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Chapfer 5)  CElR——
A random varable (rv) cs a numerica) descriplsn
of the outcome of a statcséea/ ,e)rper/’mcn'f ,

That &5 £ s a real-valued Lunction defimed on the
sample cpace S, Let X dewte a rV.. Then

EJ’? Real nunbers

W Toss a fmir coin fwece . The Sample. gce ¢S
S= S(H,h‘), (H,7), (ﬂ}/),(r,r)g .

Twis s discrete and finite .

Lot X= number of heads resufting on te o fosses,

Then X ic a nv. soce & provides a mamepical
description of the wex perimental outcome. We use
cap X fo denote the rivi and (¥ X # dendte (s
;7&}.9‘5/6 values sr ¢ realizat-tons?.  Each « carmrpom{v

fo a subset of #He sample spac€. So X assumes

[‘ZZS values wi'th ceviam mbdlyz‘/z,zlj T/,«f’s W}t)/ A (s
callect a random l/dr/&é/g
S
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Class notes for Monday & Tuesday, July 6 & 7.
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[Exomple 2] Toss a balanced die wnti] a five occurs.
S= $ F, NR NNF, NWVE, ...3

Let X= number of tosses reaquived looblain @ Lve
= 42,3, 4, ...

PX=1)= 174 , P(X=2)= 5.4 =2 (dsses are inkpevelad)
-
D £ (5 i g

%)= /5
P( X=%) (’é") T ) A=43,3
The r.v. X /mr{ 24 a/l:fcr‘de amol /771';:0?/‘1['6.

A& discrebe rvi may assume only a finte or
countable # of valueg. Thewr valwes  covrespored

}o sepavated pomts on a number Line,

—t— >
i 2 3 45 -

. For any Jiscrete rv. Xy the pmbagl/zfy
distribetion (s a Zable ) graph, or
Mzu%emm.‘/‘(d/ 75/);14{/4 /fmjf s,oecz‘ﬁ‘es Q{/

paS)“/é/C valites of the vy X and their
QSS’ac;(‘a{‘ed Proéa 15//:‘1_11‘65 . The P_’_Zé« ﬁcmaﬂr‘on,

wr L&f“ {3(«), g.ves the prob. “associcked with
vaué .
e $exy = PX=%) = peA.
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@mphzba,( ,Du‘s/?/a ys of a pmﬁaé(zlzz\y dl‘éér‘(;éuétm:

for @ diserete rv. X

line Okm?)/‘
L\(s%o% ram

Reburn to- Example 10 X= #of heads observel ™
two fesses of a falr com.

P
4 ( ‘ne %mﬁ/\ PC%):" R,X:'?A
o 1 A x
T
¢
Pér) 1.1 hu‘ﬁ%o% AV
T
¥ + i o)
o 1 & x

The wmLan Voll_\_{g.)/{/x\ alco Cd//([/ Y4 ‘e.xpediedﬂ

Yo IM€> EO(\) (s +he pofn‘f‘ (Valut’) where €

h«‘s%o?mmv balancecdd, we define i acs I/
%

# all ¥
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7he  variation (or spreac ) o ne /l/i(z/v?mm

(S clacsically, meacuved! éy he variance

X. We c/&/wr/f ¢ é? 0'; el (S

a/ffwfof as é/éws !

T, = vor (X)= Z ( #-.4,). P(x)

all

x
algebraic = ( Z ’X%F(ofl) - (/M7()2
L‘J&n‘ét‘{% all

*

Back tr Example «:

mean, Ay = 2, XPlE) = OP) ¢ 1fE1) + gp(a)
— ;’/ _
= O+ 1/%)+a(%z)

= %_-&i— = 1
VATLANEE T PER)= Op0) ¢ TR Dpe)
* = O+t Yh+HW) =15

Theny @r= (45)- G) = .5

SM(‘!&V/%IW: G;( = \[Ef = \”5 ~

e
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When o Séw(z%/'caﬂ _Q,vae,mv‘nen‘f 3 o/esz;”ev/ "
Su Q wadq Het on 4/7; one f;/\,‘pé/) one
ot two F@ﬁ/'é/e outdcomes will reswlb, we

call this a. Bermoull, Ll

For ~€)<am}3/€:
4. Toss « coln ounce. S: ngT}

2. Draw o wavble of vandom fman
urn with 4 yellows, 5 reds, and 6 greens.
Our ritevedt 15 i o(osewin% o yellow

mar ble.
We can /~aL \/&Ilaw = a Success
awncA red ov %N&/\ z A ?cu\er‘Q'

Thewn on an? one Jrau) (wd?’h rfp/acewnﬂ)

we observe o Success oy a Lulure

L we drow 3 marbles (m  suceesIon,

e ch tivne we replace the marole,

then on each tV‘l\ﬂ/é
o= P(success) = yellow) = -I%
g" F(ﬁu"/um) = 7—~,D>'7-/ﬁ§= %



Biromia| Experiment

We perform o Seauence of n indeperdent
and (dentica | Beymoull trrals, On @

each trial p- P(success) amdf 2= 1P

Nsw, the randem vaveble X = # of successes
obSerecé in the n '/:w‘als. The X ¢s CQ//ééf
a /D»%om;‘a«é random Vaw‘a,é/&

N.O{‘%'. Xf—"X, wWheve X=0,41,2,..,, N,

In 6xamp/e 2y /—U(Z X count ﬁ/l@#’ova“/e//dw
marbles drawn o £ricds.
X=0,1,2,3.
That's ot Bl Here N=3, and
'P:: ?(Su,CC€SS\ = FC\/,g”&u)) —_:%1 f:‘- %— ,
Shee  the marble ¢s rephcedd afler each
drewy P Cand hence %7 Stays the Same

P dreww -/0’ clmw ( o oraw (s « -Mag),

This, example 2. is am example of
bihowmiod W&w‘mewf:, an X (5 &«
bitomiold ..



LeA's ww\pvui.& the pra)oabflrk‘es cszocz‘afepQ LMt
eca pos:sf'éle value of X.

A= 11X " P(X=o)= 11
e gt
i )

by \ndepevdonce of
d raws.

Z o7 owkcome XS
SRNCLES

[ow many W ) < e QUENCES would
covrespond o X=2{ |

- 3t
SC:z 3_7‘1';‘*'3.

PCX=)= 3 {7%‘ (%.)

\=3. o\nl? one Seamemee LY. X
P(x=3) = G"ff ’

...‘?f



Lt = demete # af— obsexved Succesces (n
n Bernowlll Brtals o « bvn swial &J(p{l/;\%%iw

Then thevre are
Y\C7( WQ%S ‘)U’ OLMYV‘Q/ 7( S(ACCQS)

(&, theve ave Cx Seamsmces vieldivg.
X Successes,

in_ p= waCfuccesQ ol g';l'P-
then e genead watly prmule# for-
o bmem) Prob%!‘n\(l‘l\aﬂ «,:D(Vl(zl:f‘OM (S %I'V‘QM E@'
- P(X=) = L
g—(ﬁ\ = T(X %) nC/x P % v XEO)N% N

This ww\y\%}%’ﬂ, d escribes The de'l:V‘\‘)OVd“I‘OV\o

The ue,xP-co‘p’ecQ V\MW\’OQY muhnb{r‘ 0“: Sy ccostes
m o oS s
| A= NP
.W//avxd e vavrance OF X ) G:) S
?;v@v\ b 4

0x = nPg-

Hence,  shandavd deviation &S G= \npg- -

— Y-



K Qxavmplea% X= #of ye//ou) marbles m taree

dyears.
Then
)EL’X)”'P(X‘:?(\: 3C'x <%5K(JZ1'>H
1 ) *EON23
mean M,xcm - 3 . _
PERE) e e
Var Ux = Y\F?:‘ 5(} g/ s
ig ( = AL ¥  _
>’“(} ST 25 T.587
S"(:cle\l 0_ = .
AT\ e = L T66
|MIMITAR)  Example 2 yEM/OMW mpRBLE
@ Enter omnto C1  x=0,7,2,3
Name Ct X

@ wMame ci PR

@ Ma meny ar
Calc —? fmbabr'&:? Dixty budions = @w:mmﬁ

o Probabilitey Graph-» Bar chart
M\AW\L&YO% trieks - [z__j bav Npr‘e-scnf.{
P of Successt  [:3667 |
— , Gurpia vavtakle
@J.mpuu{' Column : @j X __?_,_1(?0
optinal Somget [EZ) PO | calegorical vavost
@1/’ %
2



Example 2: We draw three marbles at random in succession with
replacement frosan urn filled with 4 yellow, 5 red, and 6 green marbles. Let
X count the number of yellow marbles observed.

The probability distribution of X is binomial with parameters n=3 and
p=4/15=.2667. The results from MINITAB are:

Row x p (x)
1 0 0.39%4317
2 1 0.430237
3 2 0.156476
4 3 0.018970

Bar chart of the binomial probability distribution
' =3 and p=.2667

1
x = number of yellow marbles

— 40—



p(x)

© 0.05-

Scatter plot of p(x) vs x
Under Data View click on Project lines
This gives a line plot.

0.454
0.40-
0.354
0.30-
0.254
0.20-
0.151
0.10-

0.00+

0.0

05 1.0 15 20 25 3.0
x = number of yellow marbles
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et's wnsider [E xample 3\ Qgain.

The pq;u\gizign A box containg 6 bluemarloles avel

o ) BoX 4 ved warbles .
6B We can think of B ac & success
4 1L - R then as a &luve.
/0 marvles

when a marde (s dvawn Csampled)

there are ou(u {-wo Poss,'ble oukianes

S(B) or FCR\

Con use ths o5 a_model e o survey Samge. .

ek 3= woler ¢s rem‘s&rw( Dewocrakic

C |
\\ Lt N= #of regi&mg;@ﬂgﬁ‘m_ﬂ_w&g&ﬂ o
/

F= v " v Reqisteresd DEMOCRATIE .

,v(&;’la}%m registored) votor at ravdem. See ¢f 8lhe \7

S l’@%i‘sk'fé@g D or

D.

| E xperiment 1.

\
(

Exlmm'me&' _QLLMMW o

Marbles are chosen

ot _random 5 color 1S

§
{

arbles, are cheten
ot ramdem ., color >

___observed o but not

ﬁéwmﬂ 3 but them

\—f_@hweo() Fom a chfe population of
szh. Success here ts ¢

..;._____," ~ color s Bluwe.
Lot n=#of rals

(

&-,-F“”- T

Y marlle is replaced. |

Suc;es,g# coloy 1> Blue

ek X=#of blue marﬂas

. a samgle & p=5

 Hyperaesmedic & _gpmvwf;mf:

ek o prals

o m aSaW(eJ
_n=%

Biromial Exprrynest

bprguncta-Cogued

S random vaittble Crw

L
(
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thw X i o hugergwmefw‘c rnv. i)
Lot G = #0085 Successes

o L= #of fulures Lt n=epsample size (or
o - ot ey
T k{naj\[aféfz(ﬁjﬁop ctems in populecion
o = a+b,
)( X

The Dmédéé'/u ;4)441 l/m is '

F(Xd)@}" a~ 4‘4»—#% (4)1/ -)

7 7 A\

S N ( »)
mean= E(X\=n-S— s Var()=N-n . n.a_ .b
N N-L N N

I \When X isa BivomiaL rﬁ\
Lt n= #of triads = sample size

et p= poportion ( Fvob:zé/ln%) of syccesses on eachtrid?
. g=rP

Xzx.20,1,2y-" -, N

The prbothilfs famddion r:

1(/\,7\')— Cx P & l' "‘:W e
[ y) ] '
7 l (n-?O! v

e i) N S N .
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Q\ud:fovx When _can swb\hfa,__wiao_@ replatement % pepuldion
[‘ﬂu l%tm?mrd‘vlc, -e/rmv:ma«f\ be lanaﬁed ,
o ~Lebnicel approxnated by the Briommd
______________________ _ EM&MM Cre, asf we old replace ewch

Pmdiai% 3@{4&0\ When m(tre;{ecé o
o He #of Mf eecessods” oblamed »

1A Suvveq C sampling w:fbuf: wiploemsl),
when am we ek W XM X_hat a bimanrsd
ool home© (JA-Q“I:AQ /:vwmrak@,prvé ﬁdnd#m ,,,,,,,,,,,

.W_Mﬁ%m & vamz_&7 S
_ Recall’, — R
var (bvomal X)) = nps. \brchapc_rgeo. N=Mons P

i N/

e Sepuets

e ComplM
- WAL F lac:cmw.
| » PP a/ si2e

C?pe-C'7

A
v
b,
N

(\P DEN

e When o5 = 5% —(rhe S rifed—
N ,,




jiso" vopp 4 fom < 05 *= G- = v ; ,
s MY pao qud gabedhy T ﬁ a1t = =N\ -%q = S
raidn G quid gaweny >yl Aol 918" = F [\ =Xy =0
|
e L ¢ e
$60% = £\ - p-(oas , ma\m;m gTE =
a o , .19 )
S =7 e—9 5 g = (K
.nwm T lm,\..m = 7! d |
a2/ @ = o/ ,
=% IM» ' G nCQté\/ A 33&5. MY Sapav anq m.n,\q\. Y “fx.uvm
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. Poisson Distn budion | o ,
T X count the numbtr of " qpeuts’ Mot occuy”

ovtY a_ perract Cinberf) of fime & OF OV Q. g o
area_ov wolume. (4 6.&4{@@& the rafe #f occuvrenceg

. pay it (Euney areay yolume, etc) . Then
- Pméa/xﬂj/ %’m of such a ry. can he m‘fe%\ medthaf

by fe PoranM%ﬁ%leéjg@M -
R XEE s

x!
: [/Vd-{’ e x &.7'/75\, Round _#He preb. ;‘oé)_i»
c/eaw’f\q\ﬂ p/aces.«
Mote Maagﬁ)(},_aégs,_MQCQX)M?_Q:LE:_QL_WM_ .
- _Tle  wmean omel  pavtance o€ fhe same |
ol I‘L /3 —t.AAAm/Q ‘[‘0" g .'!

EXAMPLE

Phone calls arrive at the rate of 48 per hour at the reservation desk for Regional Airways., B
a. Find the probability of receiving three calls in a five-minute interval of time.
R b. Find the probability of receiving exactly 10 calls in 15 minutes.

. Suppose no calls are currently on hold. If the agent takes five minutes to complete the cur- - -

rent call, how many callers do you expect to be waiting by that time? What is the proba-
e bility that none will be waiting? :
d. Ifnocalls are currently being processed, what is the probability that the agent can take three
~minutes for personal time without being interrupted? ‘
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B T\ne @o:&)‘on ci:sf:wé)uilm\ Can be useaﬂ Ji!!' é
R a@pmximg_ﬁ +the bmomial dlst\d bubion  when -
,,,,, N s Lg;fe, and P=prob: of success s Small .
Wﬂ*j&% 7 S * }
A %ood’ wld - of - Humb £2 vhen Vl s /arq-e,

o mouQJ/L und P s “Swall wnseghc s whon

A= np < 5 . )
o A ,
Thow @an use  PX Az 3:5(@’ - B

o pproximet® n! X an _
L I _______————-Crk N
S %l )] -

. Examfe

—_— Example 6-29 If approxnmately 2% of the people in a room of 200 people are left-handed, find the —
probability that exactly five people there are left-handed.
777777 Solution
o Since A = n - p, then A = (200)(0.02) = 4. Hence, o
—4(4)5
S pux = LB oy B

which is verified by the formula ,00C5(0.02)3(0.98)'% = 0.1579. The difference between
the two answers is based on the fact that the Poisson distribution is an approximation

R and rounding has been used.
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7_/18 My HTV,_\,QMM ‘ Dr Sﬁwlouizm/( .

WA(V\ /\f/(bn&é e 5/)70”1/6’—/ ,ew(r/macé Fo
mcdude  three€ or more  poss/ble. outimnes

on each tr-ca/ﬂ Hen this (s called a

b pomtof Ww‘m%ﬁ

Lt E, E.,... Ex represent the K-poss/ble outiumas
(ot Piy P -, Py r»(pnesutt Ye corvegpavink Pmbﬂ(u’(‘
Rt vhe vespectiVEyent E; ocours. Them P,g: A= d
Rrlemn N hrink, Lt X, = #of +robs MMME‘/

X, = #of drials reSulx‘vM%M EL\ sy X = O treuds rem,#m;
" Ex., Then X +2+-+ Ap=N= fore/ #ol briats.

ave oomspom Mp‘ P
1;@}1100&1:_1( ud:luﬂsuofnmes

The 4)(?46-{%00 /uu:tbev* :f[
folds v\esuc(iw,@r i el
i CG’(/c(rcme ¢ ) F

7 P: 4NPrt AN ﬁc L




xample 6-24

In a large us.,, 50% of the people choose a movie, mmm anlio gl -l
20% choose shopping as a leisure activity. If a sample of five poople is nandiomlly se-

lected, find the probability that three are planning to go to 2 mwewie, one 4o a iy, OA%

one to a shopping mall. ﬂ = ' f &g

Solution

n=5X=3,X=1X=1p =050p, =030 and p; = 0.20. Substitsetiing ib-thc
formula gives : ‘ ‘
5!

PX) = o7 (0.50)%0.30)'(0.20)" = 0:15

Again, note that the multinomial distribution can be used even though rephacexent
is not done, provided that the sample is small in comparison with the population.

" A box contains four white balls, three red balls, and three blue bajl

if five balls are selected, two are white, two are red, and one is blue.

az’xz ;X lpl ‘%vp"":% andp_;=135;l'mé,

PX) =3 2' T (10)(10)(10)

advantage of allowing m 0 compute probabdm whet those ae

random, and its color is weitien down. It is ; replaced each time. Find the MM .

EUUUTUUUTRISOPI SOSPPIPPPRRTSTRTEISARLS

mhmﬁwﬂnuupenmmmatmum n&sjcfmél‘

distribution, and the binomial distribution is a special cose off th i diiibuion:

e e e e i i e -
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s et



