can aubetitite Prag fnr Pra, In
Algorithn 3 In the ermes that If the alprrithm terminates nene Prag then 1t
alan terminatos when ngog Pya, .

Ag the gtratlfratlnn Thesrem 1 ghews, leswes of tramswereality of trajecto-
e can he annlyesd within the crotext of snbanalytls sote and analytis wetor
feke. Howewer, the gtwedy of oootlnece transtt lnne rauiines that we lneestieato
the glnbal hehavlor of trajecterles. I pemaral, trajectorles of analytle ssetor
fieke [and much les thelr full fimwa) are et aubanalytl. Identlfplng wector
feke whnee flmre helog to & aubabls clase 1o the maln chetacle In the study
rf MAmulatinne of hybrld eysteme. Earemt dowalepaents 1o Iople meddsal thenry
prowlds anme anawers a3 well as ogeest the preper context In which to carry oo
firther etudles.

§ Moadal Thaary

kirdel thenry stucdes gtructures threngh propertles of thelr definahle gata [@eae [14,
| for general backgreimd]. The bagke @mictumes of Interest for thie paper ame
that of the real nimibers s & complete nrdered Aold,| eymbeleed by (B 4+, —, 2, <



0, 1], andd 1tg extenglone. Every ech etructure L hae an asncated laniage £
of formnlas. The [firgt crder] formnlas cwer £ are the well-formed Iegleal ex-
preestone chtalnsd by nslng loglesl connertives, fuantlflers 3 %, real mmibers a2
rrnetante, the cperatlone of ackllty:ne amd multlplicatlon, amd the mlathas <
anl = [uantlficatlon 1g allewed cwer varlahles). All frrmnilas will he hterpreted
ower the real nimobere. A definade sct In the laguage C (or of the structire L)
k& eubeet of H* [for enme a) of the form {(@), .. ., @q) € B (g, ... 20},
where F(®y ... ) B & fornoula i Cand ®y, ... #, aTe free (e, Dot quantiled)
wrlsbles In & A fiethn f k deflnable ¥ 1ts graph 1z & deflnahle gat.

While many of the rneepte bere apply tomome general strnctires, 1o a1l that
Inllvwe we comslider poly stretures cwer the real mmbers.

Deflnition 8. The temry of £ @ c-mintmal “omer mdnimai®) (f eoery defin-
oble submet of B 08 o finite undon of points ond (nteroais (poasibiy wnbouwn ded).

Tarelk] [22] waz hiterested In the extensglon of the theory of the meal mimbers
by the exprmentlal fimetlen, (B, +, —, =, <, 0,1 ,&xp) e, there 1z an adkdithnal
gymbel In the lanuage for the epenentlal finetlen]. We dencte this gtructirs
by B . Whie sich theery dess et admit elmnatlen of qmantlfiers, T was
ghewn 1o [25] thet auch thenry 1s mexdel complete, which In turne Implles that
1t & p-minimal Ancther Important extemslon e chtalned as folows. Aesme f
ik & mal-analyty fimetlen In & nAlghterhoed of the cube [-1, 1] C B™. Let
frE* B e the finthn defined by

fim) = {.f[m) 2 €[-1,1"

0 ot e rwlen

¥e call eowh fimctlone retrcted anslytle functivas. The stmicturee B, ., =
(B 4, —, x,<,0,1,ezp,{ f}) 1z then an extencrn of B, o, Where there 1z a symbnl
Inr each restrloted amelytle functlon, One ressnn this structure s relewnt fnr
thie paper 15 that all relatlwely mom pact enbanalytl eete are definable In B, L
Mrrenwer, if F 1z & Inear vactor Sekd In B wlith resl Apgenwlues, them the
trajectorles of F are definable ln B, . I [21], It was chown that Bpnn &
alen p-minimsl. Flnally, there are & fow comsspenes of c-minlmalty that aee
erinclal for cur resilts. We st them belew imeder e proposttlon. The proods are
rrntalned In the wrlens referenes mentloned abovs.

Propition 4 Assume L @ an p-ndnimal serwciwee, Then

1. Anydefinabid act hins o finle numeber of roanected componenta cach of which
2 a definade et

& If A s definable, dien 2o la fta (topologlead) chouns Aormuer, dio Fr(d) <
fim A, wheme Frid) = A% 4 @ the frontier of 4 and the dimension of o
et B C B [n the mazimun: fteger 2 for which tiee @ on enebedded O
meanlfold of B* roatalned (n B,

% (Huen definable st 4, ... A; in B fand for any Integer p), there 0o
finite CF atradfiration of B mmpatibie with {4,,... 4:}. B fact, for the
strurture By o thie atrata are definable froel) anadyts manifodds.



We are mow resdy to apply thess resulie to prowe that Algorithos 3 terml-
nRtes Inr certaln clages of planer syatams.

d Finhoneas Rosulta

In this eortlen we mee the mrxdel theeretk tonk of Sactho b 1o erder to obtaln
rlagens nof gpetemie e which the Blelmulatlsn Algnrithm of Bartleon 3 terminates.

Eecall that plwen the famlly of este 4 sz n Acnmptleon 1| aned the wector Aald
F we At obtaln & etratfcatlen & compathle with A sa gleen by Theorem 1.
We wlll alen sassume that & 18 oompathls wth & cemapeet eubanalytls est K
whirh cromtaing &l eote In 4. We deflne Sx = {F €& : 51 K # 0} [which 1=
thearefrre finkte).

Theoren: 3. Lot X~ =B, F be the Unear vector feld dx and assume that e
epenyaturd pf 4 are real Then the Mafmeuds don algorithme for hybeld o gpaken:s
{Algorithm 8] (ndtiadeed with Sy, termeinate.

Pronf. We Wl oonelder the cass when the orieln & the caly apillhrlhim of F.
[The other cases require miner medificatlone.] We assime withewnt ies of gen-
erallty that {0, 01} € Si.

Ag Imlkated In Jecthn 31t edfiees 1o etikly coly the ewelinlon of the con-
thene warlahles and 1ee Mrag In Algorithos 3. Th e plify motatlon we will
emply refer to 1t 82 Pra. In cnder to gelew that the BMelmulatlon alenrltho ter-
minates we will croetruct & Snbte refinem et of Sy which 1z “Inwerlant™ imeder
the Pra cperatten and which 15 & refinement of Xz f~ &t each step.

For each gtratim 3 € Sa with [, 0) € F we conslider the et

B ={m EF: YT 20 (0 E5)

As mentlomed earller, dlmee the Agemwmlnes of 4 are real the fow of F
F2, 1) = 7z0f) = &2 & definable In Bop an (the entres In & Inwiles poly-
meom Yl amel resl axpewenitial fonetiene). Therefore, the eet Fo 1z deflnabls. For
each gtratim T of dimendlen o with T C F, T 3 5 we eonlder the eat

T.={x €T 7, leawes T throweh 5.}

The est T. k& alen definabls In Bopp wn amel therefors can be written &2 & fndts,
tllgjrint nnlnm of deflneble gate sarh of which k elther & polnt eor em sememphie
try an open Interesl. We may asume, by refinhe the orlpinel S If moooseary
that the fnltely many pelnts In the deccmpredtlon of T2 ame alvesdy etrats of
S
For aach = £ B 1ot I dennte the trajectory of F poednge thoough # that L

I ={m(t):tc K’}

Eer each gtratim JF EF amd = £ .5, 1=t I',[S] tomite the coomected o pownt
of It 1.5 whirh rentalng 2. It 1z clear, from the defiodtloo of 5o, that =2 £ 5o



then Lo [(F) C Fo. From this b follows that = € T and 4z leawsg T throagh 5
then «; Ather leawes T thongh Jo or leawes T thmagh 5 5o

Lat {tu}, ... {t]} be all the (kimensknal strats of S, Notlee that for
each € §, ¥ o M0 35 O, then I = I Wik wil dlminats rediwlancies and
assume that the [, are palrwls digjcint. For each et 7 € Sw and each I,
the gete F1 Iy amd 5 Ll are definable In Bopan (tultvely, theee ests are
partithne of 5 7 the diractien of the fiow of 7). By c-minimalty, we get that
earch Ewh gft haz & Anlte mmiber of coomected ocmponente. Let B dencte the
(fintte) collectlon of &l ewh ceooected comprments. The eollectlon B 1 then &
partltien of K compatlhle with 5 (every eot In 5 1k & mbo of &ote 1o ).

Claho: At earh gtep of the hlemulatlon algerlthm, B le compatlble wlith
MJI"H.

The clalm sghevws that [ & fner than all parthlone chtalmed at each step.
Hnee H 1z dnlte, thks prowes that the algnrithm termimates.

Th proowe the clalm we fret chow that H B E Biré=1,. .. , a then

Pra(lUB;) = U Pre [ B) (4

We will call s eet B £ Htangentlal ¥ B 1z oontalnsd In & tangentlal stratum of &
(Le. B 1z & eonnected component of dther SN0, or 505, with 5 tangentlal).
The gt B willl he called trangwerzal ntherwles, Botlos that If B & tangentlal sl
x £ B then IL(F(=)) C B.

Let = £ Pro[B;) foreome € = 1,... f and % & By Supprss (L] € F(x)
for 0 < & < 8 anel 4= (8) € Bz (le. exdt condithen E1). In partlmilar, Fix) 1z a
tangentlal stratum. If oz () § UB for & < 4, then & € Pra(ulB;). Eaz(f) e UER
for gome ¢ < §, then for eeme §, By 15 tangentlal en J2(5(%)) C B; and = £
PrajluB;). If, Ingtend, v () € B for 0 < £ < & [extt condition E2), then clearly
x £ PralLB;).

Conversely, bt & € PraflB;). Eaz(f) € Fiw) for 0 =2 < §, 1=(d) € WE;,
let fp be auch that 4z (8) € By, Then & € Pra(By,] C WPra(B;). I, Instesd,
A=(8) EVBifr ) <& < &, then there 5 & §p > 0 and a B;, whih contalns 42 (1)
Int ) < &< dp [here we eed cminmalty again to conclinde that IS Interesnts
earh EB; In & finkte disjcht unlen of pelnts amd ares). Therefore, & € Pra( By, ).
Thiz enmeclde the proot of (4).

By ceomstructlon, B le ormo patlble with &5 At sach gtep of the blkdmnlatlon
algntihm e nesd to ghew that ¥ B =0T B; and BV = u‘:;lB: whh B, Bic &
than B ] Pra[ B')] Iz again & finlte 1mken of eete n B, Bazed oo (1] & w1l eudfles
trs shew that for B, B € B, dither B Pra(B*) =t or B Pra[B) = B.

e conslder gevem] casee. The sat B 12 of noe of the twe Inrme: [a] & OO
werted comproent of 50 I, or [b] & conmeeted onm prment nfS"-Ll...lPi,_..

E 5 Iz (Hilvmelnal thers & nothng to shew hecsiss B centalng & clnele
prht.

ESFE ldinmeomnel awd B e of type [a], then Ather F 1z tranewerzal and
B eondlste of & dngle polnt or 1z tangential and en B = FL[5) for any = € B
The first casge 1z agaln clear. In the second cass, If there 12 % € B .Pra[B') then
thare exlste & » Qauch that 4z (f) € Ffor 0 = & < § and 42 [4) € B'. But then
for all g € JL[F), 7y leawes § threugh B 90 B = L5 C Pra[B).



E 5k l<imeneknal and B 1k of type [b)] then we agaln conekler sepamtely
the cases when 5 k tangentlal amld when T 1 treneverzal. In the Arst case we
prveed ag hefnme. Assume now, that 7 g traneversal. Botloe that = € BN
Pra[B"] then I Intergects both B and B Therefrre B 18 alen & connected
crmpenent of 5% WG, (for eome 5. By tranewergallty, . leawes 5 Intro 5
imder exlt conefltlon B axd &0 5 C FraalF) = 5.5 and 5 15 2+l menalomnal.
By contlonty of the fow of F, there 1z an open edgbborhend oW of = ech that
for ¢ € N M .B, 7, awes J through 5. Morecwer, slnee there are Anltely many
I, we may asnmie (by taking N Emaller) that T, leawes § theemgh B Ve
hawe then showed that the et B = {% € B 1, leawes 3 thoough B} 15 cpen
In B Swppeee B 3 B, Then there B ¢ £ B In the foeotler of B We can il &
el hborhond Woof ¢ such that W N L, = d for all & Anee F 15 open In BY,
aml F &k tramvemal we can Aml & nelghborboed Wy CHW of ¢ and £ = 0 euch
that for & € W5 and 0 <& < £ we bave 4. (8] € W 11.F. But then every euch
# helomgs to B, Thk contradkis the fact that ¢ 18 & Seotler pelnt. Therefnoe, B
It alzn cleerd In B and & ¥ mst aquial B (goee B s coonacted ). We conclude
In thies case that B = B Pra[B').

There 15 coly roe cage remalning: 5 of dimenslon 2 (and henee tangential).
E E g of type [a) then I2(5) = F axd we ame done az hefore.

Asgume then that B 1k & cennected compenent of 54 W, BY & connected
compenent of § % W, 5 B transveresl, and dim 5 = 1. [The case with 5
Qimrmainal 1e melided slnce n that case ' 1 3 0 for enme £

Let w € B Pra(B") and assime there 12y € B Pre (B, We want 1o show
that this leade to & enotradlction. Let o @ [(,1] — B be & e cononecthg =
to ¢. Let Ip be the emalkest £ € f), 1] swh that 70 (8) & B for eome 2 = O
K tola8) €5 foralla = 0 them ex(ln] € Foo. By the cholee of & we In fact
hawe ex(fn] € I, for Gomae o (206 the Wital subdlvElen canged by 5o ). But thls
erntradicts the fart that B 1z of type [b). Assimie then that fp,004) € 5 Br
gnmie 4 = (). For each & € [0,5a] let aff) be the smallest & guch that 10 (8) €.5.
For each & € J), @] eet pit] = s (a(f)). There are twe possdhlltles: Ather
$l) EF orplh] EFLS

In the firet case choces & Incal chart [N, o) oenterad &t p(f) en that o
romlinates we have W5 = NNE = {0} and N NF={[xy] ' ¢ =
0} [therefore F pointe Wit the lower half plane st ewery pelnt of N 0 B By
centlonlty of the ficw and tranewereallty, we stlll hawe that o, Toeses SV iy
froma the wpper to the lower hilf plamwe Inr & < & < I+ £ But thls contradkte
the choke of &

In the eeromd cage, we hawe gl ] € I, for gnme gv. Bt thik contradlete the
fart that Bl of type [h].

All thig lmples that ewery ¢ In B must alen be In Pra(B'). That 1k, B =
B Pra(B"). This crochikdes the procfs of the clalm and the theonm .

Ag the proet shows sgpests the term natlen of the alearithm depende oo the
fart that the Inteeral rirees of the vecter feld Intereacts relatlwvely onm peeet enb-
analytle eate 1o at mest Andtely many pelnte. Thle alows ue o get the fnlwing
grnerallentlnm.



Theorem 3. ff F @1 an anaiytle vector fidd in B which odmdts an anadys:
famidly of firat Integrads, Bien the blsfmuaton algonithne termeinates, (Here, by on
amalyd famdiy of firae mtegrads ue mean o mon-ronatant freai] anaiysi funcdon
F: B — B such that for each eofectory 1 of F the function fr(2)) @ mnsne. )

Pronf. Botlee that each lewel cowe of § 1z an analytky et amd thereinre e
Interapctien with any relstlvely compact deflasble get (1o Bampen) 15 deflnahble
In Bxpan. The proef then fllowe the Nnee of the previeng coe bt replacing
the @t [, with the cormsponding lewel et of f (lewel gete of f am at most
l<Iimrmaknal dnee f & Dot constant oD Dy cpem EAt).

Corollary 1. JfF (8 o Unear wector feld (n B2 aith punl) imaginary eigenval-
uca and &z [ a8 M fie theoneme, Bien tie Mafnabtin algomithme termdnokes,

Pronf. Toless 4 =), In which rass the regult 15 trivlal there exlists an [lowertlhle)
matrlx P ench that ||Px|[* & mongant along trajectories of F.

Corollary 3. if F [s an analyt: Hamitonian wetor field in B and Sk (s oa
obewe Hhien e Malmabbion algorithn termdnotoes,

Propf. The Hamlltonlan ke crnatant sl the tmjectorles.

Hemeark 1. Ag Ir cloar from the poeefe aboee, the ey 1z that all the ohijsrts
Inwrlwed [the wacter fiekl F, the Indtlal fam Ty of sats the fiow of F) e definahble
In grme -mintmal extendon of the ol of real numbers. We progentad abees
Juet twn epacle Instanees of such & tuatlnn which can be sally charanteriend,
A mnme reeent o-minimsl ertenslon of the reale, by & called Piafian fimetlone,
wag frned 1o [26].

T Conclmelona

In thk paper, we preemted new claszes of planar hybrkl evstems with fnle Hleim-
ulatlrme. Thls was achlrwed by crmbindng the geometde framewerk of snbanabyth
gfte wih mndde] thenretk: concepts from mathermatksal logk:, The mathem atial
tonls nexl v thls paper prowkle the matural platinrm fnr ehikdving deckablllty
of ermpnitational slenrithms for hybrd evsteme.

Emes for fiture research | Inhixde the extentlon of these resilts o B™ s well
&3 te hybhrd saystrme whees mlewant gete and Aowe are definabls I o-m'ndmal
gtretures. In additlen, the emue of deckabllity rejpulres ot coly termnea on of
the Madnnlatlnn algerithm bt alens constrictlee decdlen meteds fnr each step.
Ewen though dedslon methods exlat for (B, +, —, x, <, 0, 1) [22], 1t 1z oot known
Wihe theory of B, o, lederkable although o [16] b was chown that 1t would be s
renesienee of Rehanmel's cenjectune In nmber theery. The reaulte we obtalned
In thie paper spgeest hesw 1o fnd erme regtdeted clasees of werter felds for which
the alprdthm k& comstructlvs. desd | ¥ all the rolewant gete are eamlaleshral:
[fnr pxample If F' 1z & Hamlltendan wecter ekl no the plane wlth & polynomlal
Hamltonlan and the bitlal oonefltloms, geards, ste., are emolalgebrale), then
thay are defimable In [B+, —, x, <, ], 1]. Buch a decldabilty mailt k& chtalned
In [9].
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