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Abstract

A unified approach to decidability questions for the ver-
ification of hybrid systems is obtained by the construc-
tion of a bisimulation. These are finite state quotients
whose reachability properties are equivalent to those of
the original infinite state system. This approach has
had some success in the reachability analysis of timed
automata and linear hybrid automata. In this paper,
we use results from stratification theory, subanalytic
sets and model theory of fields in order to extend ear-
lier results on the existence of bismimulations for cer-
tain classes of analytic vector fields.

1 Introduction

Hybrid systems consist of finite state machines inter-
acting with differential equations. Various modeling
formalisins, analysis, design and control methodologies,
as well as applications, can be found in [2, 3, 4, 8, 13].
Formal verification is one of the main approaches for
analyzing properties of hybrid systems. The system is
first modeled as a hybrid automaton, and the property
to be analyzed is expressed using a formula from some
temporal logic. Then, model checking or deductive al-
gorithms are used to guarantee that the system model
indeed satisfies the desired property.

Generally, a hybrid automaton has both discrete and
continuous variables. The discrete variables correspond
to a discrete set of locations and evolve according to
transitions called jumps. The continuous variables cor-
respoud to points in Euclidean space (or more gener-
ally on differentiable manifolds) and evolve according
to differential equations. In a typical hybrid automaton
model, like the one shown in Figure 1, each discrete lo-
cation has an associated differential equation according
to which the continuous variables evolve. If the con-
tinuous variables enter a region, called a guard, then
the transition between locations is enabled and may be
taken. If the solution exits a region called an invariant,
then a discrete transition is forced. The discrete tran-
sitions may reinitialize the continuous variables which
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Figure 1: A typical hybrid automaton

now evolve according to the dynamics of the new loca-
tion. All trajectories of the hybrid automaton originate
from an initial region and may be required to avoid
certain unsafe regions. Verification algorithms are es-
sentially reachability algorithms which check whether
trajectories of the hybrid system can reach the unde-
sirable regions of the state space.

Decidability results for analyzing hybrid systems con-
sider bisimulations [9]. Bisimulations are reachability
preserving quotient systems in the sense that checking a
property on the quotient system is equivalent to check-
ing the property on the original system. If an infinite
state hybrid automaton has a finite state (decidable)
bisimulation then the analysis and verification proce-
dure is decidable. Since the discrete dynamics are al-
ready finite, decidability results for hybrid systems de-
pend mainly on obtaining finite bisimulations for con-
tinuous dynamics. In this paper, we consider the prob-
lem of constructing finite state bisimulations for purely
continuous systems. More precisely, given an analytic
vector field on an analytic manifold and a finite fam-
ily of sets (describing initial conditions, guards, invari-
ants, unsafe regions), we would like to construct a finite
state transition system such that checking reachability
on the finite graph is equivalent to checking reachability
of the original continuous system.

To tackle this problem we need to restrict the class of
sets in our description. A very rich class is provided by
the subanalytic sets [5, 16]. Subanalytic sets have many
desirable “finiteness” properties. Using the theory of
subanalytic sets we present an algorithm for construct-
ing bisimulations of analytic systems. We show that
the algorithm terminates for various classes of vector



fields on R2. Moreover, we show how recent results
in logic model theory provide a suitable framework for
these studies.

In Section 2 we review the notion of bisimulations and
the algorithm for computing bisimulations for transi-
tion systems. Section 3 presents some basic facts about
subanalytic sets which are used in Section 4 to con-
struct bisimulations of analytic vector fields. In Sec-
tion 5 we present results in model theory which are
used in Section 6 to obtain classes of systems for which
the bisimulation algorithm terminates.

2 Bisimulations

A more detailed exposition of the material described in
this section can be found in [9]. A transition system
H = (Q,%X,—,Q0,Qr) cousists of a (not necessarily
finite) set @ of states, an alphabet X of eveunts, a tran-
sition relation —-C @ X X X @, a set Qo C @ of initial
states, and a set Qr C @ of final states. The transition
system is finite if the cardinality of @ is finite and it is
infinite otherwise. A region is a subset R C Q). Given
0 € X we define Pres(R) and Pre(R) as

Pre,(R)={q€ Q| 3p € Rand (q,0,p) e—}

Pre(R) = U Pre,(R).

Given an equivalence relation ~C @ x ) on the state
space one can define a quotient transition system as
follows. Let @/ ~ denote the quotient space. A ~-
block is a union of equivalence classes. For a region R
we denote by R/~ the smallest ~-block that contains
R. Thus, Qo/ ~ and Qp/ ~ are ~-blocks containing
the initial and final states respectively. The transition
relation — . on the quotient space is defined as fol-
lows: for Q1,Q2 € Q/~, (Q1,0,Q2) €— . iff there exist
q1 € @1 and g2 € Q2 such that (g1, 0,q2) €—. The quo-
tient transition system is then H/ ~= (Q/ ~, X, —~,

Qo/~,Qr/~).

The quotient system H/ ~ is a bisimulation of H iff for
all 0 € ¥ and all ~-blocks R, the region Pres(R) is a
~-block. A bisimulation is called finite if it has a finite
number of equivalence classes. Bisimulations are very
important because bisimilar transition systems gener-
ate the same language. Therefore, checking properties
on the bisimilar quotient is equivalent to checking prop-
erties of the original transition system. This is very
useful in reducing the complexity of various verifica-
tion algorithms where @ is finite but very large. In
addition, if H is infinite and H/ ~ is a finite bisimu-
lation, then verification algorithms for infinite systems
(for example, hybrid systems) are guaranteed to ter-
minate. A successful application of this approach for
timed automata can be found in [1]. It should be noted

that the notion of bisimulation is very similar to the
notion of dynamic consistency [6].

Two states p,q € @ are bisimilar denoted p ~ ¢ iff
there exists a bisimulation ~ such that p ~ ¢. It can
be shown that if p ~ g then

Bl peQriff g€ Qp
B2 if (p,0,p’) €— then there exists ¢’ such that
(q,0,¢") €= and p' =~ ¢

Based on the above characterization, given a transi-
tion system H, the following algorithm computes in-
creasingly finer partitions of the state space @ (alter-
natively, it defines successive equivalence relations with
the old equivalence classes being ~-blocks relative to
the newer equivalence class). If the algorithin termi-
nates, then the resulting quotient transition system is
a (finite) bisimulation. The state space @/~ is called a
bisimilarity quotient. At each step we define the tran-
sitions for the associated quotient system as described
carlier.

Algorithm (Bisimilarity for transition systems)

Set Q/~={Qr,Q\Qr}

while 3 R,R' € Q/ ~ and o € ¥ such that § £ RN
Pre,(R') # R, do

refine Q/~= (Q/~ \{R})U{RN Pre,(R’), R\
Pre,(R')}

end while

3 Subanalytic Sets and Stratifications

In this section we describe some fundamental proper-
ties of subanalytic sets (see [5, 15, 16] for more detailed
descriptions and proofs). Let M and N be real analytic
maunifolds (i.e. manifolds with real analytic transition
maps between coordinate charts) and let C¥(M, N) de-
note the set of analytic functions from M into N. Given
an analytic manifold U, we denote by X(C¥(U,R))
the Boolean algebra generated by the sets of the form
{z: f(x) =0} or {z: f(x) > 0}, where f € C¥(U,R).

Definition 3.1 Let M be a real analytic manifold. A
subset A of M is semianalytic in M if for every p € M,
there is an open neighborhood U of p in M such that
UNA e X(CYU,R)). If A C M is scmianalytic in
M we write A € SMAN(M). Define SBAN,.(M) and
SBAN(M) by

1. A € SBAN, (M) if and only if there is (NN, f, A*)
such that N is a real analytic manifold, f €
C¥(N,M), A* € SMAN(N), A" is relatively
compact and A = f(A*);

2. A € SBAN(M) if and only if A is a locally finite
union of members of SBAN,..(M).
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