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Abstract

Wea generalize aarliee remulte on tha enetme
tinn af disrntinuous feedbad: laam fiom mooth
but partially deafined mntoal Lyspunoy functinns.
The remulting feedback lam in aotinuwons af the
arigin and mmooth eocapt on A hypemurfacs of
codimensicm 1. We provide a formula for the
feadbark lasr which in in & eenee “universal ™
The newr rerulte presented aower dhuakions wrhers
trajentorien of the dosed loop aysbam awdtch an
infinita aumber of times hataesn ragions whers
smanth sontral Lyppunoy funetinns axat. The
rnnddifinns an the AyRbem vechor feds can ba -
ifisl withnut molving the differential equations
am ara therefrre in the spirit of the “dire®
mathods of Lynpunny. Uring A resently dewl-
aperd formula we are alen abhle tn guaranbes oar-
tain bounds cn the feedbark comrols prosided
that tha Lyapunow property ean ba satiafied us
ing enntrals walues in the unit ball.

1. Iddraduction

Wea shudy syatamn for which there are mmoath
Lyapunov-type functions which are only par-
tially defined. We gim conditions under which
these functionaean e “panted togathee® o effer-
timly guarantes global asymptaotie sability. Wa
anly amaider the mtuation with overlapping re
ginnn. In thin casa the warification of the Lya-
punny praparty can ba done uwang gradients, an
in the smaath casas (pes (8] and [§] for other ap-
proachen] .

In [1], Artatain guarantess the axigbencs of
globally mtabilizing feedbark law provided the
ayatam han a amooth el Lyapaenimr function.
Sentag [7] gawe A cooatructive proof providing
a frmmla for the feedback lasr in terme of Lie
derivativen of the Lyapunoy function and which
in in & memea “nnivemal ?  Sonbag and Lin [11]
then uped A similar idea to allow for certain types
af wntrol conptrainta. Hers we ganaralize thooe

irlaAR to eartain carm when wa cnly hase A piece-
wire vl Lyapunoy funetion.

Tha neel for the study of meh dissnmkinn-
cun fedback ariees spacially in systeme where
nn mohinuus static feedback is possbla Such
in the rase for the class of oon-holonomic ays-
temmn of the form & = 35104 filz)m (which appear
naturally in the study of mechanical systama).
Theea ayatana can not ba etabilized by contin-
urn atatic feelbank af the arigin sines thay do
oot eatiafy Hrodoatt's mnditinne (pea
ag. [W]., Secticn 4 8], Stabilizing fedback laams
hamm been found for seweral mch AywetAme uAing
Ather timevarying feslbark or dynamic feerd-
bark; mea [3] and refarencen there Heomtly, how-
arar, plesewiss mntinuwonn feedback laas werms
presanted for fan mch acamples in [2] and [B].

Hera warnnatrucd: A piesewdss rontinuons glob-
ally mtabilizing femdback law from partially de-
finel rmaonth mntoal Lyapunow funetions. Ts-
ing a differant “univeresl™ formmla we can also
abtain haunded feedbacdk entroln wheerer the
Lyapunow proparty can haratiefied with suitably
e ndend contrals.

Z. Deflnitions

Naotation. We dencte by I the clomra of
the set 1. If g in A veor feld cn B™ and 37
F" — B in a mmonth funetion the we dencta
by L,% the Lia deri wmbive of 77 with respect o g
(in Lp¥iz) = VViz) - glz]).

Deflnition 2.1 Wa say that a subest I' of B
in A reparafing hyperserface if T in an ambead-
ded . ariented. coonected. (n — 1)-dimensional
mb-manifold and B™ I' han tan connented com-
momta. If I' in A aeparating Iypermurface lek
{* i=12bathetan monected components of
B\ T and la nz] be & unit normal vestor on
T' which defines the orientation such that 7 in

cn the “peritive gide” . That is. if p 2T and ae



cthooee lneal enordinake (W o) eanbered af pin
which WLinthaweat {(29. ... . #] EW 13y =
.= y=0}and nfz) = [0,... .0 1]T then
TIOW={{z.....20) EW 17 > 0} We ey

that a weetor fidd f poingr mmede 07 on T if
Yzl ol (z)f{z) > 0

Deflnition 2.2 Let V e an cpen nubest; of B
with (| £ N. A weetar field f on N in ampmp-
indiondly mahle on N if for aach neaighorhood Y
af (1 thera in A naighborhaond W of (] such that
¥z = WM N the integral curveaf § starting af =,
@iz t]. in defined for all £ > 0, ffz.2) € VN,
and limy . (= 2] = (1. We say that the wctar
fidd f in plohally arympindically sable frehie
in N if it in asymptotically stable and for all
T EN lims we iz 2] =10

a. Mamm Thearem

Deflnition 3.3 Let M be an open aonneched
rubeat of B™. (liven the syshan

(£) == fi=] +Zj wlz )

a funetion ¥ I — B in called a conérod Lya-
punmr funciion felf) for & on M if the follemdng
held:

fi] ¥ in eotdnuous on W, and amoath (e,
infinitely diffarentiable) en A

(ii] ¥ in peritive definite and proper on 4

(ii) inf pre{L V(2] 4wyl Viz) + - +
T-l:n-[-g..%{ﬂ:]} < (] for mach = = M

Hemark 3.1 Notiea that soos M eould be a
proper Aubeet of BT a frajectary of T eould “es-
cape” from M while ratinfying the Lyapunor
property (iii]. The proof of the main thenream
halow requirem A caraful study of precind y undear
which mnditinne thess “eacapes™ ooeur.

The following thenram given an explicit for-
mula for the amstructinn of & pleceadise crntin-
uruA aabilizing feedbacd lame.

Thearem 3.1 Lef W1 § = 1.2, he rnnecied
npen suhrete of R™ such thai M7 LMY = B™ {0}
Cnamider e mpefem (I] e abowe, wmEh f, o0

il and f(0] = (. Suppore fhers ewirie o
reparading hypereerfae T wmith 0 e T, T {0} C
MM, Let 0, (P Fe e fam comnenis? nnm-
praenin of R* 3 T, amigh ¢ EM-{,fnrj =112
Let V1 M — B™ he mongol Lyapunow func-
sone for L) on M

Amreme fhe follmmng “tanrversadifly condi-
Brme™ Ll

{T1) fl=z) ir inngent & T for alle T,

{T8) For each = = 'Y {01} fni leamd) ome of
the follmmng holde

1. The veninr —Lp V(x)  aclz) poinge in
ﬂ’]ﬁ}ri=1:...:m- We lei Iy be ihe
rei of ruch poinie =

#. The wenior —L, V(2] gi(z) poinie i
ﬂﬂj'}ri=l:...:m- We lei Iy be ihe
rei of ruch poinie =

Finally arume

(B) ifz Ty ghen Vi(z) TV (x] and if z = Iy
fhen Vi) € V' [=).

Then fhere exinir o ghbally ammpiedoily siohi-
Bang feedhack o wmhich ir rmodh on LI

Beafore proving the theorem we make peweral

TAmArks.

Remark 3.2 Conditione (T1) and (T2] =il
guaranten [becauae of the form of the feedbad
lamr] that trajectories do oot remain on I They
will nof, howerer, guarantes that trajectories re-
main en either 7 ar & In fant an infinite mm-
ber of Rwdtchings hatarean thops twa ragions may
CASELT.

Remark 3.3 Condition (E] guarantess that
when & trajectory changes regicme the “enengy™
an mearural by the newr Lyapunoy fonetion deoes
oot inereass. This mndition is rather initios
and in mimilar to athers coneideresd in the libera-
tura [4]. Howewer it diffars mgnificantly in that if
doen oot requira knowledge of the aolution to the
diffarantial equation. It should be amphasized
that what makes this eenditinn ueeful is the e
inhemsa of An excplicit formmla for the stabilizing
frarar] bl

Remark 3.4 Condition (E] sould be elaxoed
rmmewhat mnes if £ & Iy (M, then the shabta
z can't e reached from either &7 er &8 with
tragantorien from the elosed loop sysbam.



Homark 3.5 K f &, ¥ areresl analytin then
tha reaulting feadback Lo in real analytie on 70
o

Froor.  (Shketch] The proof will follow the
linen of the proaf in [6]. Howeser, hera we
will nend to pay apecial abtemtion fn frajectories
which mwitch heatareen the regions O and 3.

Conrider the et 8§ = {(a.B) € B : b >
(0 or 2 <0} Define

o' | AT
von={ S 124

Then % i analytic em 8. (The function p =
wWife, b in A slution of b — 2ap — b = O far
(2.5) £ 8.) Definafor §j =12, i=1,... .m,
= £ MY the funchinme

o {z) = L4V 4{z)
Hix) = 1y Vifz)
wm=gﬁmf

The third eodition in the definition of f,
applied tn ¥/, MY in emiwmlent tn asking
that S(z) = 0 = af(z) < (. That in,
(ad(z) S (z)) €8 for j=1.2

Wa define feadbads lamm & = (M, K],
i=L12by

z=1]

M) ={ ﬂ—fét:h&tmf (z) Biz)) =40zl

Natica that (| = 7. The function & in mmoath
on M4 for § = 1.2, I f, g an well an ¥7 are
real analytic then k¥ in real analytie. On each
147 thin in the sume uniwersal formula used in
the smonth caea (Bea [7]).

We now define vechor felds 3 en MY, for
i = 12by ¥z) = fiz) + LT, gt:JgstsJ-
These wector filds are amooth on 47, By the
trannwmmality eonditione (T1) (T2), Af(z) painta
intn 4 en Ty for §= 1,2,

Neties alan that the fonetinn ¥ in & Lynpunow
funetinn for A en &, §= 12 Indesd

LV (x) ()
= LV (z) + MLy Viz) 4+ + KaLp Vi)
= of(z) — (=)o’ (=) & (z))
=@+ ()P < 0

Themain technieal difficulty is due to the fact
that & trajectary of A might leawe &4, But if it
doen . it must dn Ao thoough T

We define the fealback law kfz] an fllows

Miz) zed j=112
k(=) ={ .i'rjlz:::l =N
Miz) zela\Iy

Define & o be the closed loop vechor field.
Thet in Alz) = §(z) + T4 ks(z)aslz).

Tn prowe stability let v > (0 ba given. Lak
the minirmm walueaf ¥i(z) an 8B{0, )Y, for
j=12and nat p = minfp? p?] (where B{ r)
dencten the opan ball of radine = canbared atk (0).
Nrtira that g = (] hesune 1 in poEitive definita
for § = 1,2. Tale 7 £ ({I. p) and defina

Eo={z B0, mn{uT): Vi) =4} u
[z EB.F)A UL V=) = 4}

Firat wa prowe that K, s cloaed. Let 2, £
K. for all n, and & = limx,. Thers are thres
pearibilities: (a] £ £ ﬂﬂ: (b] £ £ C-"]: ar [n]
Fel'. Caren (a] and (b) aoe toeabed in the name
way. B, mpmeae £ £47. Then for soma N, wa
hawe oo £ forn > M. And henea V(2] <
¥ < p. By comtimity of ¥7, we get ¥(E] <
¥ € p Therefore, & = (7 M B{0,r), and henen
e K, If & €T thers must ecst & subesquencs
af { =y, } snmplately entained in either O e 9
Amuma [z, } C 7 in such A subsequence. Then
V{za,) = ¢ and by mnfinuity, V(%) = 3. Sa
ﬂ.gﬂ.:i.‘l'.‘l.i'-EEr.

Next = prove that R in inwariant, that is,
A trajentory starting in K remaine in K, Lek
mt] ba mch A trajectory and mpposs that for
amma > (1 g2] @ K. Lek iy =mp{t: ngiz] £
Hpfor(l = & < ¢}, Thera ars thres cases: (4]
W) € €7, () nlta) € O3, and {a) yite) T
Armume that f(ta) £ &7 (the e p{iy) = O i
treaber] analogoudly). Then for £ near &a, 7{t) £
G”.Eﬁr:i:nm.rq{tnj tha vartor fiald b mincides
with k. By tha Lyapunor prapecty (i) Tﬂ{q{tjj
in derraaning for & near 2y and therafora for some
= 0and (1 < i—dy < 5 wage qt] £ B((.r) and
Viinle)) < V7 inlia)) £ . But then nfz] € K,
frir iq < & < 5+ 5, which is & entradicton.

Amumea then that n{ta] £ I'. Bines K, in
dened, nita) £ K. Then, aither V7 (niza)] < 7,



or ¥inita)) € 7. From eonditiom (E) we eom-
eluda that V¥{n{ta)] <y for qiin) €Ty §=1.2.
I nfts) =Ty then Ag(ty)) pains towmrd 7. Sa,
for mmall £ > 0. 5] £ for 0t —dg <5 By
the Lyapunav prepeety (L) wa get V' (5(2)) < 7
for all such & This impliem that for such &
nit] £ K, which mnfradicts the definition of
ta. An analognun angument applies if niia) = a.
This eondudes the proof that Ky is invariant.

ijmrdim:ifﬁfnf?j: wa rAan Gnd 4 = ] much
that if ||z < § and 2 £ M then Vi (z) = 7.
Thin prowes shabdlity.

Binee K, 18 alen heunded, it is therefore cm-
part. Heing alan invariant we ermelude that trae
joactorien tarting in K, are defined for all 2 > 0.

Tn prove asymphotic stability we must show
that trajentoriem tad fn () a8 & tends to infinity

Let 7{t] baa trajentory of the dosed loop sys-
tem with gf(l] £ &7, Lat m = mplt @ gis) £
! for (1 < 2 < £}, By praperness of ¥ the fra-
jetery remains in {z : ¥ () < ¥I{n{())} and in
define] for all ¢ an long ae it giage in &7 Thae
fora, aithar m = no and s limyg e nit) = 0 (by
thartandard argumerta) or g{m) €T Moreorer
nim] g I'1 sines Al{n{m)) must paint towacds

in arder for 7 to oeach I Therafors, by tha
transwamality eoniditione, we mmet hase glim] £
I'y. Thin guarantees that the trajectory can be
sontimer begnnd 1 ines h(g{m)) = K (3(r))
and hi(nlm)) points intn 4. Repaating the pre-
eren aither nft] inin (2 for all ¢ and the eon-
wangen to (], or wacan find m much that g ) I
and pft] € &% for m < ¢ < 11, Continuing in this
way, ather the trajecary stays in (¥ for sme j
or wa obhain A eequenos T TH.... T, ..., Buch
that n{r,) . By tha L’;i'n.pu.un? praparty (E)
it in eny to shaw that Vin{n 1)) < Viin(n])
for §= 1,2 and all 4.

To cmplete the pooof e must showe that
] — 0. Wa poove this by showing that
V4 (n{m]) — 0. Thinin done following standard
argumerts. If any mubeequence (i, 1] stabi-
liwan st 4 3£ () then TV must be zern af neme
print an I'y {0} which winlates the transmreality
rnndditions. |

4. Bounded Cantrols

Uning the formula presented in [11] we can
guarantes certain bhounds on the aontoals.

Lot By = {5 ] = o 4+ 403, < 1}
Daflnition 4.4 Lat f and £ ha an in Dwfini-

Hrm 2.3 A fonetion ¥ M — B in called & eom-
ol Lyapunmr funciion mih conirode in By, folfh)
frr X on A if thaenditicme of Definikon 3.3 hald

with (i) raplaned by

(i) inf, peiBeV(z) + mEpVix) + o +
Nan Vizl} < 0 for sch 2 = W and
u By

Theorem 4.2 Wifh fie rame Aymiiens ar in
Therrem X1 huf replacing off wmi#h offfh e mhinin
a ginbally amympinficadly mabilizing feedhnok fan
u=k{x] which minfier k(z) = By

Py, The proof fnlles the same pakhern
an that of Theram 3.1 whers instead of uning
the function % wa ure the funchion ¢ deined by

bl
=1l

Tha procf that this funchicn achieres the de-
mirewl beunds i given in [11]. 1

5. Conchisions

We prowed A theorem which guarantess global
agymphotic stability under more genecal condi-
tirme than previoualy reparted. The eonditions
dn oot require Imowledge of tha ealution to the
diffarential aquation (or the Awitching times he-
tareen Aginne]. The mostruction of the feedbad
lam im mquite excplicit from the Lyapunoy funetions

WAL
ELA perrnd thenram gives hounded feedback eon-
troln prowided that the Lyapunow property ean
bes waryfied uning contoale in tha unit hall.

PIR aT
g(@;:{aﬁum
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