APPENDIX A

Normed and Inner Product Vector Spaces

A.1. Inner Product Vector Spaces

The concepts of a norm and an inner product on a vector space formalize,
and the same time generalize, the Euclidean notions of length and angle. In
this chapter we make a brief and necessarily rather sketchy presentation of these
concepts, and show how they appear in the context of vector spaces, both finite
and infinite-dimensional. We start our presentation by introducing the notion of
an inner product on a vector space.

Let V' denote a real vector space. An inner product on V is a real-valued
function

() VxV =R (A.1.1)

which is bilinear (linear in each argument), symmetric and positive definite. Being

positive definite means that
(v;v) >0, for any vector v €V, (A.1.2)
and
(v;v) =0 if and only if v =0. (A.1.3)

A vector space with a given inner product is called an inner product vector space.
Be aware that any particular vector space may admit several different inner prod-

ucts.

ExAMPLE A.1. Consider V = R"™. The standard Euclidean inner product is
defined as

(v;iw) = Zviwi, (A.14)

where v = (vq,...,v,) and w = (wy, ..., w,). This is not the only possible inner
product on R", although most important. For example, let ¢q,...,c, be a set of

7
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positive numbers. Define the weighted inner product
(viw) = Z CiUW; . (A.1.5)
i=1

EXAMPLE A.2. Let [a,b] be a bounded, close interval on R. Consider the
vector space Cla, b] of all continuous functions f : [a,b] — R, and define an inner

product as
(f1g) = / f(@)g(x)dz. (A.16)

Notice that the assumption that all our functions are continuous on [a, b] is essen-
tial for the given product to be definite. Relaxing the continuity assumption and
extending the selection of functions to include functions which are, for example,
piecewise continuous creates problems. Indeed, consider a function A which is
zero everywhere on [a, b] except at a single point, at which it is 1. It it obvious
that (h;h) = 0 despite the fact that h # 0.

The inner product function spaces play essential role in the development of

the theory of Fourier series and the solution to the boundary value problems.

Given the inner product vector space V there exists a norm associated with
the given inner product. Such a norm is defined as the square root of an inner

product of a vector with itself:

v [|= v{v;v). (A.1.7)

The positive definiteness of the inner product implies that the norm (A.1.7) is
nonnegative, and that it vanishes if and only if v € V' is the zero vector.
In general, a norm on the real vector space V is a non-negative , real-valued

function
|- :V—RY (A.1.8)
which is homogeneous:
|ev|=lc| [| v, forany ceR, and vevV, (A.1.9)

satisfies triangle inequality:

Iv+w ||| v+ ] w] forany v,wevV, (A.1.10)
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and is positive definite:

| v|[=0 ifandonlyif v=0. (A.1.11)

EXAMPLE A.3. The Euclidean inner product (A.1.4) induces on R™ the norm

(A.1.12)
The corresponding weighted norm takes the form
(A.1.13)
The L?-norm on Cla, b] is:
b
171y [ srds (A.L.14)

On of the most important relations between the inner product of two vector

and the associated norms of these vectors is the Cauchy-Schwarz inequality.

THEOREM A.4. Every inner product satisfies the Cauchy-Schwarz inequality
[(viw) <[ vl w], v,weV. (A.1.15)
Equality holds if and only if the vectors v and w are parallel".

PROOF. First, observe that if any of the vectors v, w is zero the inequality is
trivially satisfied as both sides vanish. We, therefore, assume that both vectors

are different from the zero vector. Second, consider the function
f@O) =l v+tw [

where ¢ € R is an arbitrary scalar. Using the bilinearity of the inner product and
the definition of the norm (A.1.7) we obtain that

F@&) = w* & +2(viw)t+ | v | .

ITwo vectors are considered parallel if there exists a scalar such that one vector is the
multiple of the other. According to this convention the zero vector is parallel to every other

vector.
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The function f(¢) in nonnegative and it attains a minimum as its leading coeffi-
cient is positive. The minimum is taken at a point at which the derivative f’(t)

vanishes. Namely,
Fty=2wlft+2(viw)* =0,

when
(v;w)

w17

Substituting this into the definition of the function we obtain that

(v; w)?
v 7>

ZTwE or equivalently || v ||2H w H22 <V;W>2.
W

Taking the square root of both sides completes the proof. 0

Two vectors v,w € V, of an inner product vector space V', are called orthogo-
nal if (v;w) = 0. In R" (with the Euclidean inner product) orthogonality means
geometric perpendicularity. In spaces of functions such geometric analogies are
not available. Also, being orthogonal with respect to one inner product does not

imply being orthogonal with respect to another inner product.

ExaMPLE A.5. Consider the space C[0, 7] with the L?-inner product. There,

the function sin x is orthogonal to cosz. Indeed,
™ 1 K
(sinx;cosz) = / sinx coszdr = Esinzx = 0.
0 0

EXAMPLE A.6. Let P?[0,1] be the space of all polynomials of degree not
bigger than 2 defined on the interval [0,1]. It is elementary to show that the

polynomials 1 and x are orthogonal with respect to the standard inner product,
<CLO +a1xr + ang; bo + ble + b2$2> = CL(]bO + a1b1 + agbg.

However, the same two polynomials are not orthogonal in the L?-inner product
as
1 1
1 1
(1;z) :/ vdr = ~a°
0 2
One of the consequences of the Cauchy-Schwarz inequality is the triangle
inequality (A.1.10).

0
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THEOREM A.7. The norm associated with an inner product satisfies the tri-
angle inequality

[v+w<[vI+]w] (A.1.16)

for every pair of vectors v,w € V. The equality holds if and only if v and w are

parallel.

PROOF. Consider || v+w ||? and use the Cauchy-Schwarz inequality (A.1.15)
to show that

Iv+w =] v* +2(viw)+ || w ||*
2
<Iv P +2 v Il w i+ 1w = v+ w7

Taking the square root of both sides of the inequality completes the proof. [

A.2. Normed Vector Spaces

An inner product vector space has the associated inner product norm, as
we showed in the previous section. On the other hand, a vector space may be

equipped with a norm which does not come from any inner product.

REMARK A.8. Given a norm in a vector space we may define the notion of a

distance between vectors:
dv,w)=||v—w] . (A.2.1)

Realize that this function possess all the properties we expect from a function
measuring distance. It is symmetric, vanishes if and only if v = w, and satisfies

the triangle inequality
d(v,w) < d(v,u) + d(u,w) (A.2.2)
for any choice of vectors u,v,w € V.

Let us look now at some norms which are not associated with any inner

product.

ExamMpPLE A.9. Consider again R". The 1-norm of a vector is defined as:

v [[i= o]+ + |val. (A.2.3)
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The p-norm, for any integer p > 1, is

v =1 P (A.2.4)

Taking p to oo yields co-norm
IV lloo="sup {fvil}. (A.2.5)
1<i<n
We leave as an exercise to verify that these are indeed well defined norms?.
The norms in R™ have they counterparts in the space of functions.

ExAaMPLE A.10. Consider once again Cla, b], the space of all continuous func-

tions on a closed, bounded interval [a, b]. The LP-norm is defined as

= ([ |f(x)!”x); | (A26)

Respectively, the L>°-norm is defined as
I f lls=sup {[f(z)[}. (A.2.7)
a<z<b
The L?-norm is the only norm associated with an inner product.

Having all these different norms available one may wounder if they are equiv-
alent in some sense. The answer to this question depends on whether the vector
space is finite-dimensional like R™ or infinite-dimensional like the space Cla, b].
That is, any two norms in a finite-dimensional space are equivalent in the follow-

ing sense:

THEOREM A.11. Let || - |1 and || - ||2 be any two norms in R™. Then, there

exist positive constants ¢ and C' such that
cllviilivi< v (A.2.8)
for every v € R™.

The proof of this fact can be found in [Lang].

2The triangle inequality for the p-norm, known as the Hoélder inequality, is non-trivial,

[Taylor]|.
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EXAMPLE A.12. Let us compare the 1-norm and the oco-norm on R"™. To this
end, note first that || v ||co= sup{|vi|} < |vi|+ -+ |v,| =] v |}i. Thus, we may
choose in (A.2.8) C' = 1. Also, || v |lo=sup{|vs|} = L (Jui| +---+]va]) = L |

v ||1. Therefore, ¢ = 1 and we have that
1
SV =y leslv Il (A.2.9)

The important consequence of the equivalence of norms in any finite-dimensional
vector space, for example R”, is that the convergence of sequences is norm inde-
pendent.

We say that the sequence {v¥)} C V' converges in the norm to v € V if the se-
quence of scalars || v(¥) —¥ || converges to 0. It is evident from Theorem A.11 that
the convergence with respect to one norm implies the convergence with respect
to any other norm. Also, the convergence in the norm implies the convergence
of the individual components, i.e., vi(k) — ;. The converse is obviously true as

well. This is, in general, not true in infinite-dimensional spaces.

ExAMPLE A.13. Consider the space C|0, 1]. The sequence of continuous func-
tions
—nx+1, 0<z<

0,

falz) =

—_ 3=

X

3=
IA
IA

is such that its L>°-norm
| fu llo=sup {|fn(®)[} = 1.
0<z<1

On the other hand, the L?-norm is

N

| fo ll2= (/On(l —nx)gdx> — \/%

It approaches zero when n — oo. Therefore, there is no constant C' such that

I follee< € S ll2

for this choice of functions, and so for all functions in C[0,1]. This proves that

the norms L and L? are not equivalent in C[0, 1]. Notice, however, that

I f 12<I £ lloo (A.2.10)
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for any f € C[0, 1]. The convergence in the L>-norm implies the convergence in

the L2-norm but not vice versa.

A.3. Complex Vector Spaces

In this section we present a few basic facts about complex vector spaces that is
the vector spaces in the definition of which the set of real scalars is replaced by the
set of complex numbers C. In this set of notes, where we deal with real quantities
like the measure of deformation or temperature, we use complex numbers and
complex vector spaces primarily to simplify presentation of periodic phenomena.
There are, however, physical theories, e.g., quantum mechanics, where complex
valued functions are intrinsic as they describe basic physical quantities.

The fundamental example of the complex vector space is the space C" consist-
ing of n-tuples of complex numbers (uy,us, -+ ,u,), where uy,...,u, € C. We
can write any vector u € C" as a linear combination of two real vectors x,y € R",
namely u = x + ¢y. Its complex conjugate u is obtained by taking the complex
conjugate of its coordinates, that is u = x — 7y.

Most vector space concepts curry over from the real case to the complex realm.
The only notable exception is the concept of the inner product. Motivated by

3

the desire to have the real associated norm” on a complex vector we define the

inner product on C" as
V- W = 0W1 + VWsy + -+ + vn@n, (ASl)

where v, w € C". This construction is known as the Hermitian inner product on
C". For example, if
v=_(i,—1), and w=(1+1,1),
then
v-w=i(l—1d)+ (—1)(—i) = 1+ 2i.
However,

w-v=(1+4+1)(—i)+i(-1)=1-2i

3Complex numbers cannot be ordered. Therefore, it does not make any sense to have a

complex number z > 0.
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which shows that the Hermitian dot product is not symmetric. It conjugates,

however, under reversal of arguments. Indeed,
W-V=V-W, (A.3.2)

for any v,w € C". Also, the dot product is " sesquilinear”, rather than bilinear,

(ev) -w=c(v-w), while v-(cw)=2¢(v-w). (A.3.3)

On the other hand, the associated norm looks the same as in the real case:

[vi=vv-v=yV]n?+- -+l (A.3.4)

and it is positive for any v # 0. | - | denotes here the complex modulus.

The general definition of an inner product on a complex vector space is based
on the Hermitian dot product on C" and it states that an inner product on a
complex vector space V' is a complex-valued function (-;-) : V' x V' — C which is

sesquilinear, positive definite and such that

for any pair of vectors v,w € V.
One can show that the Cauchy-Schwarz inequality (A.1.15), in which the
absolute value is replaced by the complex modulus, holds for any inner product

complex vector space.

ExXAMPLE A.14. Let C[—m, 7| denote the space of all complex valued contin-
uous function on the interval [—m, 7] C R. The Hermitian L*-inner product is
defined as

1i9) = 5= | sy, (A35)

The associated with this inner product norm is

Hf%(/}ﬂmﬁag (A.3.6)
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For example, the set of complex exponential e**, where k is any integer, is an

orthonormal system of functions. Indeed,

k=m,

) ) 1 T ) 1 T L,
<€zk‘x; ezm:c> _ / ezkme—zmxdx — GZ(k_m)xdl' _ (A37)

Com — 2r - 0, k#m
where we utilized the fact that e®*™ = (e”)k = (cosm + isinm)® = (=1)k. The
orthogonality property (A.3.7) of complex exponentials is of significants in the

Fourier theory, as we will see in the next chapter.



APPENDIX B

Fourier Theory

This chapter serves as a brief introduction to the Fourier theory and related

topics.

B.1. Fourier Series

The basic object of study of the Fourier theory is an infinite trigonometric

series
Qo

5 +Z[akcoskx+bksinkx], (B.1.1)

k=1
called a Fourier series. In general, such a series may not converge without ad-
ditional assumptions about its coefficients. We would like to know if a Fourier
series can converge to a function, and whether a function can be represented by

a Fourier series.

A Fourier series of the function f(z) is a Fourier series (B.1.1) where

1 ™
ap = —/ f(z) cos kxdx, k=0,1,2,..., (B.1.2a)
™ —T

1 ™
b, = —/ f(z) sin kzdx, k=1,2,3,..., (B.1.2b)
™ —T

and where we assume that the integrals are well defined. In fact, as we will see
later, these integrals are well defined for a quite a broad class of functions f(x).
This obviously does not guarantee the convergence of the series, and certainly
not to the function f(x). The choice of the coefficients is, however, dictated by
our desire to be able to represent a function by a Fourier series. Indeed, suppose
that f(z) is well approximated over the interval [—m, 7] by a Fourier series, that

1S

I

f(z) % + Z [ay, cos kx + by sin k| (B.1.3)

00
k=1

87
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for some choice of the coefficients a; and bx. Multiply both sides of (B.1.3) by

coslx and use integration by parts to show that

1 [7 1 (7
—/ cos kx cos lzdr = —/ sinkx cosledr =0 if k#1,, (B.1.4a)
LR T J-n
and
1 [7 1 [7
—/ cos® lxdr = —/ sin? lxdr = 1. (B.1.4b)
TJ) TJ)

This implies immediately the choice of the Fourier coefficients (B.1.2).

ExaMPLE B.1. Consider the function f(z) = x. Computing its Fourier coef-
ficients directly we obtain that:

1 [" 1 ["
aoz—/ xdx =0, ak:—/ x coskxdr =0, (B.1.5)
T ) x T ) x
and
1 [" 1| xcoskr sinkx 2
b = — inkrdr = = |- o= (-DML (B
k 7T/Trxsm xdx W{ ’ + 12 }_W k‘< ) (B.1.6)

The vanishing of the coefficients ay, is a consequence of the fact that the function
x is odd while cos kx is an even function. Therefore, the Fourier series of f(z) = x
is

22 ’““Slnkx. (B.1.7)

It is not an elementary exercise to determme the convergence of this series. But,
even if we overcome this obstacle and determine that it converges, one does
not know what it converges to. For example, it certainly does not converge to
f(z) = x. Indeed, at = 7 the series (B.1.7) converges to 0, as every term in

the series vanishes at 7, while f(7) =7 # 0.

As our example shows the convergence of Fourier series is not a simple matter.
The standard tests used to analyze the convergence of power series fail. Also,
power series always converge at least at 0 or on an interval (possibly infinite)
centered at 0. Fourier series, on the other hand, may converge on rather un-
usual sets. Moreover, as all components of a Fourier series are 27 periodic the
series will, in general, converge to 27 periodic functions. The power series and

the Fourier series differ also by what they converge to. Indeed, if a power series
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converges on an interval it converges to an infinitely differentiable function as
all its derivative series converge to the corresponding derivatives. Such functions
are called analytic. A Fourier series, on the other hand, may converge to dis-
continuous functions and even to such a ”bizarre” function as the Dirac delta
function.

We will look first at the issue of periodicity of the limit of a Fourier series.
Given a function f(z) for —m < 2 < 7 let us define its periodic extension as a
function f(z) defined everywhere and such that f(z + 27) = f(x), and f(z) =
f(z) for —m < & < 7. To this end, let x € R. Thus, there exists a unique integer
m such that (2m — 1)7 < x < (2m + 1)m. We therefore postulate that

f(x) = f(x — 2mm) for 2m—1Dr <z < (2m+ 1)7.
Such a function is obviously unique, 27 periodic, and coincides with f(z) on
—m < x < w. In most cases such a periodic extension is not a continuous

function. It is, however, ”piecewise continuous”.

DEFINITION B.2. A function f(z) is called piecewise continuous on the inter-
val [a, b] if it is defined and continuous except possibly a finite number of point.
Moreover, at each ”point of discontinuity”, say z;, the left and the right hand
limits

Jr(zi) = xlg?+ f(x), J-(z:) = mlifi{ f(x),

exist. A function defined on all of R is piecewise continuous if it is piecewise

continuous on every bounded interval.

Note that according to this definition a piecewise discontinuous function may
not be defined at a "point of discontinuity”. Even if it is defined its value f(z;) is
not necessarily equal to either right or left hand limit. Such a point x; is called a
gump discontinuity and we say that the function f(z) experiences a jump of the

magnitude
[f(@i)] = f(:) — f-(x2). (B.1.8)
If the function f(z) is piecewise continuous its (formal) Fourier series is well

defined as the function is integrable on any closed interval. The convergence of
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such a series, even if the function is continuous on [—m, 7] interval, is still not

guaranteed.

DEFINITION B.3. A function f(z) is called piecewise C' on the interval [a, b] if
it is piecewise continuous on [a, b], and continuously differentiable on [a, b] except
possibly a finite number of points. If x; is such a point then the left and right

hand limits

file) = lim f@), () = lim (), (B.L9)

exist.

Note that a piecewise C! function may have points at which either the function
experiences a jump but the left and right hand derivatives exist or it is continuous
but its derivative experiences a jump. The periodic extension of the function
f(x) = z has jump discontinuities of the first type at =+ 2mm while the absolute
value |z| is continuous everywhere but its derivative experiences a jump at 0. We
are now in the position to state the convergence theorem for Fourier series. The

proof will be presented in Section B.4.

THEOREM B.4. Let f(x) be a periodic extension of a piecewise C* function

on [—m, |, then its Fourier series converges at all x to:

f(zx) whenever f is continuous,

1r- ~
5 fo(z)+ fo (m)] if x is a point of discontinuity.

In other words, if in the definition of the periodic extension we replace the

values at any discontinuity point x by

fa) =5 [F@)+ 7).

the Fourier series of a piecewise C! periodic extension f (x) will converge to f (x)

everywhere.
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ExXAMPLE B.5. Let us revisit example B.1, but let the periodic extension of
f(z) = x be such that

f(@m+1)7) =0, for any integer m.

Then the Fourier series

22 kﬂsmkx

converges everywhere to the "new’ perlodlc extension, and the convergence prob-
lem we previously encountered at 7 is solved. Indeed, for any x = (2m + 1)7 all

terms in our Fourier series vanish.

EXAMPLE B.6. Let f(x) = |z|. Observe that as |z| is an even function its

periodic extension is continuous. Its Fourier coefficients can easily be computed:

1 [ 2 [7
aoz—/ \x|dx:—/ xdxr =,
TJ) 7 Jo

2 [T 4
ap = —/ rcosxdr = e if k£ is odd, and otherwise 0.
T Jo

1 ™
by = —/ || sin xdx = 0,
™ -7

as the function |z|sinx is odd. Therefore, the Fourier series of f(x) = |z| is

cos(2k + 1)
- — = . B.1.1
Z G (B.1.10)

According to Theorem B.4, it converges to the periodic extension of f(z) = |z|.

In particular, if x = 0 we obtain that

o0

T 4 1
— = — S B.1.11
2 w; (2k +1)2 ( )

This series can be used to obtain an approximation to the number .

As we have noted in Examples B.5 and B.6 the coefficients of the Fourier
cosine series of the function f(x) = z, and the sine coefficients of the function
f(z) = |z|, are 0. This is not a coincidence, but rather a consequence of the fact
that z is an odd function while |z| is an even function. Indeed, the following
proposition, whose proof is elementary and will be left to the reader, generalizes

our observations.
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ProOPOSITION B.7. If f(x) is an even function then its Fourier series sine

coefficients by all vanish, and f can be represented by a Fourier cosine series

12

Qo >
f(x) b +;ak cos kx. (B.1.12)

If f(x) is odd, then its Fourier series cosine coefficients ay all vanish. Thus, f

can be represented by a Fourier sine series

o0

flz) = Zak sin k. (B.1.13)

k=1
Conversely, a convergent Fourier cosine (sine) series always represents an even

(odd) function.

B.2. Differentiation and Integration of Fourier Series

Knowing that power series can be differentiated and integrated term by term,
and that these two operations do not change (except for the end points of the
interval of convergence) the convergence of these series, it make sense to inves-
tigate whether a similar property holds for Fourier series. The main difference
between these two cases is that the power series converge to analytic functions,
and hence can be freely differentiated and integrated, while the Fourier series may
converge to functions of very different degrees of smoothness. Thus, investigating
differentiation and integration of Fourier series we must pay careful attention to

the regularity of its limits.

Integration. When attempting to integrate a Fourier series we are faced with
the fundamental problem that, in general, the integral of the periodic function is
not periodic. However, a Fourier series consists mostly of sine and cosine terms
which when integrated are also period functions. The only term we are evidently
going to have a problem with is the free term ay/2. Hence, we will first try to

integrate Fourier series with the zero constant term:

a0:%/_7r f(z)dx = 0.

This shows that a function has no constant term in its Fourier series if its average

on the interval [—m, 7] is zero. The periodic zero average functions are the once
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that remain periodic upon integration. Indeed, using the definition of a periodic

function one can easily confirm the following property:
LEMMA B.8. Let f(x) be 21 periodic. Then, the integral
oa) = [ flayis
is a 2w periodic function if and only if f has zero average on the interval [—m, ).
Furthermore, simple integration by parts shows that:

THEOREM B.9. If f(x) is a piecewise continuous, 21 periodic function, and
has zero average, then its Fourier series can be integrated term by term to produce

the Fourier series of
’ - ag . by
xr) = dy = m + —sinkx — — cos kx| , B.2.1
o) = [ sty =m+ 3| ! (B.2.1)

where

is the average value of g(x).

Note that integrating the Fourier series (B.2.1) on the interval [—7, 7], and

observing that the average of any odd function is zero we obtain that
[e's] bk
m = —. B.2.2

This provides a convenient alternative derivation of the sine coefficients of a

Fourier series.

EXAMPLE B.10. Let us consider again the function f(z) = x. This function
is odd hence, has zero average. Integrating its Fourier series (B.1.7) from 0 to x

we obtain the series
o0 (_1)k71
QZT (1 —coskzx).
k=1

The constant term of this series is the average of z?/2. As in (B.2.2):

. 2 (—1)kt 1 [™a2? w2
"L ; R, 27T
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This immediately yields the Fourier series of the function z?:

g__4z kHcosk:c

As 2% is an even function its Fourier series converges everywhere to its periodic

extension.

Differentiation. As much as integration is making functions nicer, differen-
tiation does the opposite. Therefore, in order to secure the convergence of the
derivative of a Fourier series we must start with the sufficiently nice function;
but how nice. If the Theorem B.4 is to be applicable the derivative f’(z) must
be piecewise C'. This means that the function f(z) must be at least continuous

and piecewise C2.

THEOREM B.11. If f(x) is continuous, piecewise C* and 2 periodic, then
the term by term differentiation of its Fourier series produces the Fourier series

for the derivative

g(x) ) = Z k [by cos kx — ay, sin kx| . (B.2.3)

k=1

ExAMPLE B.12. Consider again f(z) = |z|. Differentiating its Fourier se-
ries (B.1.10) we obtain

- Z sin kx. (B.2.4)

On the other hand, the derivative of the absolute value |z| can be represented as

a difference of two step functions

1, x>0,
o(z) —o(—z) =
-1, x<0.

A simple calculation shows that the Fourier series of the step function o(z) is

N | —

2 <= sin kx
— ) B.2.
HZ: . (B.2.5)
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It is now easy to see that the derivative of the Fourier series of |z| is indeed the
Fourier series of the difference o(x)—o(—x). Moreover, according to Theorem B.4

it converges to it.

REMARK B.13. So far, we have defined a Fourier series on the interval [—, 7]
only. This procedure can obviously be easily adopted to any other 27 length
interval. In many applications the functions we deal with are defined on intervals
of other lengths. Therefore, it would help to show how the formulas we developed
so far change if we change the length of the interval. First, let us note that any
symmetric interval [—[,[] can be rescaled to the interval [—m, 7| by the simple

change of variables

The rescaled function

Going back to the original variable x we deduce that

k k
% —|— Z {ak Ccos ﬂ + by sin g] , (B.2.6)

where, thanks to the our change of variables, the Fourier coefficients a; and b

have the modified formulas

1/ k 1 /! k
= 7/ f(z) cos %dm‘, by, = 7/ f(z)sin %dw. (B.2.7)
1 1

According to our convergence Theorem B.4 the given Fourier series converges to
the 21 periodic extension of f(z) with the midpoint values at jump discontinuities,
provided f(z) is piecewise C' on [, 1].

If the function f(x) is defined on an arbitrary interval [a, b] then the first step
in the process of developing its Fourier series is to rescale it into a symmetric
interval. This can easily be done by the translation

1
y::c—§(a+b).
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The new interval [3(a — b), (b — a)] is symmetric of length b — a, and the latter

procedure can be utilized.

B.3. Complex Fourier Series and the Delta Function

A natural, and often very convenient, generalization of Fourier series is its
complex counterpart, where exponential functions with complex exponents re-

place sine and cosine functions. Indeed, using Euler’s formula
e = cos kx +isin kz, (B.3.1)

we can represent trigonometric functions sine and cosine as
eikac + e—ikx eikaz _ e—ikx

coskr = — and sinkz = — (B.3.2)

Substituting these relations into a Fourier series of a piecewise continuous (real

or complex valued) function we obtain a new Fourier series representation

i c_pe kT 4 i cpett = Iio el (B.3.3)
k=1 k=0 k=—o00
where
cp = %(ak + ibg), if k<o, (B.3.4a)
and
cp = %(ak — iby), if k>0. (B.3.4b)

This and Euler’s formula (B.3.1) show, in fact, that the complex Fourier coeffi-

ctents can be evaluated directly as
_L f(x)e *q (B.3.5)
Cr = 3 B x)e x. 3.

REMARK B.14. This result is deeper than it seems. It is a consequence (as
in the real case) of the orthonormality of the complex exponential functions with

respect to the Hermitian inner product

(r9) = 5 | fitad. (5.3
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where g(z) denotes the conjugate. Indeed, evoking Euler’s formula (B.3.1) one

can easily show that

; - 1 [ . 1, k=I,

<elkx; ell"”> = —/ e =D gy = (B.3.7)
21 J 0, k#L

Therefore, multiplying the complex Fourier series (B.3.3) by ¢ and integrating

term by term we obtain the formula for the complex Fourier coefficients (B.3.5).

ExaAMPLE B.15. Let us develop the complex Fourier series for the function
f(z) = x. Tts complex Fourier coefficients are
1 [7 (=ML (=1)%

—ikz
—_ —-_— d p— p—
o | T ik k

Ck

Consequently, the complex Fourier series of f(z) = x is

i (_l]{;)kl eikx.

k=—o0

The reader is asked to show, using once again Euler’s formula (B.3.1), that this

is exactly the same series as the sine Fourier series (B.1.7).

ExaMPLE B.16 (Dirac delta function). In this example we shall investigate
a Fourier series representation of the delta function to prove that a Fourier series
can converge to a generalized function, i.e., a function which although is a limit
of a sequence of piecewise continuous functions is not a standard function itself.
This example shows also the benefits of using complex Fourier series rather than

its real counterpart. First, let us compute complex Fourier coefficients:

cr = % /: S(z)e*rdy = % /Z §(z)e *dy = %e‘iko =5 (B.3.8)
Therefore, the complex Fourier series of the delta function has the form
1S ika
o kz_:ooe . (B.3.9)

Observe that this series has the form of an infinite (in both directions) geometric

series with the ratio r = €. This is in contrast to the real Fourier series of the
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delta function which, as easily deduced directly from its definition, is
! + ! EOO k (B.3.10)
— + — cos kx. 3.
2 m —

These are obviously two different representations of the same series. However, in
order to show that such a series converges to the delta function we will use the
complex version.

The complex Fourier series of the delta function (B.3.9) has a form of the geo-
metric series, as we have indicated earlier. In order to determine its convergence

let us consider its n'" partial sum

1 ikx
sn(:c):% Zek.
k_

This is the 2n+1 partial sum of the geometric series with the initial term a = e=*

and the ratio 7 = €*. It can be therefore computed exactly that

1 — ikz 1 —inz 61(2n+1)$ —1 1 ei(n—i—l):c P
Sn(l') = — e = ¢ R ‘
—n 27 1 2 eir — 1

21 6190 —

k=

1z iz
ez —e 2

1 6—i%<€i(n+1)x _ e—inz) 1 ei(n—i—%)x _ e—i(n—l—%)x
5| |

e i3 (elr — 1) o

1 sin(n + )z
27 sinZ

(B.3.11)

where the representation (B.3.2) of the sine function in terms of complex expo-
nentials was utilized. The sequence of partial sums s,(z) converges at x = 0 to
infinity, as easily attested from the (B.3.9). Moreover,

k=n k=n
/ Sn(z)dz = el k;n e*dr = o Z [cos kx + isinkz]dr =1

o (B.3.12)
as required for the convergence to the delta function. At any other point = the
sequence s, (z) does not converge to zero. In fact, one can see from (B.3.11) that
it oscillates faster and faster. It appears, however, when added up over a large

domain, that the oscillations cancel out. The Fourier series of the delta function
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§(x) does not converge to its periodic extension 8(z) point-wise. It may be shown

that it converges in a weak sense, i.e., in the sense of some integral average.

B.4. Convergence of the Fourier Series

In this section we present basic convergence results for Fourier series. A
proper, although inevitably limited, presentation of these fundamental results
requires some familiarity with the concepts and methods of advanced mathemat-
ical analysis. In our effort to make this presentation as self contained as possible
we introduce the necessary tools as they become necessary for the analysis of
the convergence of Fourier series. We start our presentation by analyzing the

pointwise convergence of a Fourier series.

Pointwise Convergence.

PROOF OF THEOREM B.4. Our objective is to show that, given a 27 periodic
piecewise C' function f(z), the limit of the sequence of partial Fourier sums s,,(z)

is the arithmetic average of the left hand and the right hand limits of this function,

ie.,
T s(x) = £ [Fu(e) + (@)
Consider
" — - ikx _ 1kyd k
S L)
/ f Z elk(w y
k=—n

where the formula (B.3.5) for the complex Fourier coefficients was used. Using
the summation formula (B.3.11) and the periodicity of the functions involved we
calculate that

) = g [ gy L[ T,

27 sin L(z — sin 1y

where to obtain the last integral we changed the variables from y to = 4+ y. If we

could now show that

lim 1 7rf(x + y)—dy = fi(z), (B.4.1a)

1
n—oo T Jq sin Sy
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and . ‘ )
im © [ fat y)smiﬁ#dy — / (2) (BA.1b)

n—oo T

- in 3
the proof would be complete. To this end, recalling (B.3.12) allows us to claim

that
1 ["sin(n+ 1
1 / sin(n )Y g .
T Jo sin 5y
Consequently, the statement (B.4.1a) can be replaced by the equivalent statement

"flrty) — fi(v)

n~>oo s1n 4

1
sin(n + )ydy = 0. (B.4.2)

Let
flety) — fr(x)

v
sin B

9ly) = (B.4.3)

Then, using the trigonometric identity for sin(n + %), and Riemann’s Lemma' we

notice that

1
lim f r+Y) 7 — J+(@) sin(n + )ydy
n—00 sm
y .17 AW _
hm — g(y) sin = ) cosnydy + lim — g(y) cos Z ) sinnydy = 0
n—oo T [ 2 n—oo 7 [ 2

as long as the function g(y)sin i is piecewise continuous. This completes our
proof provided we can show that g(y) is piecewise continuous on [0, 7]. Looking
at the definition of the function g(y) we can easily see that this is true except

possibly at y = 0. However,
fla+y) - f+(@)

lim ¢g(y) = lim

y—0F y—07T

=21 (x),

B ke
SIS

si

N

as the function f(z) is piecewise C'. This fact confirms that g(y) is piecewise

continuous. Identical arguments prove (B.4.1b). O

'Riemann’s Lemma states that if a function f(z) is piecewise continuous on [a, b] then

b
lim f( ) cos axdz = 0,

a— 00

and similarly if cosine is replaced by sine. For the proof of this fact see for example [Lang].
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Uniform Convergence. Let us consider a finite-dimensional vector space
V, e.g., R". In fact, all finite-dimensional spaces of the same dimension are
essentially identical (isomorphic), as we stated earlier. In order to be able to
talk about convergence of sequences in vector spaces we need a measure of a

distance between vectors. Hence, let V' be a normed vector space with the norm
|-1:V —R (A.1.8).

DEFINITION B.17. Let W be an normed vector space. We say that a sequence

v, € W converges in the norm to w € W if ||v,, — w|| — 0 as n — oc.

In a finite-dimensional vector space this is equivalent to a convergence of
individual components of u* = (u%,...,u*) to the corresponding components of
u = (u1,...,u,). This is one way of saying that in a finite-dimensional space
all norms are equivalent (see Theorem A.11), i.e., a convergence in one norm
quarantines the convergence in any other norm. This, however, is not true in
general in the infinite-dimensional vector spaces. All because of the fact that
there are many, not necessarily equivalent, norms in such spaces - Example A.13.
Also, in infinite dimensional vector spaces the convergence in the norm does not

imply - as we will see later - pointwise convergence

klim uf(r) = ui(x), i=1,...,00 forall =, (B.4.4)

of the sequence of values of the functions u¥(z).
In addition to the convergence in the norm and the pointwise convergence
mechanisms there exists yet another form of convergence; the uniform conver-

gence.

DEFINITION B.18. A sequence of real valued function fi(z) converges uni-
formly to a function f(x) on an interval I C R if, given ¢ > 0 there exists an

integer n such that

[fe(x) = flx)] <e

for all z € I and all £ > n.

The name uniform converges is a reflection of the fact that the sequence of

functions converges ”"the same way” at all points of the interval I. The choice
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of the integer n depends only on € and not on a point x € I. Note also, that
although uniform convergence implies pointwise convergence the converse may
not be true. For example, consider the sequence of functions fi(z) = é on
the interval (0,1). The sequence converges pointwise to f(xz) = 0 at all points
x € (0,1) but it does not converge uniformly on (0,1) as given € there is no
possible choice of the integer n. One can always select a point = so close to 0
that n—lx is larger than e.

The greatest advantage of uniform convergence is that it preserves continuity.

THEOREM B.19. If a sequence of continuous functions fi(x) converges uni-

formly on I then the limit f(x) is a continuous function on I.

As we are interested here primarily in the convergence of series the following

test proves to be particularly useful:

THEOREM B.20 (Weierstrass test). Suppose that the function fi(x) are bounded,
1.e.,

\fu(@)] <my forall xel,

where my, are positive constants. If, in addition, the series
o0
>
k=1

converges, then the series

> fulx)

converges uniformly on the interval I to a function f(x). In particular, if the

partial sums s,(x) are continuous functions so is the limit f(x).

We advise the reader to prove that one can integrate and differentiate a uni-
formly convergent series term by term to obtain a uniformly convergent series,

provided the series of derivatives is also uniformly convergent.

ProproOsITION B.21. If the series

> i) = f(2)
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1s uniformly convergent then

/az (i:: fk(y)) dy = i::/az fi(y)dy = /ax F(y)dy

1s uniformly convergent. Also, if the series of derivatives

> filx) = (@)

k=1
is uniformly convergent then the original series converges uniformly and g(z) =
f'(x).

Let us now examine a uniform convergence of a complex Fourier series

Z cre k. (B.4.5)

k=—o00

Since x is real the magnitude

le™ % = | cos ka + isin kx| = Veos? kx + sin? ka = L

and

lere™| < |ep| for all .

Applying the Weierstrass test (Theorem B.20) we immediately deduce that

THEOREM B.22. If the coefficients ¢, = %(ak + iby) of a complex Fourier
series (B.4.5) are such that

(o9} 1 oo
Z |ck|:§a0+2\/a%+bi<oo (B.4.6)
k=1

k=—o0
then the Fourier series converges uniformly to a continuous function f(x). More-

over, the coefficients ¢y are equal to the Fourier coefficients of the function f(x).

Although Theorem B.22 gives conditions guaranteeing the convergence of a
Fourier series, it does not tell if the limit f(z) is the original function f(z) for
which the Fourier series was derived. Indeed, knowing that the coefficients are
derived by integration one may suspect that the functions f(z) and f(z) differ
at a finite, or even a countable, number of point. In fact, f (x) may not be

continuous. However, it can be shown that if a function is periodic and regular
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enough its Fourier series converges uniformly to the very function it got derived

from.

THEOREM B.23. Let f(z) be 21 periodic and piecewise C*. If f(x) is contin-
uous on an interval (a,b) then its Fourier series converges uniformly to f(x) on

any subinterval [a + §,b — ] where 6 > 0.

In other words, as long as we stay away from the discontinuities of f (x) its
Fourier series converges uniformly.

The uniform convergence of a Fourier series, as sanctioned by Theorem B.22,
requires that the Fourier coefficients ¢, approach 0 when k£ — oco. However, the
convergence of the Fourier coefficients to zero is only a necessary condition. The
coefficients need to converge fast enough to guarantee that the sum is finite. As
we know from elementary calculus these coefficients must converge to zero faster

then % If, for example,
for all k sufficiently large, where § > 1, (B.4.7)

then using the standard ratio test we can conclude that the series of coeffi-
cients ¢; converges absolutely. This yields, according to the uniform convergence
test (B.4.6), the uniform convergence of the Fourier series.

Note also that the faster the Fourier coefficients converge to zero the smoothes

the limit function become. Indeed, suppose that for some positive integer n

x| < for all k sufficiently large, where 3 > 1. (B.4.8)

M
| k;|ﬁ+n
Then, we can differentiate the Fourier series up to n-times obtaining always,

according to Proposition B.21, a uniformly convergent series.

THEOREM B.24. If the Fourier coefficients are such that

> kx| < o0, (B.4.9)

k=—o0
for some nonnegative integer n, then the Fourier series converges to a 2w periodic
function f(x) which is n times continuously differentiable. Moreover, for any
m < n, the m times differentiated Fourier series converges uniformly to the

corresponding derivative f0(z).
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Hence, we may analyze the smoothness of a function by looking at how fast
its Fourier coefficients approach zero. For example, if they converge to zero

exponentially the function is infinitely differentiable but not necessarily analytic.

Convergence in the Norm. In order to be able to discuss this important
aspect of convergence of Fourier series we need to take a short detour introducing
the concept of a Hilbert space. The precise definition of a Hilbert space, which is
rather technical, is beyond the scope of these notes. We will therefore present here
a "working” version which will enable us to deal with Fourier series of functions

such as, for example, the delta function.

DEFINITION B.25. A complex-valued function f(z) is said to be square-

integrable on the [—m, x| if

1= (% [ veopar) <o (B.4.10)

—

In particular, but not only, every piecewise continuous function is square-
integrable. Other, more singular, functions may also be square-integrable, e.g.,
x~ " is as long as r < % Note also, that a function may not be square-integrable
on some intervals while it is on some others.

The set of all square-integrable functions on [—, 7], which is usually denoted
as Lz[—w, 7|, is a complex vector space with the pointwise operations of addition
and multiplication by a scalar. This is a strait forward consequence of the triangle
inequality

laf(x) +bg ()| < lal|f(x)] + [bllg(x)].

Moreover, it is a normed vectors space with the L?-norm given by (B.4.10) pro-
vided, we identify as one any two functions which differ at most on a measure
zero set (for example, at a finite number of points of [—7, 7])% L* space is a very
special normed vector space as the L?-norm is based on the (Hermitian) inner

product

(fig) = —/ f(x (B.4.11)

2Such an identification is necessary as otherwise the L2-norm would be zero for other than

the constant zero function. In fact, it would not be a norm according to its definition A.1.8.
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Indeed, (f; f) = ||f||*>. The inner product is well defined and finite for any two

square-integrable functions thanks to the Cauchy-Schwarz inequality.

ExAMPLE B.26. Consider a square-integrable function f(z) on [—m,x|. Its

Fourier coefficients are inner products of f with the exponential functions:
=5 [ e s = (g3,
Note also that as shown in (B.3.7)
l|eike|[2 = (ke eifey = 1,
while
(e ellmy = if k#L
We say that the infinite system of complex exponentials is an orthonormal system

of functions (vectors) in L?[—m, 7], i.e., all elements have unit length and are

mutually orthogonal as the scaler product of any two different elements vanish.

The sequence of square-integrable functions f, converges in the L?*norm to
g(x) € L*[—m, x| if

Hﬁ@—ﬂﬁ?=%/ﬁh@—ﬁ@%%~0% nooo.  (BAIL2)

Hence, let us consider the convergence of the sequence of partial sums s,(x) of
the Fourier series of a square-integrable function f(x). As each element of the
sequence s, (z) is obviously square-integrable we can evaluate ||f — s,||>. Using
the definition of the sequence s, (), and the linearity and symmetry of the inner

product we obtain that

1S = sall> = 1117 = 20F 5 80) + sal P = 11F1P =2 D @(f5€™) + lsal

k=—n
n n n
= IfIP =2 > @on+lsalP = IfIP =2 > @or+ Y lel®
k=—n k=—n k=—n

= If1I* = Ilsall*.

(B.4.13)
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As the left hand side is always nonnegative

n

D el < IFIP

k=—n

for any integer n. We have therefore proved the following:

PROPOSITION B.27 (Bessel’s inequality). If the function f is square-integrable

on [—m, | then its Fourier coefficients are such that

1 1S -
Za§+52(ai+bi) :Z|Ck|2 <111 (B.4.14)
k=1 —0o0

This immediately implies that the individual Fourier coefficients (both com-
plex and real) of a square-integrable function approach zero as |k| approaches
infinity. The convergence of the series (B.4.14) requires, in fact, more. The
Fourier coefficients must tend to zero fast enough. If we postulate, as we did
before in (B.4.7), that

lex] < for sufficiently large k, (B.4.15)

ZE
then selecting § > % guarantees the convergence already. Note this is a slower
rate of decay than the one needed for the uniform convergence. One may have a
Fourier series which converges in the L:-norm but not uniformly.

If the Fourier series of a square-integrable function f(z) converges in the L*-
norm to the very function it got derived from the Bessel’s inequality becomes

equality. Indeed, as evident from (B.4.13)

[1f = sull® = [I£1I* = llsall® (B.4.16)

for any Fourier partial sum s, (x). Therefore,

lim Hf - SnH = Oa
if and only if
1117 = lim [ls][>= D Jexl. (B.4.17)
k=—o00

This formula becomes a convenient criterion for the L?-convergence of square-

integrable functions.
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ProposITION B.28 (Plancherel formula). A Fourier series of a square in-
tegrable function f € L*[—m, 7| converges in the L*-norm to f(z) if and only
of

1AIP =D Jal™ (B.4.18)
k=—o00

Before we finally show that the Fourier series of every L*-function f(z) con-
verges in the L:-norm to f(z) let us note that one of the immediate consequences
of the Plancheler formula is that a function is uniquely determined by its Fourier

coeflicients.

COROLLARY B.29. Two functions f,g € L*[—m, x| have the same Fourier
coefficients if and only if f = g.

The main result of the theory of Fourier series is the following convergence

theorem.

THEOREM B.30. Let s,,(z) denote the n'" partial sum of the Fourier series of

the square-integrable function f(x) € L*[—=, 7|, then
lim |[f — s,]| = 0. (B.4.19)

In other words, any square-integrable function on [—, | can be uniquely rep-

resented by the infinite system® of complex exponentials e**, k= 0, 41,42, ....

ProOOF OoF THEOREM B.30. We shall provide here the prove for continuous
functions only. Proving the validity of this statement for all square-integrable
functions requires some extra work, see [Carrier, Krook and Pearson|, and
also [Brown and Churchill], and [Kammler|. According to Theorem B.23, if
a function f(z) is piecewise C' and continuous, its Fourier series converges to

f(z) everywhere, i.e.,
oo

f(z) = Z cre™®.

k=—00

3This property of an infinite system of elements of a Hilbert space is known as the com-
pleteness of such a system. As the exponentials functions are orthonormal in LQ[—W, 7], this is

the completeness of an orthonormal system of vectors.
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Therefore, utilizing the fact that we are allowed to multiply and integrate uni-

formly convergent series term by term, we have

1P =5 [ 1r@Pds = [ s@iFw - i [ s

o0

=2 ae= ) lal

k=—o0 k=—o0

and Plancherel’s identity (B.4.18) holds proving the convergence of the Fourier

series. ]

B.5. Fourier Transform

The Fourier transform may be viewed as a generalization of the Fourier series
to an infinite interval. That is, take a Fourier series on a symmetric interval [—[, [],
and consider taking the limit as the length [ — oo. The result of such a process
is a Fourier series on an infinite interval. The corresponding representation of
a function is given the name of the Fourier transform. Indeed, let us look for
the representation of a f(x) by a rescaled complex Fourier series (B.3.3) on an

interval [—[,[] in the following form

S \E@ek (B.5.1)

r=—00

where the sum is over the discrete set of frequencies
k, = TT” r=0,41,42, ..., (B.5.2)
to incorporate all trigonometric functions of period 2[. Therefore, based on the

form of Fourier coefficients (B.3.5) we get that

l
Fky) = # /_ @) (B.5.3)

This allows us to pass to the limit [ — oo, and to get the infinite integral

k) = \/% / 7 f@)e*dy (B.5.4)
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known as the Fourier transform of the function f(x). If the function f(z) is
piecewise continuous and decays to 0 reasonably fast as x — Zoo, the Fourier

transform f (k) is defined for all frequencies —co < k < co.

REMARK B.31. Note that the discrete frequencies (B.5.2) used to represent
the function f(z) on the interval [—[,!] are equally spaced as

Nk =y — Ky = %

As | — oo, the spacing between frequencies Ak — 0, and the frequencies become

more and more densely distributed. That is why in the Fourier transform limit

we anticipate that all frequencies participate in representing a function.

Taking into account the fact that the discrete frequencies k, are equally spaced

allows us to re-write the Fourier series (B.5.1) as

\/%_w i Flk)e™ e Ak, (B.5.5)

r=—00

This has the form of a Riemann sum for the function f (k)e'k=. Assuming that it

converges as Ak — 0 we obtain

1 * ikx
\/—Q_W/_Oof(k)e dk. (B.5.6)

The series (B.5.5) becomes a Fourier integral which reconstructs the function
f(x) as a continuous superposition of complex exponential functions e***. For
example, if the function f(z) is piecewise continuously differentiable everywhere
and it decays reasonably fast as |x| — oo, then the inverse Fourier integral (B.5.6)
converges to f(z) at all points of continuity. At the jump discontinuities it
converges to the midpoint %[ fi(z) — f_(x)]. Indeed, it can be shown®* that
THEOREM B.32. If the function f(z) is piecewise continuous and square-
integrable (for —oo < x < o0), then its Fourier transform f(k:) is well defined
and square-integrable. Moreover, if the right and left hand limits f_(x), fi(x)
and f' (), fi.(x) exist, then the Fourier integral (B.5.6) converges to the average

A rigorous proof of a more general statement can  be  found

in [Carrier, Krook and Pearson].
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value %[f_(:v) + f(@)]. In particular, if f(x) is continuously differentiable at a
point x, then the Fourier integral equals the value of f(zx).

ExaMPLE B.33. Let us consider an exponentially decaying pulse
f(z) = el (B.5.7)

Its Fourier transform

~

1 > 4 1 0 , 1 o .
L) = / €7a|x\efzk:pdx _ / e(afzk)zdx + / 67(a+zk)xd$
fk) V2T J o V2T J o V2 Jo

Oo_\/? a
0  Vr k24 a?

Notice that the Fourier transform of our pulse f(x) which is real and even, is

0 1 e (a+ik)z

o V21 a+ik

1 e(a—ik)x

V2or a—ik

(B.5.8)

itself real and even. The inverse Fourier transform gives

e—a|x|:_/ a“ gk _/ acoske (B.5.9)

T J_ oo k? 4+ a? B Lo K2+ a2
Here the imaginary part of the integral vanishes as the integrant is odd.
We have been discussing the Fourier transform of the pulse function not with-

out reason. First, it is interesting to notice that as a — 0 the pulse approaches the

constant function g(z) = 1. Moreover, the limit of its Fourier transform (B.5.8)

2 2 0, k#0
lim \ﬁ—a - # (B.5.10)

a—0 \ 7 k2 + a? 00, k:O

18

Comparing this with the original construction (1.2.8) of the delta function as the

limit of approximating functions we notice that
n ) a

d(z) = lim

—_—— = — B.5.11
n—oo (1 + n2z?) as0 m(a? + x2)’ ( )

provided n = 1/a. This, in turn, allows us to write the Fourier transform of the

constant function f(x) =1 as

fk) = V2m6(k). (B.5.12)
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Equivalently, this should mean that

5(k) ! /OO ek dy. (B.5.13)

" or

—00
The infinite integral on the right hand side does not converge®. However, from
the definition of the delta function we have

/ S(k)e " dk = e*0 = 1, (B.5.14)

[e.e]

which implies that the Fourier transform of the delta function is a constant func-
tion

1 00 ) e—ik‘o 1
k :—/ §(z)e *dy = = —.
() V2T J (@) V2 V2T

To determine the Fourier transform of the delta function concentrated at an

~

(B.5.15)

arbitrary position y, namely 6, (z) we cite the following theorem:

THEOREM B.34.

e If the Fourier transform of the function f(z) is f(k), then the transform
of f(w) is f(—Fk). )

e If the function f(x) has the Fourier transform f(k), then the Fourier
transform of the shifted function f(x — y) is e‘“fyf(k:). By analogy,
the transform of the product e f(x) is the shifted Fourier transform

f(k = n).

Therefore, according to (B.5.15) the Fourier transform of the delta function

at y # 0 is
5 k)= e B 6
= . 5.1

Thus, combining the definitions of the Fourier transform and its inverse, as well

as using the basic properties of the delta function leads to the identity

fly) = % /_ ) /_ N flx)e = dpdk (B.5.17)

valid for suitable functions.

5Tt may, however, be interpreted in the context of generalized functions.
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Differentiation and Integration.

As our main objective in dealing with Fourier transforms is to show how they
can be used to solve differential equations we embark now on the analysis of the
process of differentiation and integration of these functions.

Let us consider the Fourier transform of the derivative of f(x)

~ 1 o0 )

"k) = — "(x)e”*dz, B.5.18
P = o= [ 1@ (B:5.13)
assuming that f’(x) is behaving well enough so the integral exists. Integrating
by parts, and taking into account that f(z) approaches 0 at infinities rapidly

enough, we obtain that

\/%/ fx)e ™" dg. (B.5.19)

Thus, we have that

PROPOSITION B.35. The Fourier transform of the derivative f'(z) of a func-

tion is obtained by multiplying its Fourier transform by ik:
Fi(k) =ik f (k). (B.5.20)
Iterating the formula (B.5.20) yields that

COROLLARY B.36. The Fourier transform of f(x) is (ik)"f (k).

-/ ;f(wdy-

We are interested in finding the Fourier transform ¢(k). To this end notice first
that

Consider now

T——00 Tr——+00

lim g(z) =0, while lim / fly

Therefore, consider the function h(x) = g(x) — co(x) which decays to 0 at both

+00. As the Fourier transform of the step function a(x) is

5 (k) = %5(/@ - WZ% (B.5.21)
we obtain that .
B(k) = (k) — ey] 2ok + — (B.5.22)

T k/ o
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On the other hand,
B (z) = f(z) — co(z).

Applying Proposition B.35 we conclude after some manipulations that

(k) = fz(? + \/Zé(k:). (B.5.23)

ExamMpPLE B.37. Consider the boundary value problem
—u" +wlu = h(r), —o0o <1< o0, (B.5.24)

where w > 0, and the solution is assumed square-integrable implying that u
approaches 0 at +00. Taking the Fourier transform of both sides of the differential
equation renders an algebraic equation relating the Fourier transforms of u and
h. Indeed,

~

E*U(k) + w*u = h(k). (B.5.25)
The transformed equation can now be solved for the Fourier transform of the
solution
R h(k)
Using the Fourier formula (B.5.6) we reconstruct the solution as
'ka
dk. B.5.27
u(a) _%/ CLi (B.5.27)

One of the most important and interesting cases is the one in which h(z) = 6,(z),
that is when the forcing term is in the form of the impulse concentrated at y.
The corresponding solution is the Green’s function u(x) = G(x,y). According

to (B.5.26) and Theorem B.34, its Fourier transform with respect to x is

efzky

Glk,y) = (B.5.28)

k2 4+ w?
Notice first that according to Example B.33 the inverse Fourier transform of the

reciprocal of k? + w? is

—Wwx
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Secondly, the exponential term in the numerator implies a shift. Therefore, the
Green’s function for our boundary-value problem is

o—wle—y]

G(z,y) =

2w
The Green’s function satisfies the differential equation everywhere except at x = y

where it has a jump discontinuity of unit magnitude. It also satisfies the boundary
conditions as it decays to 0 as |x| — oo. Invoking the general superposition prin-
ciple for Green’s function we obtain the solution to our boundary-value problem
with an arbitrary forcing term as

u(z) = /00 G(z,y)h(y)dy = B e “le=vlp () dy. (B.5.29)

Note that the Green’s function G(x,y) depends only on the difference = — y
and that the solution u(z) takes the form of the convolution. Namely,

u(z) = / " gle — g)h(y)dy = g(x) = hiz). (B.5.30)

o
On the other hand, as we saw earlier in (B.5.26), the Fourier transform of the
solution to our boundary value problem is a product of the Fourier transforms of

the Green’s function and the forcing term. Indeed, we have that:

THEOREM B.38. The Fourier transform of the convolution u(x) = g(x)*h(x)

of two functions is, up to multiple, the product of their Fourier transforms
a(k) = V2rg(k)h(k). (B.5.31)

By symmetry, the Fourier transform of the product h(z) = f(x)g(z) is a multiple

of the convolution of their Fourier transforms

~

Bk = \/% k)« G(). (B.5.32)








